"BABES-BOLYAI” UNIVERSITY OF CLUJ-NAPOCA
FACULTY OF MATHEMATICS AND COMPUTER SCIENCE

COHOMOLOGY OF GROUPS AND OF
BLOCKS OF GROUP ALGEBRAS

-Ph.D. thesis summary-
by
Constantin Cosmin Todea

Scientific adviser:

Prof. Ph.D. Andrei Marcus

©2010
CLUJ NAPOCA



Contents

Introduction

1

Preliminaries

1.1 Hochschild cohomology of symmetric algebras . . . . .. .. ... ..
1.2 The cohomology of finite groups . . . . . . . . . .. ... ... ...
1.3 Blocks of group algebras, Brauer pairs and pointed groups . . . . . .
1.4 The cohomology of blocks of finite groups . . . . . . ... ... ...

Stable elements in Hochschild cohomology of group algebra

2.1 Stable elements in Hochschild cohomology of symmetric algebras . . .

2.2 The transfer map between Hochschild cohomology algebras of group
algebras . . . .. L

2.3 The generalization of the diagonal induction map . . . . . . ... ..

2.4 Stable elements in Hochschild cohomology of the group algebra

The restriction map in cohomology of blocks of finite groups

3.1 Stable elements in Hochschild cohomology of blocks . . . . . . . . ..
3.2 Generalized Brauer pairs and pointed groups . . . . . . . . ... ...
3.3 The generalized block cohomology . . . . . . . . ... ... ... ...
3.4 Properties of the restriction map in block cohomology . . . . . . . ..
3.5 Varieties in the generalized block cohomology . . . . . ... ... ..

An equivalent definition of cohomology of finite groups
4.1 Stable elements in the module of homomorphisms . . . . . .. .. ..
4.2 An equivalent definition of cohomology of finite groups . . . . . . ..

Bibliography

ii

© o S D

12
12

14
15
17

19
20
20
23
28
31

33
33
34

36



111

KEYWORDS: symmetric algebra, Hochschild cohomology algebra, transfer map,
stable elements, cohomology algebra of a finite group, G-algebra, pointed group,
block, defect group, fusion system, cohomology algebra of a block, restriction map,

variety.



Introduction

The cohomology of groups has a history which starts 100 years ago. Its origins are in
theory of groups and in number theory and then it became an important component
of algebraic topology. In the past 30 years group cohomology has developed a strong
connection with the representations of finite groups. If at the beginning the connec-
tions were around the 1 and 2 degree cohomology, latter the study of ring cohomology
became very important .

Representation theory has studied, initially the proprieties of abstract groups
through some linear maps of some vector spaces. The representations involved were
over the real field or over the complex field and they studied ordinary characters
of finite groups, defined by Frobenius in 1896. In the same time L. E. Dickson has
considered representations of finite groups with coefficients in a finite field. He proved
that if the scalar field has characteristic p and p doesn’ t divide the order of G then
the methods from ordinary representation theory can be successfully applied. If p
divides the order of GG, Dickson proved that the theory is completely different and in
this case we have modular representation theory.

Modular representation theory has been developed by R. Brauer between 1935
and 1977 which built the basics of what is known today as modular representation
theory of finite groups. Brauer has defined and studied the basic concepts of block
theory. J. A. Green has introduced in the '60 the notion of G-algebra where G is a
finite group, which can be used to study block theory and also module theory.

Another important step was realized in the '70, by J. L. Alperin, M. Broué si
L. Puig which start the study of p-local blocks and representations. Alperin and

Broue introduced the Brauer pairs, and these were used by Broue and Puig to study



nilpotent blocks. A good selection of main results and open problems in modular
representation theory can be find in [24].

In [1] J. L. Alperin presents aspects of group cohomology which appears in modular
representation theory. Following this line and the prediction from the title of that
paper ”Cohomology is representation theory”, there were published numerous studies
which applies homological algebra in representation theory and reverse.

In 1999 M. Linckelmann has published 2 papers [17] and [18], where he studies the
properties of the cohomology ring associated with a block, defined similarly with the
cohomology ring of a finite group by Cartan-Eilenberg stable elements method from
[10]. Further, Linckelmann investigate the varieties associated to the cohomology
ring of a block and he proves a Quillen stratification, similarly to the stratification
obtained by G. S. Avrunin and L. L. Scott in [3], respectively by the creator of this
theory, D. Quillen in [27] and [28].

In this thesis we will approach the cohomology algebra of a finite group and the
cohomology algebra of a block. We will apply M. Linckelmann’s method of embedding
the cohomology algebra of a finite group into the Hochschild cohomology algebra of
the group algebra, through a generalized induction map which we will investigate.

We will define the cohomology algebra of a block of a normal subgroup of the
group G, which is G-stable, using generalized Brauer pairs and we will prove similar
results obtained by Linckelmann in [17]. In a specific situation for the fixed block, we
will obtain new results regarding the varieties associated to the cohomology algebra of
the block defined by Linckelmann and the cohomology algebra defined by the author
using generalized Brauer pairs.

The thesis is structured as follows. In Chapter 1 we will give notations, notions
and basic results which we will use in the following chapter. The main objectives
covered by this chapter are: symmetric algebra, symmetric form, stable elements
in group cohomology, Hochschild cohomology of symmetric algebra, blocks of group
algebras, Brauer pairs, pointed groups and block cohomology. Main source used are:
[4], [5], [11], [36] for homological algebra, [17], [22], [35] for modular representation
theory, and [12] for finite groups.

Chaper 2 is dedicated to characterize stable elements in Hochschild cohomology

of group algebras. We will prove that under some hypothesis, the results proved by



M. Linckelmann in [17] remains true in a more general context of the generalized
diagonal induction map with domain the cohomology algebra of the centralizer in the
group G, of a representative of conjugacy class.

§2.1. In this section we define the normalized transfer T'x associated with a
bounded complex of A — B-bimodules X, between HH*(B) and HH*(A) where A, B
are two symmetric R-algebras. Also we will define the set of X-stable elements in
HH*(A), denoted by HH% (A) and we will give proprieties satisfied by T'x on HHY (A),
which moreover is a graded algebra. At the end of this section we will recall the em-
bedding of the cohomology algebra of a finite group G into the subalgebra of M-stable
elements HH,(RG), where M = RG as RG — RH-bimodule and H is a subgroup of
G.

§2.2. Some of the above results we will explicite, by giving the definition of the
transfer and of the diagonal induction map dg. These objectives have been obtained
by the author in [33].

§2.3. In the same paper [33], the author gives explicitly the generalized diagonal
induction map, denoted ’yg_ from H*(C¢(z;), R) to HH*(RG), where z; is a represen-
tative of a conjugacy class of G. Next we will prove the compatibility of fyg, with the
restrictions and transfers in group cohomology.

§2.4. Using results from the same article [33], we will fix a working situation which
we denote (T). In this situation [17, Proposition 4.8] is still true for 5. The sections
2.2, 2.3 and 2.4 contains new results obtained by the author in [33].

Through chapter 3 we will work with k£ an algebraically closed field of character-
istic p, GG is a finite group with a normal subgroup N and c is a block of kN which is
G-stable. We will define and analyze, using generalized Brauer pairs, the generalized
cohomology algebra of the block ¢ and a restriction map from this algebra to the
usual cohomology algebra of the block c.

§3.1. In this section we will remind the main result from [17], that is Theorem 5.6,
which proves the embedding of the cohomology algebra of a block into the subalgebra
of stable elements in the Hochschild cohomology algebra of the block.

§3.2. We will define (¢, G)-Brauer pairs (generalized Brauer pairs) and an order
relation based on [14]. There is a link between (¢, G)-defect groups and defect pointed
groups of the G-algebra kN which we analyze and then we will define the generalized



Brauer category, denoted Fp.,)(G, N, c), where (P, ep) is a generalized (¢, G)-Brauer
pair. If N is equal to G we obtain the usual Brauer category.

§3.3. We will fix a working situation, denoted (x), which always exists for the
block ¢ and which allow us to find a defect pointed group Qs of Ny, with Q5 <
P,, where P, is a pointed defect group of Gy.. Using generalized Brauer category
we can define the ”generalized” cohomology algebra of ¢ associated to P, denoted
H*(G, N, ¢, P,), and in situation (*) we have a restriction map, called the restriction

in block cohomology, which we denote resg’N “

.- Next we will prove the main result

of this section, Theorem 3.3.11, which proves that properties from [17, Teorem 5.6]
remains true for generalized cohomology algebra. In the end of this section, we
introduce a normal inclusion relation on (¢, G)-Brauer pairs and we prove the third
main Brauer’s Theorem (Theorem 3.3.12) for (¢, G)-Brauer pairs. Shortly, this says
that if ¢ = ¢g is the principal block of N then the (cq, G)-defect groups are the Sylow
p-subgroups of G.

§3.4. Under situation () from section 3.3 we will investigate the properties of the
restriction map in block cohomology through a transfer map defined from Hochschild
cohomology algebra of kGc¢ to Hochschild cohomology algebra of kNe¢. The funda-
mental result of this section is Theorem 3.4.10, which proves the compatibility of
Tesgliv’c through T’x, where X = kGc as kNc — kGc-bimodule.

§3.5. In this section we analyze the variety of the generalized cohomology algebra
of ¢ associated to a finitely generated kGe-module U, denoted Vi nv.(U). Generally,
considering the usual cohomology algebra of the block ¢, M. Linckelmann has studied
the variety associated to H*(N, ¢, @s) in [18]. Keeping the notations and the hy-
pothesis of Theorem 3.4.10, we will prove that Vi .(U) = (1§ )" (Vane(U)). The
sections 3.4 and 3.5 contains original results obtained by the author in [32].

In Chapter 4 we will define a functor isomorphic with the functor Homyg(k, —)
which allows us to have a new approach for the definition of cohomology of finite
groups. The block cohomology doesn’t have a global approach, that is a definition
as a right (or left) derived functor of a specific functor, since the block algebra is not
an algebra with augmentation. The results from chapter 4 may represent the first
step for such an approach, which is realized by the author in [30]. In this chapter we
consider GG a finite group, P a Sylow p-subgroup of G and k a field of characteristic



p-

§4.1. Let A, B be two kG-modules. The main result of this section is the isomor-
phism between Homy (A, B) and the k-submodule of stable elements in Homyp(A, B),
defined in Definition 4.1.2. This will be denoted by Hom{’»(A, B).

§4.2. We will define a functor Fi; from the category Mod(kG) to Modk by Fi(A) =
Homyp(k, A), for any kG-module A. This is isomorphic with Homy(k, —). We obtain
in the end the isomorphism R"Fg (k) = H"(G, k). The sections 4.1, 4.2 are based on
the article [34].
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Chapter 1

Preliminaries

In this chapter we will present the basic notions and properties of Hochschild coho-
mology for symmetric algebras , and of finite group cohomology and also the main
results regarding blocks of group algebras, which we will call shortly blocks. We
will end the chapter presenting block cohomology, defined by Markus Linckelmann
in 1999, in his paper [17]. In this chapter (and also in the entire thesis, if something
else is not specified), all the algebras and rings are associative with unity and all the

modules are finitely generated, left modules.

1.1 Hochschild cohomology of symmetric algebras

In this section we will present, shortly: the notion of symmetric algebra, two adjoint
functors, the notion of Hochschild cohomology algebra applied to the symmetric al-
gebra and we will end with the presentation of the transfer map between the two
Hochschild cohomology algebras for symmetric algebras. First we will defined two
pairs of adjoint functors associated with a bimodule over symmetric algebras and we
will define the corresponding unities and counities. In the second part of the section
we will give similarly results in a more general case of bounded chain complexes, of
bimodules over symmetric algebras and we will define the transfer map between the
Hoschild cohomology algebra of two symmetric algebras. We will exemplify with the
case of the group algebra

In this section we consider R a commutative ring, A, B,C' are symmetric R-
algebras and X is a bounded chain complex, of A — B-bimodules, proiective as left



A-modules and right B-modules .

1.1.1. The pair of adjoint functors (X ®p —, X* ®4 —). The unity and counity
of (X ®p —, X* ®4 —) are the chain maps of B — B-bimodules, respectively A — A-
bimodules

EXIB—>X*®AX, nxX®BX*—>A

1.1.2. The pair of adjoint functors (X* ®4 —, X ®p —). The unity and counity
of (X*®4 —, X ®p —) are the chain maps of A — A-bimodules, respectively B — B-
bimodules

ex« A= X X", nx+ : X" @4 X — B.

The above and the following results include the case where X = M is considered
as a complex of A — B-bimodules concentrated in degree 0 (that is, Xo = M and
the other components are 0). Next we will give the arguments for the group algebra
to be a symmetric algebra (see [17, Example 2.6]). Let H be a subgroup of G and
M = RG as RG — RH-bimodule. The R-dual M* of M is isomorphic with ry RGRrg.
Particularly, we have that M* @rqe M = RG as RH — RH-bimodule. Using these
results we obtain the adjunction maps of M and M* (see [17, Example 2.6]).

1.1.3. The Hochschild cohomology of an R-algebra A. By [36, Chapter 9,
Corollary 9.1.5] we will consider the following definition of the Hochschild cohomology

of an algebra. The Hochschild cohomology of an R-algebra A is the algebra
HH"(A) = Ext’yg 40(A).

By standard results from homological algebra, when X is projective as left A-
module and right B-module, we obtain that the complex X*® 4P ® X is a projective
resolution of X* ®4 X in the abelian category of bounded complexes of A — B-
bimodules. Further we get that the adjunction map ex : B — X* ®4 X lifts to a
chain map, unique up to homotopy, which will be denoted

€XIPB—>X*®APA®AX'

Similarly we have : nx,ex«, nx=.



Definition 1.1.4 (Definition 2.9, [17]). Let A, B be two symmetric R-algebras, s €
A*, t € A* the symmetric forms, 4 X a bounded complex of bimodules, projective as
left and right bimodules. The transfer map associated to X is the only graded linear

map

tx : HH*(B) —s HH*(A),

which, for any n > 0, sends the homotopy class [£] of £ : Pp — Pg[n| to the
homotopy class tx[¢] = [nx[n] o (Idx ® £ ® Idx+) o ex+|, obtained by the composition
of chain maps

Tdx QEQTd x+ nx [n]
_— >

Pa X X ®pPp®p X*

X ®p Ppln] ® X* Paln] .

1.2 The cohomology of finite groups

The algebraic definition of cohomology of groups, will follow the line from [4], but we
remind also the approach of M. Linckelmann from [17]. In this section we consider
G to be a finite group, R as a commutative ring and the group algebra RG has a
structure of RG — RG-bimodule given by the multiplication in RG. An RG — RG-
bimodule M has also a structure of R(G x G)-module with (x,y) € G x G acts on
m € M by xmy~! (and reverse).

Definition 1.2.1. We call the cohomology algebra of G with coefficients in R the
algebra

H*(G, R) = Extpo(R, R),

where R is the trivial RG-module. Explicitly Extyo(R, R) = €D, Extig(R, R),

with the multiplication in the ring given by the cup product (if we use cocycle) and
EXt’r]?iG(R7 R) = Hn<HOH1RG (PRu R))7

where Pp is a projective resolution of R as trivial RG-module.



We will use also, the alternative of chain maps in the definition of group cohomol-

ogy, since it is easy to compute the product. From now

H"(G, R) = Homg ra)(Pr, Pr[n])-

1.2.2. The complex IndgéG(PR) is a projective resolution of RG, thus we identify
IndgéG(PR) = Pra, where Pgg is a projective resolution of RG as R(G x G)-module

or as RG — RG-bimodule.

Proposition 1.2.3 (Proposition 4.5,[17]). Let G be a finite group and Pg a projective
resolution of R as trivial RG-module. The map which sends T € Home (ra)(Pr, Pr[n])

to Ind$ 5% (1) induces a R-algebra injective map

6q : H*(G, R) — HH*(RG), 6¢([7]) = IndSEC (7).

The map g from the above proposition will be called ”the diagonal induction
map”. The restriction and the transfer are compatible with the transfer defined
between the Hochschild cohomology algebras of the group algebras through the di-
agonal induction map from Proposition 1.2.3, and these 2 results will be recalled in

this section as [17, Proposition 4.6, Proposition 4.7].

1.3 Blocks of group algebras, Brauer pairs and

pointed groups

In this section we will present the main results of blocks of group algebras. We are
interested with the properties which bounds defect groups and Brauer pairs and also
the approach with pointed groups of blocks. The initial sources of these results are
the articles of J. Alperin and M. Broué, respectively M. Broué and L. Puig that is [2]
and [8]. All these are exposed in [35], whose notations we will follow. First we will
approach idempotents and blocks of group algebra and the notions of G-algebra and
pointed groups. Secondly we will present the proprieties of blocks from [35], recalling

from time to time the general context of pointed groups associated to blocks.
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Let G be a finite group, k be a field of characteristic p, which divides the order
of G and A a G-algebra. We will remind in this section: the relative trace map Tr$
with H a subgroup of G; pointed groups; the inclusion of pointed groups; the Brauer
map Brf_-‘, where P is a p-subgroup of G; b-Brauer pairs where b is a block of kG; the
inclusion of b-Brauer pairs; the principal block, which we denote by.

The properties of the defect group of the principal block are exposed in the third
main Brauer’s Theorem which we recall in this thesis by [35, Theorem 40.17].

1.4 The cohomology of blocks of finite groups

The first part of this section describes the fusion systems of p-groups which have as
basic examples: the fusion system associated with a Sylow p-subgroup of a group and
that associated with a block of a finite group algebra. The originally definition was
given by L. Puig (which called them full Frobenius systems), and these were developed
by Broto, Levi si Oliver and [7] (who called them saturated fusion systems). We will
follow the notion of fusion system and the results from [21]. In the last years, the
theory of fusion systems (saturated fusion systems) represents a growing domain
which creates an interaction between group theory and algebraic topology.

Most of the properties of fusion systems were systemized by their inventator, L.
Puig in [26]. Next we give the most important concept of this thesis , that is the
cohomology algebra of a block, defined by M. Linckelmann in [17]. We will also give
some properties of this algebra.

1.4.1. The fusion system associated with a block. Let b be a block of kG and
(P, e) maximal b-Brauer pair. For any (), a subgroup of P there is a block e of
kCea(Q) such that (Q,eq) < (P,e). We will denote by F(pe)(G,b) the category on P
with morphisms the group homomorphisms ¢ : Q — R for which there is z € G with
*(Q,eq) < (R, eg) (equivallently “eq = exq) such that p(u) = zuz™!, for any u € Q.
By [21, Theorem 2.4] we have that F(p(G,b) is a fusion system on P. If b is the
principal block, by third main Brauer’s theorem we get that F(p.(G,b) = Fp(G),

where Fp(G) is the fusion system on P with maps from @ to R induced by conjugation
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with elements in x € G such that Q) < R.

Next we give the definition of the cohomology algebra of a block.

Definition 1.4.2 (Definition 5.1, [17]). Let b be a bloc of kG and P, un defect
pointed group of Gy. We call the cohomology algebra of the block b associated with
P, the subalgebra

H*(G,b, P,)

of H*(P, k), which consists in all elements [¢] € H*(P, k) which satisfy res;([¢]) =

resy([¢]), for any subgroup @ in P and any ¢ € Homp,,,  (c5)(Q, P).



Chapter 2

Stable elements in Hochschild
cohomology of group algebra

The second chapter is dedicated to apply some of the above results to group algebra.
We will define the notion of stable element in Hochschild cohomology algebra and
explicitly will give the adjunction and transfer map for group algebra, defined in
section 1.1. In section 2.3, using the language of chain map we will explicate the
generalization of the diagonal induction map, defined in [29] with cocycles. A new
result will be proved, which show that the image of such a map (a generalization of
diagonal induction map) is in the subalgebra of stable elements. We obtain a similar
result to Linckelmann’s from [17]. The sections 2.3, 2.4 contains original results
published by the author in [33].

2.1 Stable elements in Hochschild cohomology of

symmetric algebras

We will present basic results which characterize stable elements in Hochschild coho-

mology of symmetric algebras and we study their link with transfer maps.

Definition 2.1.1. Let A, B be two symmetric R-algebras with symmetric forms s €
A* t € B* and X a bounded complex of A— B-bimodules with projective components

as left and right modules.

12
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i) The element mx = (nx oex+)(14) € Z(A), the image of 1, under the composi-
tion:

A X @p X* > A
is called the projectiv element relative to X.
ii) If mx is invertible in Z(A) we denote by T : HH*(B) — HH"(A) the graded

linear map defined by Tx ([7]) = 7 tx([7]), 7 € HH*(B), which we call the

normalized transfer associated to X.

iii) An element [(] € HH*(A) is called X -stable if there is [7] € HH*(B) such that

for all positive n € Z, the next diagram is commutative up to homotopy

(a7

Pa®a X X®gPs (2.1.1)
\LCn@IdX iIdX®Tn

Paln] @4 X — X @5 Pg[n]
where (,, 7, are the degree n components of (, 7 and the horizontal maps are
the natural homotopy equivalences P4 ®4 X = X ®p Pp which lifts the natural
isomorphisms A ®4 X = X ®p B. We denote by HH% (A) the set of X-stable
elements in HH*(A).

In [17] there are some results which give us the proprieties of stable elements. That
is: a lemma which give us equivalent conditions to the condition 2.1.1 of defining a
stable element and a proposition which proves that the transfer maps stable elements
to stable elements.

We end this section with three, very useful results: [17, Corollary 3.8|, [17, Ex-
ample 3.9], [17, Proposition 4.8] .
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2.2 The transfer map between Hochschild coho-

mology algebras of group algebras

The main scop of this section is to give explicily, using element definitions, the char-
acterization of unity and counity map associated to M = RG and M* = RG as
RG — RH-bimodule, respectively RH — RG-bimodule, where H is a subgroup of G.
In the same manner we will explicite the transfer maps t); and t;-.

We take Pr a projective resolution of R as trivial RG-module. Since RG is free as
left RH-module we have that Res% P remains a projective resolution of R as trivial
RH-module. Thus any element [r] € H"(H, R) can be represented by a chain map
7 : Res%Pr — Res%Pg[n]. By 1.2.2, any element [r] € HH"(RG) is considered as
represented by a chain map 7 : IndS;Pr — IndSEPrn]. We take Ind% 7 R as
RH — RH-bimodule by

hy - [(2,y) @ran 1g) - he = (hia, hy'y) @ran g,
where hy, hy,x,y € H.
We explicite the unity ,,+ and counity 1y, such that we have the detailed definition
of tMI
Definition 2.2.1. The transfer associated to M is the unique graded linear map
ty : HH*(RH) — HH*(RG),
which sends the homotopy class [7], of the chain map

7 IndH Py — Ind 5 Prln)

to the homotopy class [ny[n] o (Idy @py ™ @ry Idy+) © €pr+], for any n > 0.

Similarly we will characterize the lifting to resolutions of €;; and ny«.

Definition 2.2.2. The transfer associated to M* is the unique graded linear map

ty- : HH*(RG) — HH*(RH),
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which sends the homotopy class [7], of the chain map
7 nd§5Pr — IndSE Pr[n)
to the homotopy class [na+[n] o 7 0 e5/], for any n > 0.

2.2.3. The explicitness of ”diagonal induction map d,”. By Proposition 1.2.3

there is an injective homomorphism of R-algebras
6¢ : H*(G, R) — HH*(RQ), d¢([7]) = [ndSEE (1)),

where [7] € H*(G, R) corresponds to 7 : Pr — Pr[n].

2.3 The generalization of the diagonal induction

map

Using cocycle language S.F. Siegel and S.W. Witherspoon give an additive decom-
position of the cohomology algebra of a group (which acts as automorphisms on a
second group) with coefficients in group algebra. They describe the isomorphism
which determine this decomposition and when the groups are equals and we have the
conjugation action we obtain the decomposition from [5, Theorem 2.11.2] extended
to graded algebras. In this section we will characterize, using the language of chain
maps, the injective homomorphisms of algebras which appear in [29, Lemma 4.2], de-
noted ;. Through this chapter for G a finite group we choose {z; |i € {1,...,7}} a
system of representatives of those r conjugacy classes of GG, with a fixed representative
x;, forie {1,...,r}.
If [7] € H*(Cg(x;), R) is represented by a chain map

T Resgc(xi)PR — Resga(xi)PR[n]

we define the next chain map between projective resolutions of RG as R(G x G)-
modules
VS (1) : ndSEPr — Ind{ 5 Pr(n],
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V@) () @rac 2) = (z,y) > (97i,9) ®rac (g ') (2.3.1)
9€[G/Ca(x:)]

pentru z,y € G, z € Pg.
Proposition 2.3.1. i) For any 7 a chain map as above, the map vg (1) is well

defined and is a chain map.

it) For any class [t] € H*(Cq(x;), R) we have that 75 ([7]) = [7S ()] well defined.

The proposition 2.3.1 allow us to give the following definition of the graded de
R-algebras homomorphisms from (2.3.1).

Definition 2.3.2. Let GG be a finite group and x; is a representative of a conjugacy

class of G. The homomorphism of R-algebras
fyfi :H*(Cq(x;), R) — HH*(RG)

is the unique graded linear map V¢ ([7]) = 15 ()], where [r] € H*(Cq(z;), R) is
represented by a chain map 7 : Res$ o) PR — Res¢, w(z)Pr[1]. This homomorphism
is called the generalized diagonal induction map relative to x;.

It is clear that if z; = 1 then C5(1) = G and by 2.2.3 we obtain that ¢ = 5. The
next proposition is a translation of [17, Proposition 4.7] to the generalized diagonal
induction map.

Proposition 2.3.3. Let G be a finite group and x; a representative of a conjugacy
class of G, H a subgroup of G such that x; € H. Then x; is a representative of a
conjugacy class of H, Cy(z;) < Cg(x;) and the next diagram is commutative

tI‘CG (zz>

H*(Cy(z:), R) — 2 H*(Cg (1), R) .

HH*(RH) far HH*(RG)
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2.4 Stable elements in Hochschild cohomology of

the group algebra

In this section we add to the above hypothesis the following situation:

SITUATION (1). Let G be a finite group, H a subgroup of G and x; an element
of H, a representative of a G-conjugacy class. We suppose that there is a system of
representatives of left cosets of Cy(x;) in H which remains a system of representatives
of left cosets of Cq(z;) in G.

We ask now if there are groups in situation (f). Next we give an example of a

group and a subgroup which are in this situation.

Example 2.4.1. Let GG be the dihedral group of order 4n denoted D,,, where n is

an odd positive integer. We have the explicit description

_ 2 2n—1 2 2n—1
Dy, ={1l,z,2% ...,z Y XY, TY, .., X y}.

2n 2n—2

We choose x; = y and H = {1,y, 2% 2%, ..., 2?2 2%y, 2%y,.. . x y} a subgroup

of G.

Moreover as we can notice from Example 2.4.1 we have the next lemma.

Lemma 2.4.2. If we are in situation (T) then any system of representatives of left

cosets of Cy(x;) in H is a system of representatives of left cosets of Cq(x;) in G.

In situation (f) we have that %g is compatible with a specific restriction.

Proposition 2.4.3. If we are in situation (1) then we have the following commutative

diagram

HH*(RG) far HH*(RH)
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In the next theorem, which is the main result of this section, we prove that in
situation (1) we have a similar embedding to [17, Proposition 4.8] Imy$ C HH},(RG),
where M is the regular RG — RH-bimodule.

Theorem 2.4.4. In situation () the following statements are true:

i) For any positive integer n, and any chain map T € Home(ra)(Pr, Prln]) we

have that the following diagram is a commutative homotopy:

RG Rry Indg;H(PR) QrH RG " IndgéG(PR)
l[dM@RH’Yg (T)QrHIdy* l,yfl ()

RG ®@py Ind} *" (Pgr[n]) ® gy RG Ind§ %% (Pgn))

1]

i) Im~$ € HH, (RG).



Chapter 3

The restriction map in cohomology

of blocks of finite groups

We investigate in this chapter the cohomology algebra of a block, defined by M.
Linckelmann in [17], in a similar way to group cohomology, using the ”stable ele-
ments Cartan-Eilenberg method”. We will use for this the language of fusion systems
reminded in section 1.4. Through this chapter we consider k£ an algebraically closed
field of characteristic p (a prime number) and G a finite group. Let N be a normal
subgroup of G and ¢ a G-stable block of kN, under conjugation. In this situation,
using results noticed by R. Kessar and R. Stancu in [14], we define the "generalized”
cohomology algebra of the block ¢ and a restriction map to the usual cohomology
algebra of the block ¢. We will analyze this restriction map through transfer maps
between Hochschild cohomology of the algebra kGc and the usual Hochschild coho-
mology algebra of the block c.

The first section of this chapter presents basic results obtained by M. Linckelmann
in [17] regarding block cohomology and the embedding of this into the subalgebra of
some stable elements of Hochschild cohomology algebra of the block. The second
section contains original results with proprieties of generalized Brauer pairs, obtained
by the author in [31] and [32]. In the third section we will study the generalized block
cohomology. The sections four and five decries the compatibility of the restriction
map in block cohomology with the transfer map between Hochschild cohomology

19
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algebras in some situations, and also the proprieties of the varieties associated to the
generalized cohomology of blocks. The last three sections contains original results
obtained by the author in [32].

3.1 Stable elements in Hochschild cohomology of

blocks

In this section we will give the main result from [17], which proves the embedding of
the block cohomology algebra into the subalgebra of stable elements in Hochschild
cohomology algebra of that block. For some families of blocks this embedding is
studied in [25]. We will give the proofs of these results in section 3.3, in a more

general case, by imitating the proofs of Linckelmann from [17].

3.2 (eneralized Brauer pairs and pointed groups

In this section we describe the proprieties of the generalized Brauer pairs, which are
associate to a block of a normal subgroup in G. The generalized Brauer pairs forms
a fusion system which has as a normal subsystem the usual Brauer category. We will
give some proprieties which connects generalized Brauer pairs with pointed groups
and we will end with the third main Theorem of Brauer for generalized Brauer pairs.
Many of these results are obtained by the author in [31] and [32].

Let N be a normal subgroup of GG, ¢ be a block of kN | which is G-stable and k£ an
algebraically closed field. We will denote by: A = kG as interior G-algebra, Ay = kN
as G-algebra and AN is the usual interior N-algebra. We know that Ny, and Gy

are pointed groups on Aj.

3.2.1. Brauer map on A;. For any p-subgroup ) of GG, the canonical projection
from kN to kCn(Q) induces a surjective homomorphism of algebras from (kN)® to
kCn(Q), the Brauer map for Ay, denoted Brg. Explicitly Brg(aj) =zifzr € Cn(Q)

and Brgy (z) = 0 if 2 ¢ On(Q).
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Definition 3.2.2. A (¢, G)-Brauer pair (generalized Brauer pair) is a pair (Q,eq)
where @ is a p-subgroup of G such that Brg (c) # 0 and eg is a block of kCn(Q) such
that Brg(c)eg # 0. If G = N then we obtain that a (¢, G)-Brauer pair becomes a

c-Brauer pair.

Definition 3.2.3. If (R,er) and (Q,eq) are two (c, G)-Brauer pairs, we say that
(@, eq) is included in (R, er) and we denote (Q,eq) < (R, eg), if @ < R and for any

primitive idempotent i € (kN)F such that Bry (i)eg # 0 we have that Brg (i)eq # 0.

3.2.4. (¢, G)-defect groups. By [8, Theorem 1.14] we know that G acts transitively
on the set of maximal (¢, G)-Brauer pairs. Equivalently, all maximal (¢, G)-Brauer
pairs are G-conjugate. If (P, ep) is a maximal (¢, G)-Brauer pair then P is called

(¢, G)-defect group, and if N = G we obtained that P is the defect group of c.

We notice that Ny and Gy are pointed groups on A;, with the property Ny, <
G1e- We are now in [15, Proposition 5.3], which we apply to obtaine the following
situation.

3.2.5. Defect pointed groups on A;. P, is the defect pointed group of Gy, on
Ay if and only if P = PN/N is a Sylow p-subgroup of G = G/N and there is Q5 a
pointed defect group of Ny, on kN as N-algebra such that (); < P,. In this case
Q=PNN.

Proposition 3.2.6. Let P, be a pointed defect group of Gy on Ay. Then there is a
unique (c,G)-Brauer pair (P,ep) such that Br(i)ep # 0, for any i € . Moreover

(P,ep) is a mazimal (¢, G)-Brauer pair, thus P is a (¢, G)-defect group.

Definition 3.2.7 (Definition 3.3, [14]). Let N be a normal subgroup G, ¢ a G-stable

block of kN and (P, ep) is a maximal (¢, G)-Brauer pair. For a subgroup @ of P let eg
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be the unique block kCn(Q) such that (Q,eq) < (P,ep). We denote F(p.,)(G, N, c)

the category on P with morphisms Homgz,, N, (@, R) given by the set

{p:Q — Rlp)=gug " ,VueQ,geGr(Q,eq) < (R,er)}.

Fpep)(G, N, c) is called the generalized Brauer category and is a fusion system by
[14, Theorem 3.4]. If N = G we obtain the fusion system associated to the block ¢ of
kG denoted F(p.,)(G,c), by 1.4.1.

In the next proposition we keep the notations and the working situation given by
3.2.5.
Proposition 3.2.8. Let P, be the pointed defect group of Gy on Ay and Q5 = (PN
N)s < P, defect pointed group corresponding to Nyig, by Remark 3.2.5. Then there
is a mazimal (c, G)-Brauer pair (P,ep) such that Bry (i)ep # 0, for any i € v, and a
unique mazimal c-Brauer pair (Q, eq) such that Brg(j)eQ # 0, for any j € 5. More-

over (Q,eq) < (P,ep) and Fq.eo) (N, c) is a normal subsystem in F(pep)(G, N, c).

Lemma 3.2.9. Let ¢ be a G-stable block of kN and P, is a defect pointed group of

Gy with i € oy. Then the homomorphism of kGc — kGce-bimodules
kGt Qkp ikG — kGc

given by the multiplication in kGe, splits.

Under the hypothsesis 3.2.5 let A5 = jAj where j € (ckN)? is a primitive idempo-
tent such that Brg () # 0. Then Ay is a k-subalgebra of A and the interior Q)-algebra
JA1j is called the source algebra of cA,. A, is the interior P-algebra ikG7, where
1 € 7. With these notations we have the following proposition, which can be obtained

as a consequence of [23, Proposition 3.2]. We will give a different proof here.

Proposition 3.2.10. If P, is a defect pointed group of Gy on Ay then A, as interior

P-algebra is Morita equivalent with Ay .
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In [23] A. Marcug noticed that M. Linckelmann’s results from [19, 7.1, 7.7] gener-
alizes for twisted group algebras case. Similar results are proved in [16]. In our case

we have the following two propositions, whose proofs follow Linckelmann’s approach.

Proposition 3.2.11. Let P, be a defect pointed group Gy, on Ay and i is a source
tdempotent. For any two subgroups R, S of P and any indecomposable direct summand
W of ikGi as kR—kS-bimodule there is an element x € G and ¢ : T — S with p(u) =
x ux, for any w € T, where T = RN*S such that W = k[RxS] = kR Qe (kS).

Corollary 3.2.12. Any indecomposable direct summand of ikGi as kP—kP-bimodule
is kP Qure (kP) unde o : T — P cu ¢(u) = v ‘ux, for allu € T and T = PN*P.

Proposition 3.2.13. Let P, be a defect pointed group of Gz on Ay and i a source
tdemptent. Let R, S be two subgroups of P. If ¢ : T — S is a group homomorphism
such that the kR — kS-bimodule kR Qe (kS) is an indecomposable direct summand

of ikGi then ¢ is injective homomorphism ¢ € Hom}‘(P’EP>(G7N’C)(T7 S).

3.3 The generalized block cohomology

In this section, using results obtained in the above section, we will fix a working
situation in which the definition of block cohomology of ¢ using generalized Brauer
pairs is possible. Moreover in this situation is possible to define a restriction map
between these two cohomology. For principal blocks, as we expect, this restriction
becomes the usual restriction map from the cohomology of G to that of N. In the
end of this section we will prove, that in our situation, results from section 3.1, which
links cohomology of ¢ with Hochschild cohomology of the block algebra kNc are still
true.

By 3.2.5 and Proposition 3.2.8 in the next sections we will work under the hy-
pothesis of the following situation:
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Situation(x). Let G be a finite group, N be a normal subgroup of G and ¢ a G-stable
block of kN. Let P, be a pointed defect group of Giey on Ay and Qs = (PN N)s < P,
the corresponding defect pointed group of Niy. Then there is a unique mazimal (c, G)-
Brauver pair (P,ep) such that Bry(i)ep # 0, for any i € v, and there is a unique
mazimal c-Brauer pair (Q, eq) such that Brg(j)eQ #0, for any j € 6. Moreover we
have that (Q),eq) < (P,ep). Similarly, in situation (*), we can define the generalized
block cohomology of ¢, which if N = G becomes the usual cohomology H*(N, ¢, Qs).

Definition 3.3.1. The generalized cohomology algebra of the block ¢ of N associated
to P, is the subalgebra
H*(G,N,c, Py)

of H*(P, k) which consists of the elements [(] € H*(P, k) satisfying the stability con-

dition res,[¢] = res§[(], for any subgroup R of P and any group homomorphism

¢:R— P in Fpe (G, N,c).

Since all defect groups of Gy are G-conjugate, it follows that the above algebra,
is up to an isomorphism independent of choosing P,.

Proposition 3.3.2. In situation (x), for any [(] € H*(G, N, ¢, P,) we have that

T@SZ([C]) € H*(N, ¢, Qs).

Using Proposition 3.3.2, we define a restriction map from generalized block coho-
mology of ¢ to block cohomology of c.

Definition 3.3.3. In situation (x) we define the restriction in block cohomology
resiye H(G,N, e, ) — H'(N, ¢, Q),

by resy “([¢]) = resh([]), for any [¢] € H* (G, N, ¢, P,).
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3.3.4. The multiplicity algebra; the multiplicity module. We consider B =
kN c, which is a primitive G-algebra (the unity of B, that is ¢ is a primitive idempotent
of BY, thus BY is a local ring). Moreover B is the localization of Gye in A; and P,
is a defect of B. We remind that S(vy) = BY /m., is a simple k-algebra which we call
the multiplicity algebra, where m, = J (BF) is the only maximal ideal BY such that
v € m.. Then S(vy) ~ Endx(V (7)), where V() is a simple B”-module which we call
the multiplicity module.

In the following section we denote by N = Ng(P,)/P and we can consider C' =
Cn(P)/Z(P)N N. We notice that C = Cy(P)/PNCy(P) ~ PCy(P)/P, which is a
subgroup of N.

Lemma 3.3.5. Under the conditions 3.3.4 it is true that the multiplicity module V ()

is simple and projective as kC-modul. Moreover we have that p doesn’t divide | N /C |.

Proposition 3.3.6. Let P, be a defect pointed group of Gy and (P,ep) the only
mazimal (c, G)-Brauer pair with the property that Br (i)ep # 0. Then it follows that
Z(P) N N is a pointed defect group of ep. Particularly ep is a nilpotent block of
kCn(P).

Proposition 3.3.7. Let P, be a defect pointed group of Gy and (P,ep) the only
mazimal (¢, G)-Brauer pair with the property that Bry (i)ep # 0, for any i € . Then
P, is the only pointed group on Ay with the above property and moreover we have that

Na(P,ep) = Ng(P,). In this situation No(P,ep)/PCn(P) = N/C.

Proposition 3.3.8. Let N be a normal subgroup of G, let ¢ be a G-stable block of kN,
P, a pointed defect group of Gy andi € . We consider ikGi as kP — kP-bimodule
avd [¢] € H(G, N, ¢, P,).

i) We have that tici(0p([C])) = %%([C]); particularly e = w1kp.
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ii) For any positive integer n the following diagram is commutative up to homotopy:

Pr.p SikGi (ZkGZ) Rrp Prp Qnp (ZICGZ) ,
l(SP(Cn) lld@)&P(Cn)@Id

where (, is the degree n component of . Particularly 5p([C]) is ikGi-stable.

Remark 3.3.9. Let N be a normal subgroup of G, let ¢ be a G-stable block of kN
and P, pointed defect group of Gy, with ¢ € 7. Then there is an isomorphism of

kP — kGc-bimodule (kGi)* = ikG.

We apply [17, 6.6] in the particular case of A = kGe, B = kP as symmetric k-
algebras with the usual symmetric forms s, respectively ¢t and M = kG, and obtain
descriptions of the unity an counity:.

Lemma 3.3.10. Let N be a normal subgroup of G, let ¢ be a G-stable block of
EN and P, pointed defect group of Gy with @ € . Using the identification from
Remark 3.3.9 and since by Proposition 3.2.10 the multiplication in kGc induces an

isomorphism ikG Qpa. kGi = ikGi it follows that the adjunction maps kGi and its

dual ikG are given as follows:
€rgi - kP — ikGi maps u € P to ui;
Mmai - kGi Qip ikG — kGe given by multiplication in kGe;

€ivg : kGe — kGt ®pp 1kG maps a € kGc to Z ari @ irL;
z€[G/P]

Nike © 1kGi — kP maps b € ikGi to Z s(bu™')u.
ueP

Moreover we have that myq; = Trg(i) and Tipg = s(i)1gp = dim"“éikc) 1ip.
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Next we will give the main result of this chapter, which says the the generalized
block cohomology algebra of a GG-stable block embeds through the diagonal map into
the subalgebra of stable elements of Hochschild cohomology algebra of kGe. The
result is similar to [17, Teorema 5.6].

Theorem 3.3.11. Let N be a normal subgroup of G, let ¢ be a G-stable block of kN
and P, pointed defect group of Gey with i € . Let (P,ep) be the mazimal (c,G)-
pereche Brauer and let kGi and ikG as kGc — kP respectively kP — kGc-bimodule.

i) We have that g = Trg(i) € Z(kGe)* and mipe = me(T“G)lkp € k*1ip.

i) If [(] € H*(G, N, ¢, P,) then 0p([C]) is ikG-stable in HH*(kP).

ii1) The homomorphism Trg; o dp induces an injective homomorphism of graded

k-algebras

op

H*(G,N,c, P,) HH:, . (kP) —2¢~ HH .. (kGe)

We end this section with third main Brauer’s Theorem for (¢, G)-Brauer pairs.
This result is the main result proved by the author in[31], and the proof just imitates
the proof from [35, Teorema 40.17]; we will use an normal inclusion relation between
(¢, G)-Brauer pairs.

Theorem 3.3.12. Let ¢ = ¢y be the principal block of kN, where N is a normal

subgroup of G and @) is a p-subgroup of G. Then we have that:
a) The principal block cy is G-stable.

b) Brg(co) is an primitive idempotent in Z(kCn(Q)) and is the principal block of
KON (Q)-

c) (Q,eq) is a(co, G)-Brauver pair if and only if eq is the principal block of kCn(Q).
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d) (co, G)-defect groups are the Sylow p-subgroups of G.

3.4 Properties of the restriction map in block co-

homology

In this section we will analyze the proprieties of the generalized restriction map,
defined in section 3.3. If we are in situation (%) we will study this restriction map
through the transfer map between Hochschild cohomology algebras of kGc¢ and of
block ideal kNc.

First we remind some notations and results which are implicitly in 3.1 and 1.1.
Let A, B,C be three symmetric R-algebras, X be a bounded complex of finitely
generated A — B-bimodules, projective as left A-modules and right B-modules, Y
be a bounded complex of B — C-bimodules, projective as left B-module and right
C-module. We will denote that [¢] € HH*(A) is X-stable with [(]®41x = 1x ®p 7],
where [7] € HH*(B) which satisfy Definition 2.1.1.

Proposition 3.4.1. With the above hypothesis:
i) Txepy = tx(Ty).

ii) If X" is a direct summand X then HHY.(B) C HHY..(B). Moreover if mx,mx
are invertible then the normalized transfer map Tx: coincides Tx on HH%.(B).

The next proposition follows from [13].

Proposition 3.4.2. If mx, 7y, Txg,y are wnvertible then Tx o Ty coincides with

TX@BY on HH;*(X)BX* (C) .

3.4.3. Particular case of complex in situation (). Let A = kN¢, B = kGe, and
X = ckGec = kGe as A — B-bimodule with X* = ckGc = ckG as B — A-bimodule.
Let M = kP as kP — kQ-bimodule with M* = kP respectively k() — kP-bimodule.
We know that mps = [P : Q|lxp € Z(kP) is not invertible and my = 1xg € Z(kQ)*.
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Proposition 3.4.4. In the hypothesis 3.4.3 the following statements are true:
i) x =c¢, mx«=][G: Nlc.

ii) mx € Z(kNc) is invertible. wx« is invetible in Z(kGe) if and only if p doesn’t
divide [G : NJ|.

In situation (x) since Q5 < P, we choose ¢ € v and j € ¢ such that j =ij = j 1.
Next we choose Y = kGi as B — kP-bimodule and Z = kNj as A — kQ-bimodule.
Then we have the following descriptions:

ikGj =ikG R X" Q4 kNj =Y " ®p X" ®4 Z,;

JkGi=Z2"®4 X ®p Y.
Lemma 3.4.5. The following statements are true:
a) HHj, o (kP) C HHy. g x (K P).
b) Ty (HHy.o  x-(kP)) C HHY. (kGc).
Lemma 3.4.6. With the above notations the following statements are true:
a) kQ — kQ-bimodulul jkNj is a direct summand of ikGj.
b) A— kP-bimodulul X ®p Y is a direct summand Z ®yq jkGi.

c) We have that M is isomorphic with a direct summand of ikGj as kP — kQ-

bimodule.

3.4.7. A commutative diagram given by the restriction in block cohomol-

ogy. By ¢) from Lema 3.4.6 we will identify M with a direct summand ikGj. Since
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Tu+ = lpg the normalized transfer Ty, is ty~. We suppose that we are in situa-
tion (x), then by [17, Propozitia 4.7] the following diagram of graded k-algebras is
commutative:
H*(G, N, ¢, P,) —2= HH* (kP) .
lreslcj:f*c \LTM*

H* (N, ¢, Q5) ——2 HH* (kQ)

We obtain a different diagram in the next remark, where abusively we denote by T«

the surjective map Rj;«.

Remark 3.4.8. With the hypothesis from 3.4.7 the following diagram of homomor-

phisms of graded k-algebras is commutative:

dp

H*(G, N, ¢, Pfy) HH3,(kP) .
\Lmsg’,i\]’c \LTM*

HY(N, ¢, Q) — 2 HIT}.. (kQ)

Proposition 3.4.9. We suppose that 6p(H*(G, N, ¢, P,)) € HH};o;(kP), where ikGj
1s kP — kQ-bimodule. Then the following diagram of homomorphisms of graded k-

algebras is commutative:

op

H*(G, N, ¢, P,) HH;; (kP) NHHS, (kP) |
lmsf\;ﬂ]a\r’c \LTM*

HY(N, ¢, Q5) — % HI, v, (kQ) N HH,. (kQ)

Theorem 3.4.10. In situation (x) we choose i € v and j € 0 such that j = ij = ji.
We suppose that 0p(H*(G, N, ¢, P,)) C HH}yq;(kP). Then the following diagram of

homomorphisms of graded k-algebras is commutative::
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H*(G, N, ¢, P,) —*°F Y, (kGe) .
iresf]‘yi\f’c \LTX
YY)
H* (N, ¢, Qs) — 2% HH*(kNc)

If ¢ is the principal block of kN then §p(H*(G, N, ¢, P,)) C HHjy5;(kP), the prop-

erty from Theorem 3.4.10 is satisfied; in this case the above diagram is commutative.

3.5 Varieties in the generalized block cohomology

In this section we follow the notations and hypothesis from Theorem 3.4.10. The main
articles where is studied the variety associated to the usual block cohomology algebra
are: [18], [20], [6]. We will end with a theorem which links the varieties associated to

a module through the restriction in blocks cohomology.

3.5.1. Varieties associated to modules for generalized block cohomology.
The generalized block cohomology algebra H*(G, N, ¢, P,) is a finitely generated

algebra, graded commutative. We denote the maximal ideal spectrum by Vi v, and

this is called the variety of this algebra. Let U be a finitely generated kGc-module

and let I¢; . p (U) be the kernel of the composition of graded k-algebras

TyGiodp

H*(G, N, ¢, P,) HH*(kGc) Y~ Ext}. (U, U) ,

where oy is the functor induced by — ®yq. U. The variety Vg v (U) is defined as the
subvariety of Vi ., which consists of the maximal ideals containing I v .. PW(U ). We
will denote still by U the structure of U as kNc-module and by I . o the kernel of

the composition

TkN]CJéQ

H*(N, ¢, Qs) HH*(kNc) Y Extin (U, U) .
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The variety Vy .(U) is the subvariety of Vi which consists in all maximal ideals con-
taining Iy . o, The cohomology variety V(U) associated to U, introduced by Carlson
in [9], is defined as the subvariety of the maximal ideals spectrum of H*(G, k) (de-
noted with Vi) determined by 15 (U). Here I5(U) is the kernel of the homomorphism

of graded k-algebras H*(G, k) — Ext;.(U,U) induced by the functor — ®; U.

Next we prove the following proposition which is an analogous result to [20, The-
orem 2.1] and a lemma which provides us a stratification of the variety Vg n.(U).
These two results allow us to prove the main theorem of this section.

Theorem 3.5.2. We keep the notations and the assumptions from Theorem 3.4.10.

(a) The restriction map in block cohomology resgijcv’c :H*(G,N,c, Py) — H*(N, ¢, Qs)

. , G,N :
induces a finite map (resy’, ©)*, which we denote by r& n.: Ve — Vane.

b) For any finitely genrated kGe-module U, we have that

Vie(U) = (1G.n) " (Vane(U))-



Chapter 4

An equivalent definition of

cohomology of finite groups

Let G be a finite group, k£ a field of characteristic p and P a Sylow p-subgroup of G.
The fusion system of P in G is defined by 1.4.1. In the first chapter of this section we
will obtained a similar result to the embedding of the cohomology of a finite group
into the submodule of stable elements in the cohomology of a Sylow subgroup, but
for kG-modules. In the second section we will prove an isomorphism of the functor
Hom, a left exact functor which appear in the definition of group cohomology, with
a new functor defined by stable elements in the k-submodule of homomorphisms of
k P-modules.
The chapter is entirely developed on the results obtained by the author in [34].

4.1 Stable elements in the module of homomor-

phisms

Let A, B be two kG-modules. If ¢ : H — G is a homomorphism of finite groups,
where H, G are two groups, then there is the restriction through ¢

res, : Homyg(A, B) — Homyy (A, B)  f +— res,(f),
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where res,(f) is f considered as homomorphisms of RH-modules. The structure of
RH-module is given by ¢ (i.e. ha = ¢(h)a, for a € A and h € H).
First we prove a similar proposition to [11, Corollary 4.2.7]

Proposition 4.1.1. Let P be a Sylow p-subgroup of G and A, B be two kG-modules.

Then f is in Imres$ if and only if

resprop(f) =resprap(g"(f)), Vg € G. (4.1.1)

Definition 4.1.2. A homomorphism f € Homyp(A, B) which satisfy condition (4.1.1)

is called stable. We denote by Hom{" (A, B) the k-submodule of stable elements.

Since Tr% o res§ = [G : Plid and [G : P] is invertible in k, by Proposition 4.1.1
we obtain the following corollary.

Corollary 4.1.3. With the above hypothesis the following statements are true:
1) Homya(A, B) is isomorphic to the k-submodule of stable elements in Hom}'»(A, B).

2) Homy’»(A, B) = {f € Homyp(A, B) | resh(f) = resy(f), Ve € Homg, ) (R, P)}.

4.2 An equivalent definition of cohomology of fi-

nite groups

The usual definition of group cohomology is H*(G, k) = R"Homyq(k, —)(k) as the
right n-th derived functor of the covariant functor Hom, which is in this case, the left
exact, covariant and additive functor

Homy(k, —) : Mod(kG) — Modk.

Using Corollary 4.1.3 we will define a new functor Fg : Mod(kG) — Modk.
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4.2.1. An isomorphic functor to Homyg(k, —).
If Ais a kG-module we denote by Fg(A) the k-submodule of stable elements in

Homyp(k, A), that is
Fo(A) = {f € Homyp(k, A) | resh(f) = res,(f), Vo € Homz, ) (R, P)}.

If 0: A — B is a homomorphism of kG-modules we define by F(9) the homomor-

phism of k-modules
Fg(0) : FG(A) — Fg(B), Fg(0)(f) =00 f.

It follows that Fiz(A) is an additive covariant functor. The Corollary 4.1.3 allow us
to obtain the natural isomorphism of functors F; = Homyg(k, —), which implies that

Fg is a left exact functor.

The relevance of the following proposition is given by the isomorphism from the
proof. We hope that this approach allow us to apply the same method to block
cohomology. This is analyzed in [30].

Proposition 4.2.2. There is the well defined homomorphism of k-modules
¥ R"Fg (k) — HG(Fp(G)),

cu (f + ImFg(6" 1)) = [f], for any f € KerFg(6™).

Now it is easy to check the following corollary.

Corollary 4.2.3. There is the isomorphism of k-modules R"Fe(k) = H"(G, k).
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