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Introduction

Taking into consideration the wave character of the electron, and the two-
center character of the hydrogen molecule with distance below 1Å between
the two nuclei, we might consider that these two nuclei can be obstacles in
the way of the wave associated to the ejected electron, in the ionization of the
hydrogen molecule. This can be viewed as the two-slit Young experiment for
the light. In the case of the hydrogen molecule the coherent emission source
is represented by the two nuclei of the molecule, leading to interference-type
oscillations in the ejected electron spectra.

In the last few years there were many experimental and theoretical studies
about the ionization of the hydrogen molecule, and the observed interference
effect in the ionization differential cross section. The ratio of the cross sec-
tions of the hydrogen molecule and two hydrogen atoms, as a function of the
ejected electron velocity and ejection angle, presents an oscillating pattern.
The transition amplitudes can be expressed as coherent superpositions of one-
center amplitudes, displaying interference patterns in the cross section. These
remain present even for cross sections averaged over the orientation of the axis
of target molecule [1, 2]. Interference effects caused by the two-center charac-
ter of a molecular target (H2 or H+

2 ) have been analyzed since a long time for
charge transfer [1, 3, 4] and photoionization [2, 5].

In case of the ionization of the hydrogen molecule by fast charged particles
there are several experimental results. In experiments, as projectile there were
used high energy Kr34+ [6], Kr33+ [7], proton [8, 9], C6+ [10–13] and F9+ [14].
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Introduction

There are also theoretical results on this phenomena [15–26].
We developed a quite simple analytical theory for understanding and ex-

plaining the experimentally observed interference phenomena. Our theoretical
analytical calculations [17] reproduced the interference effect, and gave a rela-
tively good agreement with the experimental cross section. In order to improve
the differential ionization cross section, to get a better agreement with the ex-
perimental results, we used another, numerical, method for the calculation of
it.

Common in both theories is that the projectile has high energies, that
is the reason why we assume for it a linear trajectory, while the particles
from the target are treated with quantum mechanical formalisms. This is the
semi-classical or impact-parameter approximation. The interaction between
the projectile and the particle from the target is treated as a perturbation,
because it influences the quantum state of the target.

In case of the photoionization the possibility of the interference effects in the
ejected electron spectra due to the two-center character of a molecular target
have been predicted for the first time by Cohen and Fano [5]. These phenomena
have been analyzed in more detail by Walter and Briggs [2], including photo-
double ionization.

Although there are many experimental data [27–30] and theoretical de-
scriptions [31–36] for the photoionization of the hydrogen molecule, there are
not many investigations on the interference effects. Cohen and Fano [5] and
Walter and Briggs [2] were, who analyzed the interference effects in case of
photoionization. There are only a few theoretical studies since then [19, 37–
39].

The photoionization process may be treated in different gauges (using
length, velocity or acceleration form of the dipole operator). If the wavefunc-
tion of the initial and the final states are exact (as it can be done easily for the
H atom), results are gauge-independent. However, for atoms and molecules
with more electrons, the electronic states cannot be described exactly, and
usually the obtained results depend on the gauge. This is the case also for the
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Introduction

relatively elaborate calculations done for the helium [40] or hydrogen molecule
[33]. However, some approximations, as the random phase approximation
(RPA) [33, 36] may lead to gauge-independent results.
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2. Ionization of the hydrogen
molecule by fast ion impact

2.1 Theoretical models for the ionization of the

hydrogen molecule

We developed the models for hydrogen molecule target. Its particularity is
that it is composed of two identical nuclei, which can be seen as two scattering
centers by the emitted electron. The interaction of the projectile with the
molecule is a time-dependent perturbation. In the semiclassical approximation
the projectile motion is treated classically, the trajectory is a straight line.

Two models were developed for the ionization of the hydrogen molecule by
fast ion impact. First the initial state is described as a linear combination of
two 1s type atomic orbitals, and the final wavefunction is approximated with
plane-waves. Using these wavefunctions we perform the calculations analyti-
cally. In the second approach the final continuum state is described by a more
precise wavefunction, and the calculations are performed numerically.

2.1.1 Analytical calculations

The theoretical formulation follows closely the atomic target model of
Hansen and Kocbach [42], here modified for molecular targets. The first order
transition amplitude can be calculated knowing the initial and final wavefunc-
tion of the activ electron and the potential in what there are moving.
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2. Ionization of the hydrogen molecule by fast ion impact

We assume the initial state of the electron in the hydrogen molecule to
be a linear combination of two 1s type atomic orbitals centered at each of
the nuclei, the final state wavefunctions for electrons of momentum k are
approximated by plane waves. The evaluation of the amplitude is based on
use of the Bethe integral for the potential, we performed the calculations using
a peaking-approximation, i.e. only the fast emitted electrons are taken in
consideration.

The transition probability for given impact parameter b and molecular axis
orientation D̂ in a simplified formula is

w(b, D̂) = |a(b, D̂)|2 (2.1)

= c(b, D̂) + g(b, D̂) cos
[
(k‖ − q)D cos θD

]
, (2.2)

where k‖ is the parallel component of the final momentum k, relative to the
projectile direction, q is the mininum momentum transfer.

For comparison with experiment the probabilities must be averaged over
molecular orientation. The averaged probabilities can be integrated over the
impact parameter to obtain the differential cross sections

dσ

dΩkdk
= 2π

∫
bw(b) db. (2.3)

The integration (2.3) must be performed numerically. However, the inter-
ference pattern can be analyzed approximately, by recognizing that the most
significant angular variation in (2.2) is contained in the fast oscillating factor
of the interference term.

We average thus only this factor over the orientation of the molecular axis,
assuming the other variations unimportant. This gives

1
2

π∫
0

cos
[
(q − k‖)D cos θD

]
sin θDdθD =

sin[(k‖ − q)D]
(k‖ − q)D

. (2.4)

Hence, the thus-approximated transition probability may be written in the
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2. Ionization of the hydrogen molecule by fast ion impact

form
w(b) = c(b) + g(b)

sin[(k‖ − q)D]
(k‖ − q)D

, (2.5)

and the corresponding cross section (2.3) is then

dσ

dΩkdk
= C +G

sin[(k‖ − q)D]
(k‖ − q)D

. (2.6)

This result can be contrasted to that obtained by Stolterfoht et al. [6],

dσ

dΩkdk
= C +G

sin kD
kD

. (2.7)

Since generally (for moderate values of ejected electron velocities) q � k,
our approximate formula can be further approximated by

dσ

dΩkdk
= C +G

sin k‖D
k‖D

. (2.8)

2.1.2 Numerical calculations

The theory is based on the method presented in [41]. The initial state of
H2 is represented by a Heitler–London type molecular wavefunction with a
fixed D distance between the two protons. The final state is the product of
the bound-state wavefunction of the residual ion and the continuum-electron
Coulomb-type wavefunction. Since the ionization process is fast relative to the
nuclear motion, the final state of the residual ion is approximated by a H+

2

wavefunction with the D vector of the initial H2 state. The interaction between
the activ electron and the projectile is a Coulomb-type interaction. Important
steps in the calculation were that we applied the partial-wave expansion of
the continuum-electron wavefunction, the Coulomb interaction was expanded
into partial-wave series, and the target wavefunction which depends on the
direction of vector D of the molecular axis was expanded into a Legendre series.
Expressing the Legendre polynomials as a product of spherical harmonics the
dependence on the direction D̂ of the molecular axis can be separated.
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2. Ionization of the hydrogen molecule by fast ion impact

The transition probability is obtained by calculating the transition ampli-
tude, knowing the initial and final wavefunctions of the active electron, using
(2.1), and (2.3). Using the notations

Γlf lcli(k,R,D) =

∞∫
0

dr1r
2
1Rlf (kr1)

rlc<

rlc+1
>

cli(r1, D) (2.9)

Gmc

lf lcli
(k, b,D) =

+∞∫
−∞

dz ei
∆E

v zYlcmc
(R̂)e−imcϕbΓlf lcli(k,R,D) (2.10)

the differential cross section will be

dσ

dΩkdk
=

∞∫
0

|a(b,k,D)|2b db = 8π3

(
ZpNi
vpNf

)2

×
∑

lf lclil
′
f l

′
c

il
′
f−lf e

i(σ
l
′
f

−σlf
)

(2li + 1)
√

(2lf + 1)(2l′f + 1)(2lc + 1)(2l′c + 1)

× (lc0li0|lf0)(l
′

c0li0|l
′

f0)
∑

mfmcmi

(lcmclimi|lfmf )(l
′

cmclimi|l
′

fmf )

× Y ∗lfmf
(k̂)Yl′fmf

(k̂)

∞∫
0

Gmc

lf lcli
(k, b,D)Gmc ∗

l
′
f l

′
cli

(k, b,D) b db, (2.11)

where (lml′m′|LM) denotes a Clebsch-Gordan coefficient.
So we have the (2.6) and (2.11), two formulas for the differential ionization

cross section. Using both formulas we calculate the cross section, investigate
the interference effect, and compare our results with the experimental ones.

2.2 Results and discussions

We have studied the ionization of the H2 and H+
2 molecules. In the calcu-

lations the effective charge of the hydrogen molecule is α=1.165, the internu-
clear distance is D=1.42 (expressed in atomic units) and the ionization energy
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2. Ionization of the hydrogen molecule by fast ion impact

is 0.567 Hartree. In case of the H+
2 the internuclear distance is D=2.00, the

effective charge is α=1.00 and the ionization energy is 1.1 Hartree. We investi-
gated the differential ionization cross section, using different projectiles and for
different electron ejection angles and also investigated the interference effect.
To enhance this effect the ratios of cross section for the hydrogen molecule
over two hydrogen atoms are represented as a function of the ejected electron
velocity for different ejection angles. The dependence of the differential cross
section and the σ(H2)/2σ(H) cross section ratio over the molecular orientation
was studied, too.

2.2.1 Analytical calculations

The theory and results of this model were published in J. Phys. B: At.
Mol. Phys. [17]. The importance of this paper is that we predicted the
angular dependence of the interference oscillations, which was proved later by
experimental results.

Double differential ionization cross section

As a first step we made our calculation for the ionization of the hydrogen
molecule by high energy Kr34+, Kr33+, H+ projectiles. These projectiles were
chosen because there are experimental results for these. In this summary
I present our theoretical results along the adequate experimental results, for
Kr34+ projectile, for the other projectiles the results are presented in the thesis.

The differential ionization cross sections of H2 by 60 MeV/u Kr34+ impact
for electron ejection angles 30◦ and 150◦, as a function of the ejected elec-
tron energy, calculated from formula (2.2)–(2.3) are plotted along with the
experimental data [6] in Fig. 2.1.

Because of the simplified final state and the peaking approximation valid
only for high values of momentum k, for low electron energies these calculated
cross sections are not expected to agree with the experiment. Some disagree-
ment is found even at high electron energies. However, the model still is useful
for understanding of the interference patterns.
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2. Ionization of the hydrogen molecule by fast ion impact

(a) θk = 30◦ (b) θk = 150◦

Figure 2.1: Double differential cross sections for the ionization of H2 by 60 MeV/u Kr34+

ion impact for 30◦ (a) and 150◦ (b) ejection angles as a function of the electron energy.
Present calculated values (solid line) are compared with the experimental data of Stolterfoht
et al. [6] (full circles).

Interference effects

To emphasize the interference effect, following Stolterfoht et al. [6], we
have calculated the cross section ratios for the hydrogen molecule and two
hydrogen atoms. The cross sections for the atomic targets are evaluated with
the same ionization potential and effective charge as for molecular targets.

To analyze the influence of the ejected electron scattering angle to the
period and phase of the interference pattern the calculation were made for all
ejection directions and up to 35 a.u. electron velocity. The results are plotted
in Fig. 2.2. For these large velocities the ratio oscillates with a variable period,
since the momentum transfer q = (EI + k2/2)/vp becomes comparable to k as
the latter increases. As the simplified formula (2.6) predicts, the oscillations
for smaller values of k at 90◦ ejection angle are suppressed, and the period of
oscillations varies with the angle, as 2π/D cos θk. The ’waves’ on this three
dimensional plot have an approximately constant ’wavelength’ only in the z
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2. Ionization of the hydrogen molecule by fast ion impact

direction.

Figure 2.2: Calculated double differential cross sections ratios for the ionization of H2 and
2H by 60 MeV/u Kr34+ ion impact as a function of ejection angle and electron velocity,
where the velocity is used as radial coordinate. The maximum value of the electron velocity
is 35 a.u.

The interference effect was studied experimentally [7] for the ionization of
the hydrogen molecule by 68 MeV/u Kr33+ ion too. We made the calculations
using the same energy and charge for the projectile, as in the experiment. The
results are presented in Fig. 2.3 along the experimental values [7], for several
ejection angles of the electron (see figure). The oscillations in cross section as
a function of the ejected electron velocity have period and phase very close to
the experimental values. This good agreement, as expected, is obtained for
higher values of the ejected electron velocity (v > 1.5 a.u.).

The differential cross section ratios as a function of the ejected electron
velocity and ejection angle relative to the projectile direction are plotted on
Fig. 2.4. We can see a sharp maximum in the cross section ratio on the
place of the binary peak. In case of 5 MeV energy projectile the binary peak
in forward ejection is at k ≈ 28.24 a.u., and decreases as the ejection angle
groves to perpendicular direction. If we regard Fig. 2.2 we can’t observe the
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2. Ionization of the hydrogen molecule by fast ion impact

(a) θk = 30◦ (b) θk = 60◦

(c) θk = 90◦ (d) θk = 150◦

Figure 2.3: Double differential cross section ratios for 30◦ (a), 60◦ (b), 90◦ (c) and 150◦

(d) ejection angles (solid line) compared with the experimental ratios of Stolterfoht et al.
[7] (full circles).
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2. Ionization of the hydrogen molecule by fast ion impact

Figure 2.4: Theoretical results for σ(H2)/2σ(H) cross section ratios as a function of the
ejected electron velocity and ejection angle, where the velocity is used as radial coordinate,
in case of ionization of H2 by 5 MeV H+ projectiles. The maximum value of the electron
velocity is 35 a.u.

binary peak for the forward direction range, because it should appear at k ≈ 98
a.u., and we made our calculations up to 35 a.u. velocity.

Dependence on molecular orientation

In paper [16] Laurent et al. presents CDW-EIS (continuum distorted wave
eikonal initial state) theoretical calculations, and studies the cross section de-
pendence on the orientation of the molecule axis. Here the projectile is 13.7
MeV/u C6+. These dependencies are investigated for 10 eV, 61.3 eV and 100
eV emitted electron energy. The axis of the molecule is parallel respectively
perpendicular to the projectile direction. To compare our results with the pub-
lished ones, we perform the calculations with our model using the same values
for the energies and molecular orientations. To investigate the dependence over
the molecular orientation in our calculation we skipped the integration over
the axis directions. We calculate the cross section replacing (2.2) directly in
(2.3), thus it will depend on the axis orientation. These results were published
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2. Ionization of the hydrogen molecule by fast ion impact

(a) θD = 0◦, Ee = 100 eV (b) θD = 90◦, Ee = 100 eV

Figure 2.5: Calculated double differential cross section for the ionization of H2 by 13.7
MeV/u C6+ ion impact as a function of ejection angle along the CDW-EIS results [16]. The
molecular axis is parallel (a) respective perpendicular (b) to the projectile trajectory. The
ejected electron energy is 100 eV.

in Nucl. Instrum. Meth. Phys. Res. B [25].
In 2.5 polar graphs are plotted the CDW-EIS theoretical results of Laurent

et al. [16] for parallel respective perpendicular axis orientation of the molecule
with the projectile direction for 100 eV emitted electron energy, along our
SCA theoretical results. As we can see in these graphs the orientation of the
molecular axis influences the differential ionization cross section. Our results
are in good agreement with the CDW-EIS theoretical calculation of Laurent
et al. [16].

According to the above results we can declare that our simply model de-
scribes well the dependence over the molecular orientation.

Now let us focus on the influence of molecular axis orientation on the
oscillation pattern observed in the cross section ratios as a function of ejected
electron velocity. We made the calculations for higher electron velocities, up
to 60 a.u., in order to get a better picture.

Fig. 2.6 presents the cross section ratio averaged over all ϕD angles, for
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2. Ionization of the hydrogen molecule by fast ion impact

(a) θk = 0◦ (b) θk = 30◦

(c) θk = 60◦ (d) θk = 90◦

Figure 2.6: Ionization cross section ratio of the hydrogen molecule and two hydrogen atoms
as a function of the ejected electron velocity for different θD angles and 0◦ (a), 30◦ (b), 60◦

(c) respective 90◦ (d) electron ejection angles.

different θD orientations of the molecular axis and different electron ejection
angles. One may observe that the oscillations in the cross section ratio are
the most pronounced for parallel orientation of the molecular axis relative to
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2. Ionization of the hydrogen molecule by fast ion impact

the beam direction in accordance with the findings of Sisourat et al. [43].
The interference is systematically found to be constructive (practically no θD
dependence) when k‖ = q, i.e. when the ejected electron velocity is k ≈
2v cos θk (k ≈ 47 a.u. for θk = 0◦, k ≈ 40 a.u. for θk = 30◦ and k ≈ 23.5
a.u. for θk = 60◦). In some cases, if the ionized molecule dissociates, the θD
angle becomes experimentally detectable, and comparison of our predictions
with the experiments may be possible.

In conclusion, we have investigated the influence of molecular orientation
on the interference pattern. We have observed that at certain ejected elec-
tron velocities the interference is totally destructive. The orientation of the
molecule has strong influence on the observed interference pattern in the dif-
ferential ionization cross section of the hydrogen molecule.

2.2.2 Numerical calculations

If we take a look at the results with the analytical model we can see,
that reproduces well the interference effect in the ionization of the hydrogen
molecule, i.e. the phase and the period of the oscillations are in good agreement
with the experimental results. The results of the differential cross sections
differ from the experimental values. We tried an other model to calculate the
differential cross section. Using the (2.11) differential cross section we made
the calculations using the same projectiles as in previous model, in order to
decide which model reproduces better the experiments.

In the partial-wave expansion of the continuum-electron wavefunction, the
higher limit for the lf was choosen depending on the value of the ejected
electron energy. This limit is 6 for small electron energies and goes up to 30
for high energies.

We made the calculations using 60 MeV/u Kr34+ projectile and studied
the differential ionization cross section, respective the cross section ratios of
hydrogen molecule and two hydrogen atoms at 30◦ and 150◦ electron ejection
angles, for 68 MeV/u Kr33+ projectile at 30◦ and 90◦ electron ejection angles.
The results were published in Technical Review (Physics) [23].
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2. Ionization of the hydrogen molecule by fast ion impact

Double differential ionization cross section

Fig. 2.7 presents the differential cross section of the hydrogen molecule in
case of ionization by 60 MeV/u Kr34+ projectile together with the experimental
results [6], for 30◦ (a) and 150◦ (b) electron ejection angles. We can see
that this model gives a better agreement with the experimental results at low
energies of the ejected electron for this projectile.

(a) θk = 30◦ (b) θk = 150◦

Figure 2.7: Differential cross section as a function of the ejected electron energy for ioniza-
tion of H2 by 60 MeV/u Kr34+ projectile at 30◦ (a) and 150◦ (b) electron ejection angles.
Our theoretical results (solid line) are plotted along the experimental ones [6] (full circles).

From the Fig. 2.7 it can be seen, and others presented in the thesis,
that this model describes the differential cross section at low energies of the
electron better than our previous (analytical) one. At high energies there are
discrepancies between our theoretical results and the experimental data. The
cause of this difference is the one-center character of the final wavefunction.
Next stepis to investigate the interference effect calculated from this second
model.
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2. Ionization of the hydrogen molecule by fast ion impact

Interference effects

To enhance the interference effect we plotted the σ(H2)/2σ(H) ratio as
a function of the ejected electron velocity for different ejection angles and
different projectiles.

Figure 2.8: Theoretical results for the cross section ratio as a function of ejected electron
velocity of H2 for different electron ejection angles.

Fig. 2.8 presents the cross section ratios for 68 MeV/u Kr33+ projectile, for
30◦ and 90◦ ejection angles of the electron as a function of the ejected electron
velocity. In this figure it can be seen, that there is an interference pattern, but
the ratios have an increasing aspect. In order to avoid the increasing aspect of
the cross section ratio with velocity and to compare the interference pattern
with the experimental ones we fitted a straight line to our data, and with it
we removed the overall increase of the ratio. In Fig. 2.9 we presented this new
results along the experimental ones [7].

As it can be seen there is an oscillating pattern, but the period and the
phase of the oscillation differs from the experimental values. This difference
may be caused by the fact that the final one-centered wavefunction is not a
good description of the final continuum-state.
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2. Ionization of the hydrogen molecule by fast ion impact

(a) θk = 30◦ (b) θk = 90◦

Figure 2.9: Corrected theoretical results for the cross section ratio as a function of ejected
electron velocity of H2 by 68 MeV/u Kr33+ projectile at 30◦ and 90◦ electron ejection angles
(solid line) presented along the experimental data [7].

2.3 Conclusions

Whit the presented two models there were investigated not only the be-
havior of the differential cross section but also the interference effect due to
the wave character of the electron. The interference effect is caused by the
two center character of the hydrogen molecule. There were also investigated
the effect of the orientation of the molecule in the space on the cross section
and interference effects, respectively. We tried to find a suitable model which
reproduce the experimental results.

These theories and results were published in several articles. The impor-
tance of the first, analytical model [17] was that we predicted the angular
dependence of the period of oscillations, which was later proved by experi-
mental results.

If we study the results obtained with our first model we can state, that
it describes well the interference effect in case of the ionization of hydrogen

18



2. Ionization of the hydrogen molecule by fast ion impact

(a) cross section, θk = 30◦ (b) interference effect, θk = 30◦

Figure 2.10: Differential cross section as a function of the ejected electron energy (a)
and cross section ratio as a function of ejected electron velocity (b) for ionization of H2

by 60 MeV/u Kr34+ projectile at 30◦ electron ejection angles. Our theoretical (analytical
respective numerical) results are plotted along the experimental ones [6].

molecule by different fast projectile ions. One may observe, that the period
of the oscillations of the cross section ratio for the hydrogen molecule and two
hydrogen atoms plotted as a function of the ejected electron velocity, changes
with the scattering angle of the electron. Our results are in good agreement
with the experimental ones. If we take a look at the differential cross sections,
we can see that this model doesn’t reproduce well the experimental results.
There were made some studies on the dependence of the cross section and
the interference pattern on the molecular axis orientation respective to the
projectile trajectory. The studies were made for parallel and perpendicular
orientation. The comparison of the results with the published ones reveals
that the model is suitable even for the description of the dependence over the
molecular axis orientation. The only weak point of the model is the magnitude
of the differential cross section. To improve this disagreement we tried another
model.

In order to compare the two models, in the second model we made our

19



2. Ionization of the hydrogen molecule by fast ion impact

calculation for the same projectiles, with the same energy, and investigated
the cross section and the interference effects for the same ejection velocities
and angles of the electron.

As we can see in Fig. 2.10(a) we obtained a better agreement with the
experimental results for the magnitude of the differential cross section at low
electron energies with the numerical calculations. Regarding the interference
effects, plotted in Fig. 2.10(b), we can say, that even with these results we
can observe some oscillations in the cross section ratio, but the period and the
phase does not fit the experimental ones. This differences may be explained
by the fact that the one-centered wavefunction is not a good description for
the final state.

In conclusion we can say, that we have theoretical models which can de-
scribe well the differential cross section, the interference effect and their de-
pendence on the orientation of the molecular axis.

20



3. Photoionization of the
hydrogen molecule

3.1 Photoionization in plane wave approxima-

tion

In order to express the interference patterns by simple analytic formula,
we have described the ejected electron by plane waves. This may seem a too
simplistic approach, and does not produce reliable values for the absolute cross
section, but makes possible to emphasize the interference effects. We analyze
the character of the results using both velocity and length forms of the dipole
operator.

The differential photoionization cross section for a linearly polarized radi-
ation may be expressed as

σfi =
4π2

ωfic
|Mfi(ωfi)|2, (3.1)

and the matrix element in dipole approximation is

Mfi(ωfi) = 〈f |ε∇|i〉. (3.2)

In order to calculate the matrix element Mfi we need the initial and final
wavefunctions. In case of hydrogen atom final state f approximated by plane
waves. For the hydrogen molecule we use a molecular orbital description. The
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3. Photoionization of the hydrogen molecule

initial state of the active electron in the hydrogen molecule is approximated
by linear combination of two 1s type atomic orbitals and the final state wave-
function is a plane wave.

The use of plane waves makes possible to perform the calculations analyt-
ically. More accurate wavefunction require numerical calculations. The inter-
ference effects obtained by the use of plane waves will give only a qualitative
description.

To verify if there is interference effect in the ionization cross section of
the hydrogen molecule we have to calculate the ratio of the cross section of
hydrogen molecule and two hydrogen atoms. To do this, first we have to obtain
the cross section separately for the hydrogen atom and hydrogen molecule.

In order to obtain the ionization cross section we have to calculate the
matrix element first.

3.1.1 Calculations in velocity form

In velocity form, the matrix element in dipole approximation is

Mfi = ik1/2ε〈f |∇r|i〉, (3.3)

where the k1/2 factor is present because of the continuum wavefunction’s nor-
malization to the momentum.To verify if there is interference effect in the
ionization cross section of the hydrogen molecule we have to calculate the ra-
tio of the cross section of hydrogen molecule and two hydrogen atoms. To do
this, first we have to obtain the cross section separately for the hydrogen atom
and hydrogen molecule.

Hydrogen atom

Replacing the initial and final wavefunctions in the (3.3) matrix element,
performing the calculations we obtain for the matrix element, and introducing
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3. Photoionization of the hydrogen molecule

in (3.1) and we get the ionization cross section in case of hydrogen atom

σfi =
32
ωfic

α5k3

(α2 + k2)4
cos2 θε (3.4)

with cos θε = εk̂.

Hydrogen molecule

For the hydrogen molecule we replace initial and final wavefunctions in the
matrix element, averaging the thus obtained matrix element over all molec-
ular orientation and and introducing in (3.1) the ionization cross section for
photoionization of hydrogen molecule in velocity form will be

σfi =
64

ωfic(1 + S)
α5k3

(α2 + k2)4
cos2 θε

[
1 +

sin(kD)
kD

]
. (3.5)

The σfi ∝ (εk)2[1+ sin(kD)
kD ] for the photoionization of the hydrogen molecule

in velocity form was first predicted by Cohen and Fano [5].

3.1.2 Calculations in length form

In dipole approximation the matrix element in length form is

Mfi = −k1/2ωfiε〈f |r|i〉. (3.6)

The factor k1/2 occurs if the continuum wavefunction is normalized to mo-
mentum.

We perform the same steps in the calculation of the ionization cross section
as in case of the velocity form.

Hydrogen atom

σfi =
512ωfi
c

α5k3

(α2 + k2)6
cos2 θε (3.7)
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with cos θε = εk̂.

Hydrogen molecule

σfi =
1024ωfi
c(1 + S)

α5k3

(α2 + k2)6
cos2 θε

[
1 +

sin(kD)
kD

]
+

+
16ωfi
c(1 + S)

α5k

(α2 + k2)4

[
D3

3
−D2 cos2 θε

sin(kD)
kD

+

+
1
k2

(1− 3 cos2 θε)
(

cos(kD)− sin(kD)
kD

)]
+

+
256ωfi
c(1 + S)

α5k

(α2 + k2)5
cos2 θε

[
sin(kD)
kD

− cos(kD)
]
. (3.8)

Now we have the formula for the ionization cross section in different gauges
for the hydrogen atom, and for the hydrogen molecule. In the next chapter will
be presented the results of the calculations, the discussion over these results.

3.2 Results and discussions

Hydrogen atom

First let have a look on the cross section of hydrogen atom in length form
(3.7) and in velocity form (3.4). Taking into account that for a one-electron
atom ω = k2

2 + α2

2 , one observes that in length form the cross section is exactly
4 times larger than in velocity form. The asymptotic behavior for high photon
energies in both gauges is the correct σ ∝ ω−7/2. Comparing these findings
to the exact result obtained with Coulomb wavefunctions, which is gauge-
independent [44] we may state, the plane-wave approximation leads to the
correct result for high photon energies only in velocity gauge (see Fig. 3.1).
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3. Photoionization of the hydrogen molecule

Figure 3.1: Total photoionization cross section for the hydrogen atom as a function of the
ejected electron energy. The exact results (using Coulomb waves) are compared with the
cross sections obtained by a plane wave approximation for the continuum electron in two
different gauges.

Hydrogen molecule

If we study the cross sections for hydrogen molecule in length form (3.8)
and in velocity form (3.5) we may observe that not only the magnitude of the
cross section is different (observed also for atoms), but its dependence on the
orientation of the molecular axis and on the ejection angle differs, too, in the
two gauges. While in velocity form for molecules one obtains the same cos2 θε
angular dependence as for atoms, in length form we obtain a more complicated
dependence, and there is electron ejection even for θε=90◦

The polar graphs on Figs. 3.2, 3.3 show differential cross sections for the
photoionization of the hydrogen molecule for various photon energies and fixed
orientation of the molecular axis, normalized to the maximum value. The cross
section in length respective velocity form are represented along the random
phase approximation (RPA) results of Semenov and Cherepkov [36], and the
few available experimental data [44].

In Fig. 3.2 is represented the cross section for the molecular axis parallel
to the polarization vector ε. At low photon energies all the results are in
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3. Photoionization of the hydrogen molecule

Figure 3.2: Polar representation of the differential photoionization cross section H2 for the
molecular axis parallel to the polarization vector, for different photon energies, along the
RPA results of Semenov and Cherepkov [36] and few experimental data [45]. Cross sections
are normalized to the maximum value.

good agreement with each other, length and velocity forms lead to the same
angular distribution. This distribution is a typical dipole one, governed by
cos2 θε. Discrepancy begins to occur at higher energies, the difference between
the three models at 84.2 eV are already essential. At this energy the probability
of ejecting an electron at 0 degrees relative to the polarization vector (and to
the molecular axis) in velocity form becomes very small, because cos(kD/2) is
close to 0 (being exactly 0 at 82 eV). The shape of the polar graph in length
form is somehow different, because it does not reduces to zero at 0 degrees,
but disagreement with the RPA results of Semenov and Cherepkov [36] is total
– their differential cross section has a maximum value at 0 degrees.

If the molecular axis is perpendicular to the polarization vector, nothing
interesting happens, our results for the angular distribution in the different
gauges and those of Semenov and Cherepkov [36] are in perfect agreement
(Fig. 3.3).
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3. Photoionization of the hydrogen molecule

Figure 3.3: Same as Fig. 3.2, but for 90◦ between the molecular axis and the polarization
vector.

The difference between the results obtained in the two different gauges may
be also shown by the β asymmetry parameter, which characterizes the angular
distribution

The asymmetry parameter in velocity form is constantly 2, as for the hy-
drogen atom, in length for is more complicated to calculate, and it is smaller
then 2.

On Fig. 3.4 we have represented the asymmetry parameter in both gauges
along with the RPA results of Cacelli et al. [33] and some experimental data
[46, 47]. Our results in velocity form is constantly 2, but in length form the
β value is lower and decreases with increasing photon energy. This behavior
of the β parameter is similar to the RPA results of Cacelli et al. [33]. The
obtained values in length form are closer to the experimental data and the
RPA results, that our velocity form values.

Finally, in order to emphasize the interference effects in the photoionization
due to the two-center character of the molecule, we have plotted on Fig. 3.5
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3. Photoionization of the hydrogen molecule

Figure 3.4: The β asymmetry parameter for the photoionization of H2 as a function of
the photon energy. The present calculation in velocity and length form are plotted along
the RPA results in velocity and length form of Cacelli et al. [33], and experimental data of
Marr et al. [47], and Southworth et al. [46]

Figure 3.5: Photoionization cross section ratios σ(H2)/2σ(H) as a function of the ejected
electron velocity. In length form the ratios are represented for different θk electron ejection
angle relative to the projectile direction, and also for total ionization cross sections (or
averaged over the angles).
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3. Photoionization of the hydrogen molecule

the σ(H2)/2σ(H) cross section ratio. This method, used first by Stolterfoht
et al. [6] for the ionization by ion impact gives the possibility to observe
oscillations in the molecular cross section, i.e., maxima and minima due to
the interference. Our theoretical ratios are represented along the experimental
photoionization cross section of the hydrogen molecule of Samson and Haddad
[30] divided by the double of the theoretical total cross section of the hydrogen
atom, using the same ionization potential for the atoms as for the molecule.
Theoretical ratios are calculated using plane waves for the ejected electron in
velocity and length forms. In this case the θk electron emission angle is related
to the projectile direction, so the relation between θk and θε is θk = π

2 −θε. As
may be observed from (3.5), in velocity form the differential cross section has
the same angular distribution as for atoms, and the ratio does not depend on
the electron ejection angle. This is not case for the length form (3.8), and the
cross section ratio depends on the electron ejection angle. This ratio increases
for higher velocities and angles close to 90◦, where the cross section for atoms
tends to 0.

In their RPA calculation, Semenov and Cherepkov [36] have found the
pσ component of the cross section a minimum around 80 eV photon energy,
which they call ’Cooper-like’. They state, that this minimum is related to
the non-spherical shape of the molecular potential. This is certainly true, but
we can add, that this minimum is caused by the interference of the electron
waves emitted by the two centers of the molecule. Recent studies [39] also
showed that for homonuclear molecules the Cooper-minima and the Young-
type interference minima appear at the same electron momentum.

In length form the differential cross section does not reach zero, but the
minimum still exists. If one integrates over all possible orientations of the
molecular axis, instead of the pronounced minimum observed for electrons
ejected parallel to the molecular axis, one observes a broad minimum shifted
to higher energies (see Fig. 3.5). The minimum is obtained at higher elec-
tron velocities in length form than in velocity form. The cross section ratios
obtained in length form fits very well the experimental ratios.
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3. Photoionization of the hydrogen molecule

3.3 Conclusions

Interference effects caused by the two-center character of the target in the
photoionization of the hydrogen molecule have been studied. These results
were published in Phys. Lett. A [38]. In order to express the factors in the
cross section due to the interference in closed analytic form, we have approxi-
mated the final state of the ejected electron by plane waves. In these conditions
the calculations performed in different gauges lead to different results for the
absolute value of the cross section and angular distributions of the ejected elec-
tron. For the absolute value, velocity form lead to better results (cross sections
obtained in length form are too high), but for the angular distribution length
form seems to give more interesting and reliable results. When averaged over
the orientation of the molecular axis, velocity form calculations give the same
cos2 θε angular distribution as for atoms [2], while in length form calculations
lead to more complicated angular distributions. In the latter case there is pos-
sible the ejection of the electron even perpendicular to the polarization vector,
as in case of the use of more evaluated wavefunctions [2].

As previously for ion impact [17], we have studied the ratio of the differ-
ential ionization cross sections for the hydrogen molecule and two hydrogen
atoms as a function of ejected electron velocity. Maxima and minima are
obtained as a clear evidence for the interference effects. These oscillations in
velocity form do not depend on the ejection angle, as have been observed for ion
impact. However in length form an angular dependence of the ratio have been
observed, because of the different angular distribution of the photoelectron for
the atom and the molecule. When integrated over the angles, our predictions
obtained in length form for these oscillations are in good agreement with the
experiments [30, 37].
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The thesis concentrates on the interference effect observed in the ioniza-
tion differential cross section ratios of hydrogen molecule and two hydrogen
atoms as a function of the ejected electron velocity, and for different electron
ejection angles, for ionization by fast charged particle and photoionization.
The interference effect is caused by the two-center character of the hydrogen
molecule.

The calculations are based on the semiclassical impact parameter approx-
imation. In this approximation the trajectory of the projectile is considered
linear, and treated as a classical motion, the electrons of the target system
is treated with quantum mechanical formalisms. The interaction between the
projectile and the target’s electrons is considered as a perturbation. We have
calculated the differential ionization cross section of the hydrogen molecule in
case of ionization by fast charged particles respective photoionization.

In case of ionization of the hydrogen molecule by fast ions we developed two
models. In the first model the final wavefunction of the continuum electron
is approximated by plane waves, so the calculations can be made analytically.
In the second model the final wavefunction is calculated numerically, and is a
Coulomb-type wavefunction.

We made the calculations for the ionization of the hydrogen molecule, re-
spective the hydrogen atom, with fast ions using both models and compared
the obtained results with the experimental ones.

Analyzing the results obtained for the differential ionization cross section of
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the hydrogen molecule we can state that the second model, i.e. the numerical
calculations, gives more precise results, the obtained data has better agree-
ment with the experimental values as the ones obtained with the analytical
calculations, especially for low energies of the ejected electron.

If we study the interference effect, we can notice that the analytical calcu-
lations gives better agreement with the experimental results. The oscillations
in the interference pattern is the most pronounced in case of parallel orienta-
tion of the molecule respective to the projectile direction. The interference is
systematically found to be constructive (practically no θD dependence) when
k‖ = q, i.e. when the ejected electron velocity is k ≈ 2v cos θk. The obtained
results are in good agreement with the other published theoretical results.

Beside the ionization of the hydrogen molecule with fast charged particles
we also studied the appearance of the interference effect in case of photoion-
ization [38]. In this case we also described the active electron final state with
plane waves.

We performed the calculations in different gauges, i.e. length and velocity
gauge. The calculations performed in different gauges lead to different results
for the absolute value of the cross section and angular distributions of the
ejected electron. For the absolute value, velocity form lead to better results,
but for the angular distribution length form seems to give more interesting and
reliable results. When averaged over the orientation of the molecular axis, ve-
locity form calculations give the same angular distribution as for atoms, while
in length form calculations lead to more complicated angular distributions. In
the latter case there is possible the ejection of the electron even perpendicular
to the polarization vector, as in case of the use of more evaluated wavefunc-
tions.

Analyzing the interference pattern we observed that in velocity form, the
oscillations are independent of the electron ejection angle, while in length form
the dependence on the ejection angle is present. Averaging over the electron
ejection angles the oscillations also remains, and are in good agreement with
the experiments.
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4. Final conclusions

In the present work the ionization of the hydrogen molecule by fast particle
impact and photoionization was studied using different theoretical models.
Our main objective was the investigation of the interference effect appearing in
the double differential ionization cross section due to the two-center character
of the hydrogen molecule. In both cases, charged particle and photon impact
ionization, this effect was evinced. The obtained results are in good agreement
with the experimental data and other theoretical findings.
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