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Abstract

In this thesis we derive optimal bounds (explicitly or in a generic form) for
the solutions to integral or differential inequalities. We re-write the equations and
inequalities in terms of integral operators. Applying the Abstract Gronwall Lemma
to these operators gives the optimal bounds. We also present some applications
of the Abstract Gronwall Lemma to pseudoparabolic and second and third-order
hyperbolic inequalities, as well as to the study of Ulam stabilities for the second-

order differential equations of hyperbolic type.

Keywords
Fixed Point Theory, Picard Operators, Abstract Gronwall Lemma, Comparison
Lemma, Integral Equations, Integral Inequalities, Volterra Integral Inequalities,
Fredholm Integral Inequalities, Triangular Operators, Hyperbolic Inequalities, Pseu-

doparabolic Inequalities, Ulam Stabilities.
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Chapter 1

Introduction

Integral equations are an important part of Pure and Applied Mathematics, with appli-
cations in differential equations, mechanical vibrations, engineering, physics, numerical
computations and others (see, for instance, [66] and [99]). The beginning of the theory of
Integral Equations can be attributed to N. H. Abel who formulated an integral equation
in 1812 when studying a problem in Mechanics. Since then many other great mathemati-
cians including T. Lalescu (who wrote the first dissertation on Integral Equations in the
world in 1911, see [42]), J. Liouville, J. Hadamard, V. Volterra, I. Fredholm, E. Gour-
sat, D. Hilbert, E Picard, H. Poincare have contributed to the development of Integral
Equations.

Gronwall-type lemmas play an important role in the area of Integral (and Differential)
Equations, as technical tools used to prove existence and uniqueness of a solution and to
obtain various estimates for the solutions. They can be viewed as a type of result which
gives a priori bounds for the function which satisfies an integral or differential inequality.

In this thesis we use Gronwall-type lemmas to obtain bounds of the functions that
satisfy a certain differential or integral inequality, and express these bounds as fixed
points of the corresponding integral operators.

In a recent paper [86], I.A. Rus has formulated ten problems of interest in the theory
of Gronwall lemmas. One of them concerns finding examples of Gronwall-type lemmas in

which the upper bounds are fixed points of the corresponding operator A (Problem 5).



Another problem is identifying which of these Gronwall-type lemmas can be obtained as
consequences of the Abstract Gronwall Lemma (Problem 6). Abstract Gronwall Lemma
gives the lowest majorant among all possible upper bounds (see [84]). There is no general
methodology to answer these questions, so they have to be obtained on case-by-case basis.
Over the years many mathematicians have obtained such examples (see, for instance, [§],
[22], [25], [55], [57], [83], [84], [86]), and this work presents more such results.

The second chapter is dedicated to notations, definitions, lemmas and theorems, which
will be used in the subsequent chapters.

In the third chapter we study some consequences of the Abstract Gronwall Lemma in
the cases of Volterra and Fredholm integral inequalities in Banach and non-Banach spaces.
In general, it is difficult to find the exact solutions to the integral equations or bounds
for the functions which satisfy integral inequalities; therefore we need to apply results
from fixed point theory and the Picard operators technique to prove existence of solutions
and to find some bounds for these solutions. We also present some particular examples
of integral inequalities in the Banach spaces C([«, 5], R) and C([a, §], RP), and study the
case of infinite systems of integral equations in the space C([a, 8], s(R)) and the Banach
space C([a, 8], *(R)), respectively. The results of this chapter have been published in [22]
and [25].

In the fourth chapter we investigate some integral inequalities studied in [§], [41],
[45], [57], for which the authors obtained bounds for the solutions using various methods.
Applying the Abstract Gronwall Lemma we are able to show that their bounds are optimal
or, when that is not the case, we obtain ourselves the optimal bounds. Furthermore, we
prove that our bounds are lowest ones among all possible upper bounds, hence they are
optimal. Some optimal bounds are expressed explicitly and others just in a generic form.
The results of this chapter have been published in [21], [22] and [25].

In the last chapter we apply the Abstract Gronwall Lemma to second and third-order
hyperbolic inequalities and pseudoparabolic inequalities. Adding boundary conditions to
hyperbolic and pseudoparabolic equations results in Darboux problems. We use the Pi-

card operators technique to prove the existence and the uniqueness of the solution to



these Darboux problems, and we apply the Abstract Gronwall Lemma to functions that
satisfy the corresponding inequalities. We also use the Riemann function to represent the
solutions to these Darboux problems in the case of specific pseudoparabolic inequalities.
We conclude this chapter with a study of the Ulam stabilities for the second-order differ-
ential equations of hyperbolic type. The articles [23] and [24] contain the main results of

this last chapter.



Chapter 2

Preliminaries

The aim of this chapter is to present some notions and results which are necessary in the
derivation of the original results of this thesis. These results can be found in the following
references: [20], [31], [55], [56], [66], [76], [79], [81], [83], [86], [91], [92], [99].

The metric fixed point theorems guarantee the existence and uniqueness of fixed points
of certain well defined operators in metric spaces, and usually provide a constructive
method to find those fixed points. The results presented in this section can be found in:
[12], [26], [37], [39], [74], [78], [81], [82], [84], [85], [91] and others.

We consider the Chebyshev and Bielecki norms, which are metrically equivalent:

x : = max |x(t)], 2.0.1
e+ = max [a(r) (20)
lzll, = max(z(t)] exp(=7(t — @), 7 € RS (2.0.2)

With respect to these norms C' ([a, 5], B) is a Banach space.
The standard tool for proving the existence and uniqueness, data dependance and
comparison results for the solution to integral equations is the Picard operators technique.
Following [83] we present the basic notions and results from the Picard and Weakly
Picard Operators theory (see also [22], [23], [25], [33], [64], [78], [81], [82], [84], [01]).
Gronwall lemmas are the subject of this thesis, and we use them to bound a function
that satisfies a certain differential or integral inequality by the solution of the correspond-

ing differential or integral equation. The following abstract lemmas are the main tools for



the results of this thesis.

Lemma 2.0.1. (I.A. Rus [83]) Let (X,—,<) be an ordered L-space and A : X — X be
an operator. We assume that:

(i) A is an Weakly Picard operator;

(i) A is an increasing operator.

Then:

(a) v < Alx) = < A®(x);

(b) x> A(x) = x> A>®(x).

Lemma 2.0.2. (Abstract Gronwall Lemma, [83]) Let (X, —, <) be an ordered L-space
and A : X — X be an operator. We assume that:

(i) A is a Picard operator (Fa = {x%});

(ii) A is an increasing operator.

Then:

Remark 2.0.1. Abstract Gronwall Lemma provides bounds for the solution to the
integral inequality x < A(zx) in terms of the fized point of the operator A.

Remark 2.0.2. In the conditions of the Abstract Gronwall Lemma we have:

Vye (LF)a:y <z} andVze (UF)4: 2} < z. (2.0.3)
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Chapter 3

Consequences of the Abstract

Gronwall Lemma

The Picard operators and Gronwall type lemmas play a significant role in the qualitative
theory of integral equations. In this chapter we study some consequences of Abstract
Gronwall Lemma in the cases of Volterra and Fredholm integral inequalities in
Banach spaces. In general it is difficult to find the exact solutions of the integral equations
and inequalities. The fixed point theory and the Picard operators technique allow us to
prove the existence and, furthermore, to find some bounds of these solutions. We also
present some particular examples of integral inequalities in C'([e, 8], s(R)) and in the
Banach spaces C(|a, 8],R), C(|a, 8], RP) and C([a, 8], [*(R)) respectively.
The original results of this chapter have been published in [22] and [25].

3.1 Volterra Integral Inequalities

Volterra integral equations and inequalities have been studied for many years in Applied
Mathematics using both, the classical and the fixed-point technique methods.
In this section we present a general result for Volterra operators in Banach spaces,

and then particular results for the cases of Banach spaces C(|o, 8], R), C([o, 8], RP) and
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C([ev, B8], 1*(R)), and also for triangular operators in the non-Banach space C([a, 8], s(R)).

In some cases, the fixed points of the corresponding operators can be determined.

3.1.1 The Space C([o, 5], B)

Let (B, +,R,|-|,<) be an ordered Banach space, let K : [, ] X [a, f] x B — B be a
functional and let g : [, 8] — B be a function.

We consider the following Volterra-type equations and inequalities:

x(t) = g(t) + /t K(t,s,z(s))ds, for all t € [a, 5], (3.1.1)
z(t) < g(t) + /t K(t,s,x(s))ds, for all t € [a, 5], (3.1.2)
x(t) > g(t) + /t K(t,s,z(s))ds, for all t € [a, f]. (3.1.3)

Using Abstract Gronwall Lemma we have the following general result (see, for
instance, [78], [79], [83]):

Theorem 3.1.1. We assume that:
(1) K € C(la, 5] x |, f] X B, B), g € C([ev, ], B);
(i) there exists Lx > 0 such that:

K (t,5,u) — K(t,5,0)] < Lic [u— 1],

for all s,t € |o, B], and u,v € B;
We have:

(a) the equation has in C([a, 5], B) a unique solution z*;
(b) the operator A : C([a, 5],B) — C(|o, 8], B) defined by:

A(x)(t) == g(t) +/ K(t,s,x(s))ds, for allt € [, ] (3.1.4)
is a PO in (C’([a,ﬁ] ,B),Mgf> , and Fy = {z*}.

12



If in addition we have the hypothesis:

(i11) K(t,s,-): B — B is increasing, for all t,s € [a, (],

then:

(c) if v € C([v, 8], B) satisfies the inequality (5.1.9), then x(t) < x*(t), for all t €
[, B];

(d) if x € C(la, B], B) satisfies the inequality (3.1.5), then x(t) > z*(t), for all t €
0, 8]

Remark 3.1.1. The above theorem is well known, but it is very useful for understanding

our results.

3.1.2 The Space C([a, 8], R)

In this subsection we start by considering the particular case of Theorem [3.1.1] when
B := R. Then we apply this theorem to the case when the functional K is linear, i.e.
K(t,s,u) = k(t, s)u, for all t,s € [a, 8], and u € R. In this case the solution x* is given
in terms of the resolvent kernel.

In general it is difficult to work out an explicit expression of the resolvent kernel. For
some particular cases, the integral equations can be solved and explicit forms of the kernel
can be obtained. Such examples are represented, for instance, by Gronwall’s Lemma and

Filatov’s Theorem (see [8], [22], [51] and others)

As in the linear case of the functional K, in the nonlinear one it is difficult to solve the
corresponding integral equations in order to find bounds of the solutions. There are some
specific Gronwall lemmas in which the fixed point of the corresponding operator can be

determined. In what follows we present an example of such lemma.

Theorem 3.1.2. (Bihari-type inequality)([22], see also [56], [96]) We assume that:

(i) ce R) pE C([Oé,ﬁ],R+)

(i1) V' is a continuous, positive, increasing, and Lipschitz function.

We have :

13



(a) if x € Cla, 8] is a solution of the inequality:

t

z(t) < c+/ p(s) V(z(s))ds, for all t € [a, f] (3.1.5)

then:

z(t) < z*(t), for allt € |a, (]
where z*(t) = F~1(¢(t) + F(c)).
(b) if x € Cla, B] is a solution of the inequality:

z(t) > c+ /tp(s) V(z(s))ds, for all t € [«, ] (3.1.6)

then:
x(t) > x*(t), for allt € [a, ]

where z*(t) = F~1(o(t) + F(c)).

Here we have:

and F~1 is the inverse of F.

3.1.3 The Space C ([a, f] ,RP)

In this subsection we present Theorem in the case of B := R?. In this case we have

a system of equations.

3.1.4 The Spaces C([a,],I*(R)) and C([a, 8], s(R))

The version of Theorem [3.1.1]in the particular case

B:=I*(R) = {(un)neN,un €R, Zui < —i—oo}

neN
is presented at the beginning of this subsection. In this case we have an infinite system of
equations.

In what follows we consider the case in which z(¢) € s(R).

14



We obtain an infinite system of integral equations:

(

zo(t) = go(t) + fi Ko(t, s, zo(s))ds
z1(t) = g1(t) + foi Ky (t,s,x0(s),z1(s))ds

(3.1.7)

2p(8) = gp(0) + [ Kp(t,5,20(5),21(5), o 2 (5))ds

for all ¢ € [, 8], where K,, : [o, 8] X [o, 8] x R"™™ - R, Vn € Nand g: [o, 8] = s(R).
We consider X, := C|a, 8], n € N and the operators

A, : HX" — X,,, defined by:

=0

Ap(zo)(t) :== go(t) + f; Ko(t, s, zo(s))ds,

(3.1.8)
An(x07 L1, 7xn)(t) = gn(t) + fct Kn(tu S,JZ()(S), Il(S), ...,ZEn(S))dS.
We denote by X := HXi and
ie€N
AZX-)X, A= (Ao,Al,...,Ap7...), (319)

where Ay, ..., A, ... are given by (3.1.8).
The existence and the uniqueness of the solution to the infinite system (3.1.7) have

been obtained by I. A. Rus and M. A. Serban in [93]. We add the monotony condition
for the functionals K,,, n € N, and applying the Abstract Gronwall Lemma [2.0.2] gives us

the following theorem:

Theorem 3.1.3. We assume that:
(i) gn € Clo, ], Ky € C([a, B] X [a, f] x R™), n € N;
(i1) there exists Ly, > 0 such that:

|K0(t78’§1) - K0<t73a§2)| < LKO |§1 - §2| ) (3110)

fOT all t,S S [aaﬁ]vglagé S Ra

15



(#1) there exists Lk, > 0 such that:
| K (t, s, up, Uy ey Un—1,&) — K (t, 8,00, Uty ooy un—1,&)| < Lk, [€; — &, (3.1.11)

for allt,s € o, B, up, uy, ..., Un—1,&1,&5 € R, p € N*.

Then:

(a) the infinite system has a unique solution x* € C([a, 5], s(R));

(b) the corresponding operator A defined by is a PO in (C([a, 8], s(R)), 5.

If in addition we have the hypothesis:

(iv) K,(t,s,-,..., ) : R"™ — R is increasing for all t,s € [a, 8] and ¥n € N,

then:

(c) if v € C(la, 8], s(R)) satisfies the corresponding inequality (3.1.9), then x(t) <
x*(t), for allt € [a, B];

(d) if x € C([a, B8], s(R)) satisfies the corresponding inequality (5.1.3), then x(t) >
x*(t), for allt € [a, B].

3.2 Fredholm Integral Inequalities

Along with Volterra integral equations and inequalities, the integral inequalities of Fred-
holm type play an essential role in the nonlinear analysis. The Fredholm equations and
inequalities have been studied by many mathematicians over the years. Some monographs
on Fredholm equations have been written by D. Bainov and P. Simeonov (see [§]), C. Cor-
duneanu (see [20]), D.S. Mitrinovié, J.E. Pecarié¢, A.M. Fink (see [51]). See also: Sz. Andrés
([, [2]), F. Calio, E. Marcchetti and V. Muresan ([14]), C. Craciun and N. Lungu (][22]),
V. Muresan ([52]), B.G. Pachpatte ([56], [55]), I.A. Rus ([76], [78], [81], [84], [86],[85],
[83]), N. Taghizadeh and V. Khanbabai ([08]).

In this section we present a Gronwall-type lemma for Fredholm operators in Ba-
nach spaces, and then particular results for the cases of Banach spaces C(|o, 8], R),
C([a, 8], RP) and C([ov, B],1*(R)), and also for triangular operators in the non-Banach
space C([a, f], s(R)).

16



3.2.1 The Space C([«, 5],B)

Let (B, +,R,|-|,<) be an ordered Banach space, let H : [o, 3] X [a, f] x B — B be a

functional, and let ¢ : [, f] — B be a function.

We consider the following Fredholm-type equation and inequalities:

B
z(t) = g(t) +/ H(t,s,z(s))ds, for all t € [a, 5],

B
z(t) < g(t) +/ H(t,s,z(s))ds, for all t € [a, 5],

B
z(t) > g(t) +/ H(t,s,z(s))ds, for all t € [a, f].

Theorem 3.2.1. We assume that:
(1) H € C([o, ] x [, 5] x B, B), g € C([ev, ], B);
(i) there exists Ly > 0 such that:
|H(t787u) o H(t,S,U)’ <Ly |U_U|7
for all s,t € o, B], and u,v € B;
fiii) Lu(f — a) < 1;
We have:
(a) the equation has in C([a, ], B) a unique solution z*;
(b) the operator B : C(|o, 8] ,B) — C([a, f],B), defined by:

B
B(z)(t) :== g(t) +/ H(t,s,z(s))ds, forallt € [a,f]

=g
is a PO in (C([a,ﬂ] ,B),ug) , and Fpg = {az*}.
If in addition we have the hypothesis:
(iv) H(t,s,-) : B — B is increasing for all t,s € [a, f],
then:
(c) if v € C(lov, B], B) satisfies the inequality (3.2.9), then:

x(t) < x*(t), for allt € [a, f];

(d) if z € C([a,b], B) satisfies the inequality , then:

x(t) > x*(t), for allt € [a, ).

17
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3.2.2 The Space C([«, 5],R)

We start this case by considering the linear form of the functional H, i.e. H(t,s,u) =

h(t, s)u, case for which we present a Gronwall-type result.

p

Remark 3.2.1. If the integral equation has a degenerate kernel, i.e. h(t,s) = Zai(t)
i=1
bi(s), where a and b are continuous functions on |«, 5], then the solution to the integral

equation is, in fact, the solution of an algebraic system, which can be found explicitly.

3.2.3 The Space C([a, 8], RP)

If B := R? the equation (3.2.1)) is, in fact, a system of equations. A Gronwall-type result

for this system is presented in this subsection.

3.2.4 The Spaces C([, 8],I*(R)) and C([a, 8], s(R))

The first part of this subsection consists of a Gronwall-type result for Fredholm equation
and inequalities in the particular case of C([a, 3], *(R)).
The case of C([a, 5], s(R)) follows. Here we have the following infinite system of inte-

gral equations:

/

zo(t) = go(t) + ff Ho(t,s,xo(s))ds
21(t) = i () + [T Hy(t, s, 20(s), 21 (s))ds

...................................................... for all t € [a, f] (3.2.7)

where H, : o, 8] x [o, B] x R™™ - R, ¥n € N and g : [, 8] — s(R).

For any n € N we consider X,, := C[a, (] and the operators

B, : [[ Xi = X, defined by:

1=0

18



Bo(z0)(t) := go(t) + ff Ho(t, s, zo(s))ds,

(3.2.8)
Bn(x(]wrh S) xn)(t) = gn<t) + ff Hn(ta 871‘0(8), Il(S), ”'7xn<5))d5-
We denote by X := HXi and
ieN
B:X — X, B=(By,By,...,B,,...), (3.2.9)

where By, ..., B, ... are given by (3.2.8).

From Theorem [3.2.1] we obtain theoretical bounds for functions which satisfy the
corresponding inequalities (3.2.2)) and (3.2.3)) in the case of triangular operators. These

functions are dominated by the fixed point of the corresponding operator.

Theorem 3.2.2. We assume that:
(i) g € Clov, B], Hy € C([ev, ] x [, B] x R™1), ¥n € N;
(ii) there exists Ly, > 0 such that:

|H0(t7 3,§1) - HO(t7 8752)| < LHO |§1 - §2| ’ (3210)

fOT all t,S S [a76]7€17£2 S Ra
(#ii) Lp, (8 —a) < 1;
(iv) there exists Ly, > 0 such that:

|Hn(t,S,U0,U1, "'7un—1>€1) - Hn(t’ S, Ug, U1, ...,Un_1,£2)| < LHn |€1 - 52

. (3.211)

for all t,s € |a, B], ug, ut, ..., Un_1,&1, &5 € R, n € N¥;

(v) Ly, (B —a) <1, Vn € N

We have:

(a) the infinite system has a unique solution x* € C([a, 5], s(R));

(b) the corresponding operator B defined by is a PO in (C(|o, ], S(R)),—t>)
and Fp = {x*}.

If in addition we have the hypothesis:

(vi) Hy(t, s, ...,+) : R"™ — R is increasing for all t,s € [, B8] and Vn € N,

19



then:

(c) if x € C(ov, B], s(R)) satisfies the corresponding inequality (3.1.9), then x(t) <
x*(t), for allt € [a, B];

(d) if v € C(la, B8], s(R)) satisfies the corresponding inequality (3.1.53), then x(t) >
x*(t), for all t € |, B].

3.3 Integral Inequalities with Modified Argument

Integral inequalities with modified argument are used to describe many phenomena in
science, economics, population dynamics, physics, medicine etc. They have been studied
by many researchers: D. Bainov and P. Simeonov [8], T.A. Burton [I3], M. Dobritoiu [27],
[28], M. Dobritoiu, I.A. Rus and M.A. Serban [29], D. Guo, V. Lakshmikantham and X.
Liu [33], N. Lungu [46], D.S. Mitrinovi¢, J.E. Pecari¢ and A.M. Fink [51], V. Muresan
[53], B.G. Pachpatte [56], R. Precup and E. Kirr [71], and others.

In this section are presented Gronwall-type results, in both cases, Volterra and

Fredholm-type equations and inequalities.

3.4 Multi-dimensional Integral Inequalities

Similar results to those presented in sections 3.1 and 3.2 can be obtained in the case of
multi-dimensional integral inequalities (see, for instance, [§], [9], [56]). These inequalities
can be used in the study of various problems in the theory of certain partial differen-
tial, integral and integro-differential equations, especially in the study of the qualitative

behaviour of the solutions.
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3.5 Volterra-Fredholm Integral Inequalities

In this section we consider the following mixed type Volterra-Fredholm nonlinear integral

equation and inequalities:

(1) :F(t,x(t),/atl.../o: K(t,s,x(s))ds,/:l... . H(t,s,x(s))ds), (3.5.1)

1 Qm

(1) §F<t,x(t),/0:1.../0: K(t, s, 2(s))ds, /j/oiﬂ(t s,x(s))ds), (3.5.2)

2 (t) zF(t,x(t),/:.../: K(t, s, 2(s))ds, /a/:" Hit, s,x(s))ds), (3.5.3)

where [aq; B1] X ... X [am; B,,] s an interval in R™, K| H : [aq; B1] X ... X [aim; B, X [v1; 1] X
oo . X [Qm; B,] X R — R are continuous functions and F' : [ay; 4] X ... X [am; B,,] X R3— R
is a functional. The mixed type Volterra-Fredholm integral equations have been studied
by many authors (see [2], [55], [63], [94], [95] and others).

We prove the existence and uniqueness for the solution of integral equation (3.5.1]
by standard techniques as in [2], [14], [22], [47], our integral equation being more
general than integral equations considered in above mentioned papers. We also establish a
Gronwall-type lemma for these inequalities. The results of this section have been published

in [25].

Theorem 3.5.1. ([25]) We assume that:
(1) K, H € C(lay, B1] X -+ X o, B] X [an, B1] X -+ X {aum, B,,] X R);
(ii) Fe C([@laﬁl] X X [O‘m:ﬁm] X RB);

(i) there exist a,b,c nonnegative constants such that:
|F(t, uy, v1,wy) — F(t, ug, o, wa)| < aluy — ug| + blvy — va| + clwy — wol,
for all t € [aq, By] X -+ X [, Bl U1, Ua, V1, Vo, w1, wy € R;
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(iv) there exist Ly and Ly nonnegative constants such that:

‘K<t757u) —K<t,8,’l})’ < LK’u_Ula

|H(ta87u) —H(t,S,U>| < LH|U_U|7

for allt,s € [ay, By] X - X [m, B,,], and u,v € R;
(v) a+ (bLk +cLy)(B; —a1) ... (B, — am) < 1.
Then:

(a) the equation has a unique solution x* € C([ay, 5] X -+ X [am, B,n]);
(b) the operator

A= Clan, Bi] X x am, B,,]) = Cllen, Bi] -+ X [am, B,,])

defined by:

A(z)(t) :F(t,x(t),/:.../ar K(t,s,x(s))ds,/:l.../im H(t,s,x(s))ds) (3.5.4)

is a Picard operator, and Fa = {x*};

If in addition we have the following hypotheses:

(vi) K(t,s,-), H(t,s,-) : R — R are increasing for all t,s € [y, 8] X +++ X [m, Bynl;

(vii) F(t,-,-,-) : R* = R is increasing, for allt € [ay, By] X+ X [Cm, Byl

then, we have:

(c) if x € C(lan, By] X -+ - X [, B,,]) satisfies the inequality (3.5.9), then x(t) < x*(t),
for allt € [aq, B1] X -+ X [, Bonl;

(d) if v € C([ax, By] X - X [, B,]) satisfies the inequality (5.5.3), then x(t) > x*(t),
for allt € [aq, By] X -+ X [atm, Bl

Proposition 3.5.1. The conclusions of Theorem|3.5.1 remain true if instead of condition
(v) we put the condition

(V) there exists T > 0 such that:

m m .'

bL Ly W
ot X HeT(ﬁf‘”) <1
=1
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In the special case when F' is linear with respect to the last two variables we get the

following result.

Proposition 3.5.2. We consider the integral equation and inequalities:

x<t>:f(t,x(t))+/:.../a:” K(t,s,x(s))ds+Lfl...Aim Ht,s,2(s))ds,  (3.5.5)
2 (1) gf(t,x(t))+le...Aj K(t, s,x(s))ds%—/jl.../aim H(t, s, 2(s))ds, (3.5.6)

(1) Zf(t,x(t))Jr/o:l.../atm K(t,s,m(s))ds—l—/jl.../fm H(t s, 2(s))ds.  (3.5.7)
We assume that: m m

(i) K, H € C(lag, By] X+« X [am, B,n] X [a1,B1] X -+ X [am, B,,] X R);

(i) f € C([ar, B1] X -+ X [am, B,,] X R);

(iii) there exists a > 0 such that:

|f(t,ur) — f(t,u2)| < aluy — ugl,

for allt € [aq, By] X -+ X [, Bpnl, w1, u2 € R;

(iv) there exist Ly and Ly nonnegative constants such that:

|K(t73au) —K(t,S,U)| < LK|U_U|7

|H(t787u) —H<t,8,7))’ < LH|U_U|7

for allt,s € o, B], and u,v € R;

(v) a+ (Lx + Ly)(By — a1)...(B,, — am) < 1 or there exists 7 > 0 such that:
o+ L Lu ] eried < 1.

Then: .

(a) the equation has a unique solution x* € C([ay, 5] X -+ X [am, Bl);

(b) the operator A : C([au, B1] X - -+ X [@m, By)) = C([an, 5] X -+ - X [aum, B,,]) defined
by:

A(x)(t):f(t,x(t))Jr/:.../C: K(t,s,x<s))ds+/:l.../aim H(t, s, 2(s))ds
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is a PO, and Fy = {z*}.

If in addition we have the following hypotheses:

(vi) f(t,-) : R — R is increasing, for allt € [aq, B;] X+« X [am, B,nl;

(vit) K(t,s,-), H(t,s, ) : R — R are increasing, for all t,s € |«, 8],

then:

(c) if v € C(lar, By] X+ -+ X [aum, B,,]) satisfies the inequality (3.5.6), then x(t) < z*(t),
for allt € [aq, By] X -+ X [Qm, B,

(d) if x € C([on, By] X+ -+ X [, Brn)) satisfies the inequality (3.5.7), then z(t) > z*(t),
for allt € [a, Bq] X -+ X [y Bl

Example 3.5.1. Let us consider the Darboux problem:

o () = f (ttayx (b, te)), (tte) € [an; By] X [an; By)
x(t,a2) =@ (), t1 € [ay; 5] (3.5.8)
x (o, ty) =1 (ta), ty € [az; Bo], ¢ (1) = ¢ ()

under the following hypothesis:

(i) [ € C(lou; B1] X [aa; Bo] X R), € C([on; B4]), ¥ € C([a; B5]);
(1) there exists Ly > 0 such that:

’f(tlvt%ul) - f(t17t27u2)’ S Lf : ’ul — Uz,

for all (t1,t2) € [on; By] X [a2; Bs), ur,us € R.
The function x € C([ay, 8] X [aa, By] is a solution to the Darboux problem if,

and only if, it is a solution to the integral equation:
t1 to
st =¢(t) +0 () - pla)+ [ [ FG g€ L) dds  (359)
So, we apply Theorem [3.5.1] (a) and (b) in the particular case of m =2 and
F o, By] X [ag, By] x R® — R, defined by:
F (ty, by, u,0,w0) = @ (t) + 9 (f2) — ¢ (a1) + 0.

24



In this case we have a =0,b=1, c=0, Lx = Ly and Ly = 0. Also, the condition (v')

from Proposition |3.5.1| is satisfied: there exists T > 0 such that <1 (for example we

T2

can choose T = Ly +1).
Then, the Darbouz problem has a unique solution x* € C([aq; B1] X [aa; Bs)),
and the corresponding operator A defined by the right hand side of is a PO.

Remark 3.5.1. Theorem [3.5.1] remains true if we consider the mixed type Volterra-
Fredholm functional nonlinear integral equation in a general Banach space B in-
stead of the Banach space R.

Next we consider an example of an infinite system of integral equations. We apply the
version of Theorem [3.5.1]in a Banach space to obtain the existence and the uniqueness of

the solution.

Example 3.5.2. We consider the following infinite system of integral equations:

(1) = [ (1) + /a t /a :" k(L 5)2man (5)ds + /a B /a i’” h(t, $)znia(s)ds,  (3.5.10)

for any n € N, under the following hypotheses:

(i) fn € C(lag,Bq] X -+ X [am, B,u]), n € N, fr(t) = 0, n — 400, for every t €
o, Bu] - X [am, B

(ii) k, h € C(la, By] X -+ X [, Byn) X [a1, B1] X -+ X [am, Bl);

(iii) (my +mp)(By — 1) ... (B, — am) < 1 or there exists 7 > 0 such that: 7& + 7k -

[Te™Pim) < 1, where
i=1
my = max k(t,s)|,
b t,se[al,ﬂl]x~--><[am,5m]| ( )|
my = max } |h(t, s)].

t7se[a17/81]><”'><[amvﬁm

Let (B, ||]|) be the Banach space, where
B=1cy={u=(up,us,...,uy,...) €s(R):u, =0}

and

|lu|| = max |u,| .
neN
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Let u = (ug, uy, ..., Up,...) € B. We denote by

f = (f()vflu"'7fn7"')7
K = (Ko, K1, ..., Kn,...),

H = (Ho,Hy,...,H,,...),
where

K, (t,s,u) = k(t,s)u1,

H, (t,s,u) = h(t,s)u,.2,

forallt,s € [ay, B1] X -+ X [@m, B,n]- From (i) and (ii) we have that £ € C([aq, B1] X - -+ X
[, By, B) and K, H € C([an, 8] X -+ X [am, B,,] X [an, B1] X - X [am, B,,],B). Also,

K (t,s,u) =K (s, v)[ < myflu—vl,

[H (¢, s,u) —H(E s v)[| < malu—vl],

for allt,s € (a1, By] X -+ X [am, B,,] and u,v € B. Conditions (i)-(v) of Theorem[3.5.]]
(the case of a Banach space) are satisfied, therefore we get that the equation (3.5.1(}) has

a unique solution x* = (8, zf,... x5, ...) € C([ar, Bq] X -+ X [, B), B).

Y n’

In this chapter we have reduced the study of various integral equations and inequalities
to fixed point problems. We have studied the existence and uniqueness of the solutions
to integral equations as fixed points of the corresponding operators. We have also derived
some general Gronwall-type results for the integral inequalities and have given examples

of such results in the particular cases of Banach and non-Banach spaces.
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Chapter 4

Applications to Optimality Results

For some specific operators A (see [§], [41], [57]) a priori bounds y* of the solutions to

integral inequalities of the type = < A(x) have been obtained:

*

z <y .

Using fixed point theory and the Abstract Gronwall Lemma we show that their
bounds are optimal (see Remark [2.0.2)), or obtain ourselves the optimal ones. Hence, in

these cases the fixed point z% of the operator A is the optimal bound in the sense:
r<zjandVy:zxz<y=uz) <uy.

The results of this chapter have been published in [21], [22] and [25].

4.1 Optimality Results in Explicit Form

In this section we consider some integral inequalities of the type
r < A(x)

for which we derive explicit expressions of the optimal bound z7%.

In [57] B.G. Pachpatte has considered the following inequality:

B
x(t) < f(t) +/ g(s)x(s)ds +/ h(s)z(s)ds, for all t € [a, f]. (4.1.1)

(e «

t
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We also consider the inequality:
B
x(t) > f(t) +/ g(s)x(s)ds +/ h(s)x(s)ds, for all t € [a, (] . (4.1.2)

« «

Remark 4.1.1. Using direct methods B. G. Pachpatte has obtained a bound for the func-
tions satisfying the inequality . We prove in the next theorem that the bound found

by Pachpatte is a fized point of the corresponding operator

A (C([av ﬂ] 7R+)7 ”if’ S) — (C([a7ﬁ] ’R+)7 ‘H_|>C7 S),

t B
Ax)(t) = f(t) —i—/ g(s)z(s)ds —i—/ h(s)z(s)ds, for allt € |a, (], (4.1.3)

where ||-|| is the Chebyshev’s norm defined by , hence it is optimal. We also derive
optimal bounds for the functions satisfying the inequality .

Theorem 4.1.1. We assume that:

(Z) f?g’ h e C([(X, 6] aR-l-);
(i) f is a continuously differentiable function on |a, 8], and f(t) > 0, for allt € [a, f];

(iii)
(B —a)(My+ M) <1,

where M, = max |g(t)| and M), = maX} \h(t)|;

telo,f] teo,B
B
(iv) pp = /h(s) exp( [ g(r)dr)ds < 1.

«

We have:
(a) if x € C(la, B],Ry) satisfies the inequality (4.1.1]), then:

z(t) < My exp(/atg(s)ds) + /at f'(s) exp(/:g(r)dr)ds, forallt € |o, ], (4.1.4)
where
wi= [+ [ w [ s el [ o)
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(b) if x € C([a, B] ,Ry) satisfies the inequality , then:
x(t) > M exp(/ g(s)ds) +/ f'(s) exp(/ g(r)dr)ds, for allt € [a, ], (4.1.5)

where
1

B I1—m

M, {f(oz) + /a " hes)( /a ") exp( / S g(r)dr)dT)ds} C (416)

Next we present an optimal bound of the solutions to an inequality considered by
Chandirov (see [8]). The bound obtained by him is not a fixed point of the corresponding

operator A.

Theorem 4.1.2. We assume that:
(i) f,g,h are continuous functions on J = [a, (] ;
(ii) g(t) >0, for allt € J.
We have:
(a) if x € C o, B] satisfies the inequality:

z(t) < f(t)+ /: lg(s)z(s) + h(s)]ds, for allt € J, (4.1.7)
then:
o)< el [ ods)+ [ 170) +hles( [ g (419
(b) if w € Cla, ] satisfies the inequality:
2(8) > F(t) + /a 0(8)2(s) + h(s)| ds, for allt € J. (4.1.9)
then:
z(t) > f(a)exp( /a tg(s)ds) + /a t [f/(r) 4+ h(r)] exp( / t g(s)ds)dr. (4.1.10)

Remark 4.1.2. Theorem gives optimal bounds for x(t), as the right hand side of
the inequality 1s the unique fixed point of the corresponding operator A.

Another example is the Bernoulli-type integral inequality. An upper bound of the
solutions of this integral inequality has been obtained by N. Lungu (see [44]). We obtain

a similar result by using the Picard operators’ technique.
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Theorem 4.1.3. ([21]) We assume that:
(i) z € C([o, B, Ry), frg € Clo, B :
(1i) f(t) >0, g(t) 2 0, for all t € [a, 5]

(7ii) [(R+ c¢) My 4+ (R + ¢)PMs] (8 — o) < R, where My, My, R are such that:

and

x € B(ce,R) C (O]

Then:

(a) there exists a unique solution v* € B(c,R) to the equation:

z(t) =c+ / [f(s)z(s) + g(s)xP(s)]ds, for allt € |o, B];

[F(B)] < My, [g(t)] < My, Vi € [ov, 5]

(b) if v € B(c,R) satisfies the inequality:

z(t) <c +/ [f(s)z(s) + g(s)aP(s)]ds, for allt € |o, B];

then:

s <essl [ s9s) [ 7+ 0-9) [ oty [p-1) [ rar] as

for allt € [a, f].

(c) if x € B(c,R) satisfies the inequality:

£(t) > e+ / F(8)2(s) + g(s)2?(s)] s, for all t € [, ]

then:

o) 2 el [ 151 rea-p [ gls) exp -1 [ s as

for allt € [a, f].
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4.2 Optimality Results in Generic Form

In this section we consider an inequality of the type x < A(x) for which the optimal
bound z% cannot be derived explicitly and will only be presented in the generic form.
In some particular cases explicit expressions for 2% exist (see [22]), and we present their

derivation.

Theorem 4.2.1. (Wendroff-type, [41], see also [8], [46], [51], [56]) We assume that:
(i) ¢ € C([0,a] x [0,0],R:), a € Ry;
(ii) ¢ is increasing.

If x € C([0,a x [0, 5]) is a solution to the inequality:

x(ty,t2) < a-+ /t1 /t2 (s, t)z(s,t)dsdt, t, €[0,a], t2 € [0, 0], (4.2.1)
o Jo

2t ) < aexp (/Ot /;2 go(s,t)dsdt) | (4.2.2)

We consider (X, —, <) := C(D, U;, <), where D = [0,a] x [0,0], and || - ||, is the
Bielecki norm on C'(D):

then:

|z, == mgx(\x(tl,tg)\ exp(—7(t1 +12))), TeRL. (4.2.3)
The corresponding operator A : X — X is defined by:
t1 to
A(@)(t1, t2) = a + / / s, 0)2(s, )dsdt,  (h,t) € D. (4.2.4)
o Jo
This operator is an increasing Picard operator, but the function:

(h, 1) — aexp ( /0 ! /0 : cp(s,t)dsdt) (4.2.5)

is not a fixed point of the operator A. Therefore we have proved the following remark:

Remark 4.2.1. The right hand side of is not a fixed point of the operator A, so
Theorem is not a consequence of the Abstract Gronwall Lemma [2.0.2,
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On the other hand, the Abstract Gronwall Lemma [2.0.2] allows us to obtain a theoret-
ical upper bound of the type of the right-hand side of (4.2.2]) without finding an explicit

form of this bound.

Theorem 4.2.2. (see [22])We assume that:
(i) ¢ € C([0,a] x [0, 8], Ry), a € Ry;

(ii) ¢ is increasing.

If v € C([0,a] x [0, 5]) is a solution to the inequality , then x(ty,ta) < x%(t1,t2),
where x*(t1,ta) is the unique fixved point of the corresponding operator A defined by )

Next we present particular cases of the inequality (4.2.1), for which we derive the

optimal bounds of the solutions. One of them is the following:

Example 4.2.1. (Wendroff’s inequality for p(ty,t2) = 1, see [22)])

Let a € Ry and ¢ € R be given. If x € C(D,Ry) is a solution to the inequality:

t1 to
z(ty,ts) < a+ 02/ / (s, t)dsdt,
0 0

with conditions:

.T(tl,()) = x(O,tg) = a, tl € [0,0é], tg € [O,B],

then:
2(ty, 1) < aexp(cPhity), ¥ 11 € (0,0, € [0, 5].

In this case the corresponding operator A : X — X is given by:

A@)(t1, t2) = @ + /tl /tzx(s,t)dsdt, toe0,a], € [0, 4]
0 0

This operator is an increasing Picard operator, but the function:
(t1,t2) = aexp(c®tity)

is not a fized point of the operator A.
Using Theorem we obtain:

z(ty, ta) < xy(ty, t2),
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where the fixed point x%(t1,t2) is (see [46], [49]):
qu@lu tz) =a Jo(QC\/ tltg). (4210)
Here Jy(2c+/t1ta) is the Bessel function.

In this chapter we used the Abstract Gronwall Lemma to improve the bounds of the
solutions to specific inequalities. For some solutions we derived the bounds explicitly and
for the solutions of Wendroff-type inequalities we found theoretical bounds only. However,
we have given some examples of Wendroff-type inequalities for which the bounds of the

solutions can be derived explicitly.
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Chapter 5

Applications to the Study of
Solutions and to Stability

In this chapter we present some applications of the Abstract Gronwall Lemma to various
differential inequalities. We also apply a specific Gronwall-type lemma to the study of
different types of Ulam stabilities for the second-order differential equations of hyperbolic

type. The results of this chapter can be found in [23] and [24].

5.1 Applications to the Study of Solutions to Various

Inequalities

In this section we consider different types of differential equation to which we add bound-
ary conditions. This results in Darboux problems. We prove the existence and uniqueness
of the solutions to these problems. Using Abstract Gronwall Lemma we also prove that
the solutions to these Darboux problem are the optimal bounds for the functions which

satisfy the corresponding differential inequalities.
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5.1.1 Second-order Hyperbolic Inequalities

Hyperbolic equations and inequalities represent a vast domain of Partial Differential Equa-
tions, with many practical applications. They have been studied by many authors (see
[26], [35], [46], [49], [75] and others).

In this subsection we study the qualitative behaviour of the solutions to some second-
order differential equations of hyperbolic type.

Let a >0, 8 >0, D :=[0,a] x [0,] and B be a real or complex Banach space. We

consider the following hyperbolic inequality:

8% 3x ax .
atlatQ <t17t2) S f<t17t27x(t17t2>78_251(t1,t2),%(tl,tg)), fOI‘ all (t1’t2> - D (511)
and the Darboux problem:
82I or ox .
Dt 0t (ti,t2) = f(t1, b2, 2(t1, t2), a—tl(h,tz), 8_1€2<t1’t2))’ for all (t,t) € D (5.1.2)

(

x(t1,0) = p(t1), for all t; € [0,q];

2(0,t5) = ¥(t3), for all ¢, € [0, 8] ; (5.1.3)

where f: D x B> — B, ¢ € C1([0,a],B), ¥ € C'([0,5],B), z € C'(D,B) and ;22 €
C(D,B).

We prove the existence and uniqueness for the solution of the Darboux problem (5.1.2))
+ by Picard operators technique, and also give a Gronwall type result for the
inequality (5.1.1)). In the case of B:=R this inequality has been studied in [49], [46].... We

present the results in the general case of a Banach space B.

5.1.2 Third-order Hyperbolic Inequalities

In this subsection we generalise the results obtained in the previous section for second-

order differential equations to the case of third-order differential equations of hyperbolic

type.
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5.1.3 Pseudoparabolic Inequalities

Pseudoparabolic equations and inequalities represent an important chapter of Partial
Differential Equations, with many practical applications in electromagnetism, heat con-
duction ete (see [43], [46], [49], [73] etc).

In this subsection we consider the following pseudoparabolic inequality:

Dz ox 0%z

(t1,t2) < F(ty, ta, x(ty, t2), 7 (t1, t2), 5 (t1,12)), (t1,t2) € D, (5.1.4)
ot ot

O30t
and the corresponding Darboux problem:
Pz oz 0%z —
tite) = F(ty, te, x(ty, t t,t t,t ti,ts) € D, 5.1.5
gizgE; (o 12) = Fltn b, (00, 12), g (1, 2), G (1, 12), (1) (5.15)

z(t1,0) = h(t1), for all t; € [0,q]

2(0,15) = g1(ts), for all ¢, € [0, 4] (5.1.6)

8t1 (0 tg) gg(tg), for all ty € [0, 5] y
where D := [0,a] x [0,3], F € C(D xR3 R), h € C?[0,qa], g1, g» € C'[0, 8], x € CL(D),
5 s € C(D), h(0) = 1(0) = 92(0) = ga(0) = 0.

We apply the Picard operators technique to prove the existence and the uniqueness of

the solution to the Darboux problem (5 —|—, and we give a Gronwall-type result
for the inequality (5.1.4] . We also use the Riemann function to represent the solution to
the Darboux problem (/5.1.5i —|— 5.1.6|) for specific pseudoparabolic inequalities. The results
are presented in [23].

Throughout this subsection we assume that:

a>0,8>0and D :=1[0,a] x [0,3].

Theorem 5.1.1. (see [23]) We assume that:
(i) F € C(D x R3R);
(i) there exists Ly > 0 such that:

|F(t17t27ulavl7wl) - F(t17t27u27027w2)| S LF ma’X(lul - U2| ) |v1 - U2| ) |w1 - w2|)7
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for all (t1,t2) € D and u;,v;,w; € R, i € {1,2};
(iii) h € C*[0,a], g1,92 € C1[0, B];
(iv) F(t1,ta,-,-,-) : R® = R is increasing, for all (t1,t5) € D.
Then:
(a) the Darboux problem +(5.1.6) has a unique solution x*(t1,15);
(b) if x(t1,t2) satisfies the inequality with the boundary conditions (5.1.6]), then:

I(tl, tg) S l'*(tl, tg)

In the remainder of this subsection we consider some particular examples of inequality
(5.1.4). By Theorem any solution of such inequality is dominated by the solution of
the corresponding Darboux problem, which we solve explicitly in terms of the Riemann

function. Here we present one of them.

Example 5.1.1. Let us consider the inequality (5.1.4]) in the case
X Qx .
F=2t— ‘37% (see [23], [19], also [73]):

P Ox 0*x
020t, (t1,t2) < 8_152(751,752> - a—t%(tl,tz), (5.1.7)
and the corresponding Darbouz problem.:
Px ox 0%z
oo, (t1,t2) a—tQ(m,tz) + a—t%(tl, ty) =0, (5.1.8)
with the boundary conditions (5.1.6)) .
With the notation
Px o 0*x
Lx)(t1,ty) = ——(t1,1 — (1,1 — (11,1
( ZE)( 1 2) at%atz( 1, 2) 3152( 1, 2) + at%( 1 2)
the equation becomes:
Lz = 0.

From Theorem it follows that the problem (5.1.8) + (5.1.0) has a unique solution
x*(t1,t2), and if x(t1,t3) is a solution to the problem (5.1.7) + (5.1.6]), then:

2(tr, ta) < 2% (1, ). (5.1.9)

37



In this case the solution x*(t1,ta) can be represented using the Riemann function v(ty,ts),
which is solution of the adjoint equation (see [49], [73], [46]) :

v ov 0%v

(L*’U)(tl,tg) = M( ) - 8_252(t17t2> — —(tl,t2> =0.

ot3

The solution x*(ty,ts) is:
t1
a*(t1,t2) = h(t1) - / W (s)vs(s,05t1,t9)ds
0
to
+/ [92(1)ve(0, 8581, 82) — g1 (H)vs (0, £ 11, £2)] dit
0
to
+ / [92 (t)Ut(O, tv tla t2) - 91 (t)US(O, ta tla tQ)] dta
0

where v(ty,ts) is the Riemann function corresponding to L*v = 0.

5.2 Applications to Ulam Stabilities of Hyperbolic
Equations

In this section we use the following Gronwall Lemma to give some results on Ulam-Hyers
stability and generalised Ulam-Hyers-Rassias stability of the hyperbolic partial differential

equation studied in subsection 5.1.1 of this chapter.

Lemma 5.2.1. (see [{1)], also [50]) We assume that:

(Z) T,¢, g9 € C<R17R+)a
(i) for any t >ty we have:

t

o0) < g0)+ [ p(s)als)ds

to
(1ii) g(t) is positive and increasing.
Then:

¢
o) < gtyexp [ (), for anyt > 1o

Results on Ulam stability for the functional equations are well known (see, for instance,

151, [34], [38], [67], [68]).
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We start by presenting some definitions and results on different types of Ulam stability

for a hyperbolic partial differential equation.

Throughout this section we consider

>0, a,8 € (0,00], p€C(0,a) x [0,8),R,),

where (B, |-]) is a real or complex Banach space.

We consider the following hyperbolic partial differential equation:

82x a a
8t18t2 (t17 t2) f(th t27 x(tla t?) atl (tla t2) at2 (tl, tQ))

for 0 <t <, 0 <ty < 3, where f € C([0,a) x [0,5) x B B).

We also consider the following inequalities:

for all t; € [0, ), t2 € [0, 5).
We need the following definitions and results (see [87], [90] and [89])

&y dy dy

<
8t18t2<t1’t2) [t e, y(t, t2), ot ——(t1,t2), at2(t1,t2)) < e,
62 a a
8tlgt2<tl’t2) [ty ta,y(t, ta), ai(h,tz) atyQ(tl,tQ)) < oty t),
62 a a
atlath <t17t2) f(tl’t2’y(t1’t2) a;fy (tl’tQ) 8;32 (t17t2)) S E@(tbb)’

(5.2.1)

(5.2.2)
(5.2.3)

(5.2.4)

Definition 5.2.1. A function x is a solution to the equation if v €

C ([0,a) x [0,8))NC*([0,a) x [0,3)), 8t18t2 € C([0,) x [0,5)) and x satisfies

5.2.1).

Definition 5.2.2. The equation is Ulam-Hyers stable if there exists the real num-

bers C},C7 and C} > 0 such that for any € > 0 and for any solution y to the inequality

there exists a solution x to the equation with:

;

|y(t1,t2) — :L‘(tl,tg)| < C}E, Vit e [O,CY), Yty € [07/3),

8t1 (tlatQ) Ji <t17t2)

8—,5y2(7517t2) - g—é(tl,b)

S 0%6, Y tl c [O,CY), v t2 S [Oaﬁ)a

< Cfe, YVt €[0,a), Vi, €l0,0).

39

(5.2.5)



Definition 5.2.3. The equation is generalised Ulam-Hyers-Rassias stable if there
exists the real numbers C’}WC'%SO and C%so > 0 such that for any € > 0 and for any
solution y to the inequality there exists a solution x to the equation with:

(

’y<t17t2) - x<t17t2)’ < 0]1‘,<p90(t17t2)7 v Z51 € [O,Ck), v t2 € [Oaﬁ)a
g—i(thb) - g—i(thh)

g—i(tl,tz) - aa_ta;(tlytz)‘ < CFpltista), Vi €[0,a), Vi, €[0,5).

< C2 0t ta), Y 1 € [0,a), Y 2 € [0, 5), (5.2.6)

\

In the following we denote:

ox ox
z1(ty,ta) = a—tl(thtz), To(ty, ta) = 8_152(t1’t2)7

0 0
yi(ty,t2) = 8—31(751,152), Ya(t1, ta) = a—tyz(tl,tz)-

In what follows we give a result on the existence and uniqueness of the solution to
the equation (5.2.1), and also on Ulam-Hyers stability for the same equation in the case

a < oo and < oo.

Theorem 5.2.1. We assume that:
(i) a < o0, < o0;
(ii) f € C([0,a] x [0, 8] x B, B);
(111) there exists Ly > 0 such that:

| f(ti,ta, 21, 20, 23) — f(t1,ta, th, o, t3)| < Lymax{]z; — ] i = 1,2, 3}, (5.2.7)

for allt, € [0,a], t2 € [0, 8] and z1, 22, 23,11, 2, t3 € B.
Then:

(a) for ¢ € CY[0,a],B) and ¢ € C*([0,[],B) the equation has a unique

solution, which satisfies:
x(t1,0) = @(t1), for allty € [0, ql, (5.2.8)

and
x(0,t2) = (t2), for all ty € [0, B]; (5.2.9)

(b) the equation is Ulam-Hyers stable.
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Remark 5.2.1. If o = oo or 3 = 0o, then the equation 15 not Ulam-Hyers stable.

In the following we consider the hyperbolic partial differential equation ([5.2.1)) and
the inequality ([5.2.3)) in the case & = oo and = oo, and we prove the generalised

Ulam-Hyers-Rassias stability of equation ([5.2.1)).

Theorem 5.2.2. We assume that:
(i) f € C([0,00) x [0,00) x B?, B);
(ii) there exists l; € C1([0,00) x [0,00),R;) such that:

|f(t1,ta, 21, 22, 23) — f(t1, b, ta, ta, t3)| < Up(ty, to) max{[z; — ;] 0 =1,2,3},  (5.2.10)

for all t1,ts € [0, 00);

(i) there exist )\30, )\i, )\f’p > 0 such that:

y
t1 rto

0 JO

32 e(ty, t)dt < Xp(ty, ts), for all ty,t; € [0, 00), (5.2.11)

(s, t)dsdt < /\;gp(tl, ta), for all ty,ty € [0,00),

\ (fl (s, ty)ds < Aigp(tl,tg), for all t1,t5 € [0, 00);

() ¢ : Ry x Ry — Ry is increasing.
Then the equation with « = 0o and B = oo is generalised Ulam-Hyers-Rassias
stable.
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