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Introduction

A branch of mathematics with wide applications in various �elds of science and

technology, of which the Romanian school of mathematics has important contri-

butions, is the Complex analysis. Complex analysis, dealing mainly with analytical

functions of complex variable. As real and imaginary parts of analytic function must

satisfy Laplaces equation, complex analysis is widely applied in the two-dimensional

problems in physics.

Functions of one complex variable theory, combines geometric intuition and

mathematical reasoning and it is a classic branch of mathematics which has roots

in the 19th century and even earlier. Geometrical theory of analytic functions is

based on the notion of comply representation which is the ideal model of geometric

transformations in the plane. An important result as the basis for this theory is the

theorem of Riemanns comply representation . Important names that have developed

this discipline are Euler, Gauss, Riemann, Cauchy, Weierstress and many others in

the 20th century.

Univalent functions proved to be most interesting for study, �rst necessary and

su�cient conditions of univalency expressed by coe�cients were obtained in 1931

by Gh.C�alug�areanu. Around the year 1907 appears the �rst signi�cant work that

belongs to mathematician P. Koebe. In the geometric theory of functions a special

role occupies the di�erential subordination known as method of admissible function,

theory initiated by the S.S. Miller and P.T. Mocanu. Using di�erential subordina-

tions have shown in a much simpler way some classical results in this area, their

expansions, and even new results.
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S.S. Miller and P.T. Mocanu recently introduced the notion of di�erential super-

ordination, dual notion of the di�erential subordination.

The notion of strong subordination was introduced by J.A. Antonio and S. Ro-

maguera, afterward the notion of strong superordination was introduced by Georgia

Oros using as model the theory of di�erentiated subordination, in 2009.

This paper has �ve chapters; the �rst chapter presents concepts, de�nitions,

properties and characterization theorems used during the whole work. The para-

graphs of this �rst chapter present generalities, known results on class of univalent

functions. As follows we enumerate properties of special univalent classes: starlike

class functions, convex class functions, eight convex class functions, analytic func-

tions with positive real part and functions whose derivative has positive real part. In

the other paragraphs of the �rst chapter we presented notions as: subordination, dif-

ferential subordination and strong subordinate, di�erential super ordination, strong

super ordination with some known properties and characterization theorems.

The other four chapters contain original results already published or under pub-

lication. As the second chapter contains the results obtained in di�erential sub-

ordinations published in three papers. These original results were obtained using

di�erential operators S�al�agean, Ruschewey and Dziok-Srivastava linear operator.

The third chapter shows the results obtained in the strong di�erential subor-

dinations, which contains a paper published and dedicated to Professor Mr. Gr.

S�t.S�al�agean coordinator of this work in the journal Studia University of Babes-

Bolyai, Mathematica, at the age of 60 years. S�al�agean use di�erential operator for

functions of class A�n� . and get new hard superordination .

Chapter four illustrates three original works on the �eld strong superordination

for di�erent classes of univalent functions, already published or under publication.

So we got di�erential strong superordination sort of �rst di�erential order, the best

of their subordinate and subordinate chains. Chapter �ve we present other known re-

sults for analytic functions with negative coe�cients, the characterization theorems,

the notion of convolution or Hadamard product and the notion of consistency. For-
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Chapter 1

Generalities

1.1 Univalent function. De�nitions and proper-

ties

In this paragraph are set notions about the genre known univalent functions,

de�ning, notations and class properties of Holomorphic and univalent functions in

disk unit (U noted as S).

Denote:

(1.1.1) U(z0; r) = fz 2 C; jz � z0j < rg;

r > 0,

(1.1.2) _U(z0; r) = U(z0; r) n fz0g;

(1.1.3) U(z0; r) = fz 2 C; jz � z0j � rg;

and

(1.1.4) @U(z0; r) = fz 2 C; jz � z0j = rg:

For a 2 C and n 2 N� denote

(1.1.5) H[a; n] = ff 2 H(U) : f(z) = a+ anz
n + : : :g:
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Let H(U � U) the class of analytic functions in U � U ,

H�[a; n; �] = ff 2 H(U � U) j f(z; �)(1.1.6)

= a+ an(�)z
n + an+1(�)z

n+1 + : : : ; z 2 U; � 2 Ug;

with ak(�) holomorphic functions in U , k � n

(1.1.7) An = ff 2 H(U) : f(z) = z + an+1z
n+1 + : : :g;

A = A1,

(1.1.8) A�n� = ff 2 H(U � U) j f(z; �) = z + an+1(�)z
n+1 + : : : ; z 2 U; � 2 Ug;

with ak(�) holomorphic functions in U , k � n, for n = 1, A�n� = A�� ,

(1.1.9) S�� = ff 2 H�[a; n; �] : Re
zf 0(z)

f(z)
> 0; z 2 U; for all� 2 Ug;

the class of starlike functions,

(1.1.10) K�

� = ff 2 H�[a; n; �] : Re
zf 00(z; �)

f 0(z; �)
+ 1 > 0; z 2 U; for all� 2 Ug;

the class of convex functions,

(1.1.11) S = ff 2 A : f is univalent function in Ug;

class of holomorphic and univalent functions, normalized by :

(1.1.12) f(0) = 0; f 0(0) = 1;

with f 2 Hu(U) where

(1.1.13) f(z) = z + a2z
2 + : : : ; z 2 U:

Study of meromorph and univalent functions can be in parallel with the S class.

We noted with � the class of meromorph functions ' with the single pole (simple)

� = 1 and univalent in the outside of disk unit U� = f� 2 C1 j � > 1g who have

shaped the development of Laurent series as:

'(�) = � + �0 +
�1
�

+ : : :+
�n

�n
+ : : : ; j�j > 1:
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Theorem 1.1.1 (Area theorem ) [26] If '(�) = � +
1X
n=0

�n

�n
is a function from class

�, then area of E(') where

(1.1.14) E(') = C n '(U�)

in sense Lebesgue bidimensional area is :

(1.1.15) E(') = �

 
1�

1X
n=1

nj�nj
2

!
� 0

then
1X
n=1

nj�nj
2 � 1.

Theorem 1.1.2 (Bieberbach Theorem about a2 coe�cient) [26]

If f(z) = z +
1X
k=2

akz
k 2 S then ja2j � 2. Equality ja2j = 2 takes place if and only if

f is the form

(1.1.16) K�(z) =
z

(1 + ei�z)2

(K� is Koebe funcion).

Conjecture 1.1.1 (Bieberbach conjecture) [26] If function f(z) = z+ a2z
2+ : : : is

in class S, then janj � n, n = 2; 3; : : :.

Theorem 1.1.3 [26] If f(z) = z+
1X
k=2

akz
k, f 2 S, then ja3� a

2
2j � 1, delimitation

been sharp.

If f is odd, ja3j � 1, but equality takes place if and only if f is the form

f(z) =
z

1 + ei�z2
; � 2 R:

Theorem 1.1.4 (Koebe, Bieberbach theorem) [15] Let f 2 S. Then f(U) � U1=4.

Corolary 1.1.1 [15] Class S is compact subset of H(U).
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1.2 The class of starlike functions

De�nition 1.2.1 [26] Let f 2 H(U) a function with properties f(0) = 0. Function

f is starlike in U with respect to origin (or starlike) if f is a univalent function in

U and f(U) is a starlike domain with respect to the origin.

Theorem 1.2.1 (univalency theorem on border) [26] Let D a set D � C and f 2

H(D) is a continuous function of D. If f is a function injective of @D then f is

injective of D.

Theorem 1.2.2 (The characterization of analytic starlikeness theorem ) [26] let

f 2 H(U) with f(0) = 0. Then function f is starlike if and only if f 0(0) 6= 0 and

(1.2.1) Re
zf 0(z)

f(z)
> 0; z 2 U:

De�nition 1.2.2 [26] We denote S� class of functions f 2 A are starlike and nor-

malized in unit disc:

(1.2.2) S� =

�
f 2 A : Re

zf 0(z)

f(z)
> 0; z 2 U

�
:

Theorem 1.2.3 (Theorem for determining the coe�cient functions of S�) If f(z) =

z + a2z
2 + : : :+ anz

n + : : : is a function of S�, then

janj � n; n = 2; 3; : : :

Equality takes place if and only if f is Koebe function.

1.3 The class of convex functions

De�nition 1.3.1 [26] Function f 2 H(U) is convex in U (or convex) if f is univalent

in U and f(U) is a convex domain.

Theorem 1.3.1 (The characterization of analytic convexity theorem) [26] If f 2

H(U), function f is convex if and only if f 0(0) 6= 0 and

(1.3.1) Re
zf 00(z)

f 0(z)
+ 1 > 0; z 2 U:
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Theorem 1.3.2 (Duality theorem of Alexander) Function f is convex in U if and

only if function F (z) = zf 0(z) is starlike in U .

De�nition 1.3.2 [26] K is class of convex functions f 2 A and normalized in unit

disc,

(1.3.2) K =

�
f 2 A : Re

zf 00(z)

f 0(z)
+ 1 > 0; z 2 U

�
:

Theorem 1.3.3 (Theorem for determining the coe�cient functions of K) [26] If

function f(z) = z + a2z
2 + : : :+ anz

n + : : : is in K class, then

janj � 1; n = 2; 3; : : :

Equality takes place if and only if f has the form

(1.3.3) f(z) =
z

1 + ei�z
; � 2 R:

1.4 The class of alfa-convex functions

(Mocanu Functions)

Intending to �nd a connection between the notions of convexity and stellar P.T.

Mocanu introduced in 1969 the notion of alpha-convex function.

De�nition 1.4.1 [26],[25] Let f 2 A a function with condition

f(z)f 0(z)

z
6= 0; z 2 U

and let number � 2 R. Function f is �-convex in unit disc U (or �-convex) if

Re J(�; f ; z) > 0, z 2 U then:

(1.4.1) J(�; f ; z) = (1� �)
zf 0(z)

f(z)
+ �

�
zf 00(z)

f 0(z)
+ 1

�
:

De�nition 1.4.2 [26] We de�ne the set

(1.4.2) M� =

�
f 2 A :

f(z)f 0(z)

z
6= 0; Re J(�; f ; z) > 0; z 2 U

�
;

the class of functions �-convexe in unit discU .
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Theorem 1.4.1 (Starlikeness theorem of �-convex function)

1. Let � 2 R, f 2M�. Then f 2 S
�, and

M� � S�:

2. If �; � 2 R such that 0 �
�

�
< 1, then

M� �M�:

3. M1 = fidg, where id(z) = z, z 2 U .

1.5 Analytic function with positive real part

Properties of analytic functions with positive real part have an important role in

the following paragraphs being closely related to the notion of subordination what

will be presented in the chapters that follow.

De�nition 1.5.1 [26] 1. The Carath�eodory class of functions ( functions with pos-

itive real part) is a class

P = fp 2 H(U) : p(0) = 1; Re p(z) > 0; z 2 Ug:

2. The Schwarz functions class is a class

B = f' 2 H(U) : '(0) = 0; j'(z)j < 1; z 2 Ug:

Theorem 1.5.1 (Carath�eodory theorem about coe�cients of class P ) [26] If p(z) =

1 + p1z + p2z
2 + : : : + pnz

n + : : : is in class P then jpnj � 2, n � 1, equality takes

place for function p(z) =
1 + �z

1� �z
, j�j = 1.

1.6 Subordination

De�nition 1.6.1 [26] Let f; g 2 H(U). The function f is subordinate to g written

f � g or f(z) � g(z), if there exist a function w 2 H(U) with w(0) = 0 and

jw(z)j < 1, z 2 U or w 2 B such that

f(z) = g[w(z)]; z 2 U:
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Theorem 1.6.1 [26] Let f; g 2 H(U) and suppose that g is univalent in U . Then

f � g if and only if f(0) = g(0) and f(U) � g(U).

Corolary 1.6.1 (Principle of subordination of Lindel�of) [26] Let functions f; g 2

H(U) such that g is univalent in U .

1. If f(0) = g(0) and f(U) � g(U) then f(U r) � g(U r), 0 < r < 1.

2. Equality f(U r) = g(U r) for one r < 1 takes place if and only if f(U) = g(U)

(or f(z) = g(�z), j�j = 1).

1.7 Functions whose derivative has positive

real part

Theorem 1.7.1 (The criteria of univalency Noshiro, Warschawschi, Wol�) [26] If

function f is holomorphic in convex domain D � C and if there exist a number

 2 R such that

Re [eif 0(z)] > 0; z 2 D

then function f is univalent in D.

De�nition 1.7.1 [26] We denote R class of normal functions usually standardized

which derivative is positive in disk unit,

R = ff 2 A; Re f 0(z) > 0; z 2 Ug:

Theorem 1.7.2 (Deformation theorem for class R) [26] If function

f(z) = z +
1X
n=2

anz
n; z 2 U;

is in class R, then

janj �
2

n
1� r

1 + r
� jf 0(z)j �

1 + r

1� r
; jzj = r

�r + 2 log(1 + r) � jf(z)j � �r � 2 log(1� r); jzj = r:
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The extremal function has the form

f(z) = �z �
2

�
log(1� �z); j�j = 1:

1.8 Di�erential subordination

De�nition 1.8.1 [26] 1. Let  : C3 � U ! C and let function h univalent in U . If

function p 2 H[a; n] veri�es

(1.8.1)  (p(z); zp0(z); z2p00(z); z) � h(z); z 2 U

then function p is called (a; n) a solution of the di�erential subordination (1.8.1) or

more simply, solution of the di�erential subordination (1.8.1).

2. Subordination (1.8.1) is called second order di�erential subordination, and

function q univalent in U , is called (a; n) dominant of the solution of the di�erential

subordination (1.8.1), or more simply, dominant of the di�erential subordination

(1.8.1), if p(z) � q(z) for all p satisfying (1.8.1).

3. A dominant eq such that eq(z) � q(z) for all dominants q for (1.8.1) is said to

be the best (a; n) dominant, or more simply the best dominant of the a di�erential

subordination (1.8.1).

Lemma 1.8.1 (I. S. Jack, S. S. Miller, P. T. Mocanu, lemma's) [26] Let z0 = r0e
i�0

with 0 < r0 < 1 and let f(z) = anz
n + an+1z

n+1 + : : : continue function in U(0; r0)

and analytic in U(0; r0) [ Ufz0g with f(z) 6� 0 and n � 1. If

jf(z0)j = maxfjf(z)j : z 2 U(0; r0)g

then there exist a real number m, m � n, such that

(i)
z0f

0(z0)

f(z0)
= m

and

(ii) Re
z0f

00(z0)

f 0(z0)
+ 1 � m.

13



De�nition 1.8.2 [26] We denote by Q the set of functions q that are holomorphic

and injective on the set U n E(q), where

E(q) =

�
� 2 @U : lim

z!�
q(z) =1

�
and q0(�) 6= 0 for � 2 @U n E(q).

The set E(q) is called exception set.

Functions q1(z) = z and q2(z) =
1 + z

1� z
is examples for two these cases.

Lemma 1.8.2 (S. S. Miller, P. T. Mocanu) [21], [26] Let q 2 Q with q(0) = a and

let function p 2 H[a; n], p(z) 6� a and n � 1. If p(z) � q(z) then there exist points

z0 = r0e
i�0 and �0 2 @UnE(q) and a number m � n � 1 such that p(U(0; r0)) � q(U)

and

(i) p(z0) = q(�0)

(ii) z0p
0(z0) = m�0q

0(�0)

(iii) Re
z0p

00(z0)

p0(z0)
+ 1 � mRe

�0q
00(�0)

q0(�0)
+ 1.

De�nition 1.8.3 [26], [24] Let 
 � C, let function q 2 Q and n 2 N, n � 1. We

denote by 	n[
; q] the class of function  : C3�U ! C that satisfy the admissibility

conditions

(A)  (r; s; t; z) 62 


whenever

r = q(�); s = m�q0(�); Re

�
t

s
+ 1

�
� mRe

�
�q00(�)

q0(�)
+ 1

�
;

where z 2 U , � 2 @U n E(q) and m � n.

The set 	n[
; q] is called by admissibility functions class, but (A) condition is

called admissibility condition.

Theorem 1.8.1 [26], [19], [24] Let univalent function h 2 Hu(U) and let  : C3 �

U ! C. Suppose that the di�erential equation

(1.8.2)  (p(z); zp0(z); z2p00(z); z) = h(z)
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has a solution q, with q(0) = a, and one of the following conditions is satis�ed:

(i) q 2 Q and  2 	[h; q];

(ii) q is univalent in U and  2 	[h; q�] for some � 2 (0; 1);

(iii) q is univalent in U and there exists �0 2 (0; 1) such that  2 	[h�; q�] for

all � 2 (�0; 1).

If function p 2 H[a; 1] and function

 (p(z); zp0(z); z2p00(z); z) 2 H(U)

then

 (p(z); zp0(z); z2p00(z); z) � h(z)) p(z) � q(z)

and function q is the best dominant of the subordination.

Theorem 1.8.2 [26], [19], [24] Let univalent function h 2 Hu(U) and let  : C3 !

C. Suppose that the di�erential equation

(1.8.3)  (q(z); nzq0(z); n(n� 1)zq0(z) + n2z2q00(z)) = h(z)

has a solution q, with q(0) = a and one of the following conditions is satis�ed:

(i) q 2 Q and  2 	n[h; q];

(ii) q is univalent in U and  2 	n[h; q�] for some � 2 (0; 1);

(iii) q is univalent in U and there exists �0 2 (0; 1) such that  2 	n[h�; q�] for

all � 2 (�0; 1).

If function p 2 H[a; n] and function  (p(z); zp0(z); z2p00(z); z) 2 H(U) then

 (p(z); zp0(z); z2p00(z); z) � h(z)) p(z) � q(z)

and function q is the best (a; n) dominant of the subordination.

1.9 Strong di�erential subordination. De�nitions

and properties

Hu(U;U) = ff 2 H�[a; n; �] : f(z; �) univalent in U for � 2 Ug is the class of

univalent functions in U for all � 2 U ( see (1.1.6) ).
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De�nition 1.9.1 [37] Let H(z; �) analytic in U � U and f(z; �) analytic in U � U

for all � 2 U and f(z; �) 2 Hu(U).

Function H(z; �) is strongly subordinate to f(z; �) written H(z; �) �� f(z; �),

if for every � 2 U , H(z; �) is subordinate to f(z; �), the function of z.

1.10 Di�erential superordinations. Generalities

and proprerties

De�nition 1.10.1 [6] Let ' : C3 � U ! C and let h analytic in U . If p and

'(p(z); zp0(z); z2p00(z); z) is univalent in U and satis�es the second-order strong dif-

ferential subordination

(1.10.1) h(z) � '(p(z); zp0(z); z2p00(z); z);

then p is called a solution of the strong di�erential subordination. Let analytic

function q is called a subordinant of the solution of the strong di�erential subordi-

nation,or more simply subordinant if q � p for all p satisfying (1.10.1). A univalent

subordinant eq that satis�es q � eq for all subordinant q of (1.10.1) is said to be the

best subordinant. The best subordinant is unique up to a rotation of U .

Theorem 1.10.1 [6] Let 
 � C, let q 2 H[a; n] and let ' 2 �n[
; q]. If p 2 Q(a)

and '(p(z); zp0(z); z2p00(z); z) is univalent in U , then

(1.10.2) 
 � f'(p(z); zp0(z); z2p00(z); z) : z 2 Ug

implies q(z) � p(z).

Theorem 1.10.2 [6] Let q 2 H[a; n], let h analytic and ' 2 �n[h; q]. If p 2 Q(a)

and '(p(z); zp0(z); z2p00(z); z) is univalent in U , then

(1.10.3) h(z) � '(p(z); zp0(z); z2p00(z); z)

implies q(z) � p(z).
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Theorem 1.10.3 [6] Let h analytic in U and ' : C3 � U ! C. Suppose that the

di�erential equation

(1.10.4) '(p(z); zp0(z); z2p00(z); z) = h(z)

has a solution q 2 Q(a). If ' 2 �[h; q], p 2 Q(a) and '(p(z); zp0(z); z2p00(z); z) is

univalent in U , then

(1.10.5) h(z) � '(p(z); zp0(z); z2p00(z); z)

implies q(z) � p(z) and q is the best subordinant.

1.11 Strong superordinations.

De�nitinos and properties

De�nition 1.11.1 [41] ( see De�nition 1.9.1) Let H(z; �) an analytic function in

U �U and let f(z) an analytic function and univalent in U . Function f(z) is said to

be strongly subordinate to H(z; �),or H(z; �) is said to be strongly superordinate to

f(z), written f(z) �� H(z; �), if f(z) is subordinate to H(z; �) the function of z, for

all � 2 U . If H(z; �) ia a univalent function in U , for all � 2 U , then f(z) �� H(z; �)

if and only if f(0) = H(0; �) for all � 2 U and f(U) � H(U � U).

De�nition 1.11.2 [41] Let ' : C3 � U � U ! C and h a analytic function in U . If

p and '(p(z); zp0(z); z2p00(z); z; �) is univalent function in U for all � 2 U and satisfy

strong di�erential superordination (of second order)

(1.11.1) h(z) �� '(p(z); zp0(z); z2p00(z); z; �)

then function p is called the solution of the a strong di�erential superordination.

Analytic function q is called the subordinant of a solution of a strong di�erential

superordination, or more simply subordinant if q � p for all p satisfying (1.11.1). A

univalent subordinant eq that satis�es q � eq for all subordinant q of (1.11.1) is said
to be the best subordinant. Note the best subordinant is unique up to a rotation of

U .
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Chapter 2

Di�erential subordination

2.1 The study of a class of univalent functions

de�ned by S�al�agean di�erential operator

By using the operator Snf(z), z 2 U , we introduce a class of holomorphic func-

tion Sn(�), and obtained some subordination results.

Lemma 2.1.1 [10] Let h be convex function, with h(0) = a and let  2 C� be a

complex number with Re  � 0. If p 2 H[a; n] and

p(z) +
1


zp0(z) � h(z); z 2 U

then

p(z) � q(z) � h(z); z 2 U

where

q(z) =


nz=n

Z z

0

h(t)t


n
�1dt; z 2 U:

Function q is convex in U and is the best dominant.

Lemma 2.1.2 [30] Let Re r > 0 and let

! =
k2 + jrj2 � jk2 � r2j

4kRe r
:
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Let h be an analytic function in U with h(0) = 1 and suppose that

Re

�
zh00(z)

h0(z)
+ 1

�
> �!:

If

p(z) = 1 + pnz
n + pn+1z

n+1 + : : :

is analytic in U and

p(z) +
1

r
zp0(z) � h(z);

then p(z) � q(z), where q is solution of the di�erential equation

q(z) +
n

r
zq0(z) = h(z); q(0) = 1;

given by

q(z) =
r

nzr=n

Z z

0

t
r

n
�1h(t)dt:

Moreover q is the best dominant.

De�nition 2.1.1 [49] For f 2 A, n 2 N = 0; 1; 2; :::, the operator Snf is de�ned by

Sn : A! A

S0f(z) = f(z)

S1f(z) = zf 0(z)

: : :

Sn+1f(z) = z[Snf(z)]0; z 2 U:

Remark 2.1.1 [30] If f 2 A,

f(z) = z +
1X
j=2

ajz
j

then

Snf(z) = z +
1X
j=2

jnajz
j; z 2 U:

De�nition 2.1.2 [30] If 0 � � < 1 and n 2 N, we let Sn(�) denote the class of

functions f 2 A which satisfy the inequality:

Re (Snf)0(z) > �; z 2 U:
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Theorem 2.1.1 [57] The set Sn(�) is convex.

Theorem 2.1.2 [57] Let q be a convex function in U , with q(0) = 1 and let

h(z) = q(z) +
1

c+ 2
zq0(z); z 2 U;

where c is a complex number, with Re c > �2.

If f 2 Sn(�) and F = Ic(f), where

(2.1.1) F (z) = Ic(f)(z) =
c+ 2

zc+1

Z z

0

tcf(t)dt; Re c > �2

then

(2.1.2) [Snf(z)]0 � h(z); z 2 U

implies

[SnF (z)]0 � q(z); z 2 U;

and this results is sharp.

Theorem 2.1.3 [57] Let Re c > �2 and let

(2.1.3) w =
1 + jc+ 2j2 � jc2 + 4c+ 3j

4Re (c+ 2)
:

Let h be an analytic function in U , with h(0) = 1 and suppose that

Re
zh00(z)

h0(z)
+ 1 > �w:

If f 2 Sn(�) and F = Ic(f), where F is de�ned by (2.1.1), then

(2.1.4) [Snf(z)]0 � h(z); z 2 U

implies

[SnF (z)]0 � q(z); z 2 U;

where q is the solution of the di�erential equation

q(z) +
1

c+ 2
zq0(z) = h(z); h(0) = 1;

given by

q(z) =
c+ 2

zc+2

Z z

0

tc+1h(t)dt; z 2 U:

Moreover q is the best dominant.
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2.2 Di�erential subordinations obtained using

the Dziok-Srivastava linear operator

By using the properties of the Dziok-Srivastava linear operator we obtain di�er-

ential subordinations using functions from class A.

For two functions of A class

f(z) = z +
1X
k=2

akz
k �si g(z) = z +

1X
k=2

bkz
k;

the Hadamard product (or convolution) of f and g is de�ned by

(f � g)(z) := z +
1X
k=2

akbkz
k:

For �i 2 C, i = 1; 2; 3; : : : ; l �si �j 2 C n f0;�1;�2; : : :g, j = 1; 2; : : : ;m, the

generalized hypergeometric function is de�ned by

lFm(�1; �2; : : : ; �l; �1; �2; : : : ; �m; z) =
1X
n=0

(�1)n : : : (�l)n
(�1)n : : : (�m)n

�
zn

n!

(l � m+ 1; m 2 N0 = f0; 1; 2; : : :g)

where (a)n is the Pochhammer symbol de�ned by

(a)n :
�(a+ n)

�(a)
=

8<: 1; n = 0

a(a+ 1) : : : (a+ n� 1); n 2 N := f1; 2; : : :g

Corresponding to the function

h(�1; �2; : : : ; �l; �1; �2; : : : ; �m; z) = z � lFm(�1; �2; : : : ; �l; �1; �2; : : : ; �m; z):

The Dziok-Srivastava operator ([7], [8], [44]) is

H l
m(�1; �2; : : : ; �l; �1; �2; : : : ; �m; z)

= h(�1; �2; : : : ; �l; �1; �2; : : : ; �m; z) � f(z)

= z +
1X
n=2

(�1)n�1(�2)n�1 : : : (�l)n�1
(�1)n�1(�2)n�2 : : : (�l)n�1

� an �
zn

(n� 1)!
:
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For simplicity, we write

�01 = (�2; : : : ; �l; �1; �2; : : : ; �m)

and we denote

H l
m[�1; �

0

1]f(z) = H l
m(�1; �2; : : : ; �l; �1; �2; : : : ; �m; z):

It is well known [19] that

(2.2.1) �1H
l
m[�1 + 1; �01]f(z) = zfH l

m[�1; �
0

1]f(z)g
0 + (�1 � 1)H l

m[�1; �
0

1]f(z):

Theorem 2.2.1 [58] Let l;m 2 N, l � m + 1, �i 2 C, i = 1; 2; : : : ; l and �j 2 C n

f0;�1;�2; : : :g, j = 1; 2; 3; : : : ;m, f 2 A and the Dziok-Srivastava linear operator

H l
m[�1; �

0

1]f(z) is given by (2.2.1).

If it is veri�ed the di�erential subordination

(2.2.2) fH l
m[�1 + 1; �01]f(z)g

0 � h(z); z 2 U; Re�1 > 0;

then h is a convex function, then

[H l
m[�1; �

0

1]f(z)]
0 � q(z);

where

q(z) =
�1
z�1

Z z

0

h(t)t�1�1dt;

q is a convex function and the best dominant.

Theorem 2.2.2 [58] Let l;m 2 N, l � m + 1, �i 2 C, i = 1; 2; : : : ; l, �j 2 C n

f0;�1;�2; : : :g, j = 1; 2; : : : ;m let f 2 A and H l
m[�1; �

0

1]f(z) Dziok-Srivastava

linear operator given by (2.2.1).

If we denote

H l
m[�1; �

0

1]f(z) = q(z);

then

q0(z) � h(z)
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and it is veri�ed the di�erential subordination

(2.2.3) fH l
m[�1; �

0

1]f(z)g
0 � h(z); z 2 U; Re�1 > 0;

implies
q(z)

z
�

1

z

Z z

0

h(t)dt;

then
H l

m[�1; �
0

1]f(z)

z
� q(z) =

1

z

Z z

0

h(t)dt:

2.3 The study of a class of univalent functions

de�ned by Ruscheweyh di�erential operator

By using a certain operator Dn, we introduce a class of holomorphic functions

Mn(h), h convex function and obtain some subordination results. We also show that,

for h(z) � �, 0 � � < 1 and z 2 U , the set Mn(�) is convex and obtain some new

di�erential subordinations related to certain integral operators.

Lemma 2.3.1 [1, Lema 1.4] Let q be convex function in U with q(0) = 1 and let

Re c > 0. Let

h(z) = q(z) +
n

c
zq0(z):

If p(z) = 1 + pnz
n + pn1z

n+1 + : : : is analytic in U and

p(z) +
1

c
zp0(z) � h(z);

then

p(z) � q(z)

and q is the best dominant.

De�nition 2.3.1 (St. Ruscheweyh [48]) For f 2 A, n 2 N, the operator Dn is

de�ned by Dn : A! A

D0f(z) = f(z)

(n+ 1)Dn+1f(z) = z[Dnf(z)]0 + nDnf(z); z 2 U;
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this is Ruscheweyh di�erential operator.

Remark 2.3.1 [29] If f 2 A, f(z) = z +
1X
j=2

ajz
j, Then

Dnf(z) = z +
1X
j=2

Cn
n+j�1ajz

j; z 2 U:

De�nition 2.3.2 For h 2 K and n 2 N, we let Mn(h) denote the class of functions

f 2 A which satisfy the subordination:

[Dnf(z)]0 � h(z); z 2 U:

If h(z) = h�(z) =
1 + (2�� 1)z

1 + z
, Then we denote Mn(�) the class Mn(h�).

Theorem 2.3.1 [59] The set Mn(�) is convex, 0 � � < 1.

Theorem 2.3.2 [59] Let q be a convex function in U , with q(0) = 1 and let

h(z) = q(z) +
1

c+ 2
zq0(z); z 2 U

where c is a complex number, with Re c > �2.

If f 2Mn(h) and F = Ic(f), where

(2.3.1) F (z) = Ic(f)(z) =
c+ 2

zc+1

Z z

0

tcf(t)dt; Re c > �2;

then

(2.3.2) [Dnf(z)]0 � h(z); z 2 U;

implies

[DnF (z)]0 � q(z); z 2 U;

and this result is sharp.

Theorem 2.3.3 [59] Let c a complex number with Re c > �2 and let

(2.3.3) w =
1 + jc+ 2j2 � jc2 + 4c+ 3j

4Re (c+ 2)
:
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Let h be an analytic function in U , with h(0) = 1 and suppose that

Re
zh00(z)

h0(z)
+ 1 > �w:

If f 2Mn(h) and F = Ic(f), where the function F is de�ned by (2.3.1), then

(2.3.4) [Dnf(z)]0 � h(z); z 2 U;

implies

[DnF (z)]0 � q(z); z 2 U;

where q is the solution of the di�erential equation

q(z) +
1

c+ 2
zq0(z) = h(z); h(0) = 1;

given by

q(z) =
c+ 2

zc+2

Z z

0

tc+1h(t)dt; z 2 U:

Moreover q is the best dominant.
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Chapter 3

Strong subordinations

3.1 Some strong di�erential subordinations ob-

tained by S�al�agean di�erential operator

By using the S�al�agean di�erential operator we introduce a class of holomorphic

functions denoted by Sm
n (�) and obtain some strong di�erential subordinations re-

sults .

Lemma 3.1.1 [18, page 71] Let h(z; �) be a convex function with h(0; �) = a for

every � 2 U and let  2 C� be a complex number with Re  � 0. If p 2 H�[a; n; �] �si

(3.1.1) p(z; �) +
1


zp0(z; �) �� h(z; �)

then p(z; �) �� q(z; �) �� h(z; �) where

(3.1.2) g(z; �) =


nz=n

Z z

0

h(t; �)t(=n)�1dt:

Function g(z; �) is convex and is the best dominant.

Lemma 3.1.2 [17] Letq(z; �) be a convex function in �̂n U , for all � 2 U and let

(3.1.3) h(z; �) = q(z; �) + n�q0(z; �);

where � > 0 and n is a positive integer. If

p(z; �) = q(0; �) + pn(�)z
n + : : :
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is holomorphic in U , for all � 2 U and

(3.1.4) p(z; �) + �zp0(z; �) �� h(z; �)

then

(3.1.5) p(z; �) �� q(z; �)

and this result is sharp.

De�nition 3.1.1 [49] For f 2 A�� , n 2 N
� [ f0g, the operator Snf is de�ned by:

Sn : A�� ! A��

S0f(z; �) = f(z; �)

: : :

Sn+1f(z; �) = z[Snf(z; �)]0; z 2 U; � 2 U:

De�nition 3.1.2 [60] If � < 1 �si m;n 2 N, let Sn
m(�) denote the class of functions

f 2 A�n� which satisfy the inequality

(3.1.6) Re [Smf(z; �)]0 > �:

Theorem 3.1.1 [60] If � < 1 and m;n 2 N, then

(3.1.7) Sm+1
n (�) � Sm

n (�)

where

� = �(�; n;m) = (2�� 1) + 1� (2�� 1)
1

n
�

�
1

n

�

(3.1.8) �(x) =

Z 1

0

tx�1

1 + t
dt:

Theorem 3.1.2 [60] Let q(z; �) be a convex function with q(0; �) = 1 and let h(z; �)

be a function such that

(3.1.9) h(z; �) = q(z; �) + zq0(z; �):
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If f 2 A�n� and veri�es the strong di�erential subordination

(3.1.10) [Sm+1f(z; �)]0 �� h(z; �)

then

(3.1.11) [Smf(z; �)]0 �� q(z; �):

Theorem 3.1.3 [60] Let h 2 H�[a; n; �], with h(0; �) = 1, h0(0; �) 6= 0 which veri�es

the inequality

(3.1.12) Re

�
1 +

zh00(z; �)

h0(z; �)

�
> �

1

2(m+ 1)
; m � 0:

If f 2 A�n� and veri�es the strong di�erential subordination

(3.1.13) [Sm+1f(z; �)]0 �� h(z; �); z 2 U

then

[Smf(z; �)]0 �� q(z; �);

where

q(z; �) =
1

nz
1

n

Z z

0

t
1

n
�1h(t; �)dt:

The function g is convex and is the best dominant.

Theorem 3.1.4 [60] Let q(z; �) be a convex function with q(0; �) = 1 and

(3.1.14) h(z; �) = q(z; �) + zq0(z; �):

If f 2 A�n� and veri�es the strong di�erential subordination

(3.1.15) [Smf(z; �)]0 �� h(z; �); z 2 U; � 2 U

then

(3.1.16)
Smf(z; �)

z
�� q(z; �):
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Chapter 4

Strong superordination

4.1 Best subordinants of the strong di�erential

superordination

The aim of this paper is to obtain the best subordinants of the strong di�erential

superordinations.

Lemma 4.1.1 [31, Teorema 2] Let q 2 H[a; n], let h be analytic in U and ' 2

�n[h; q]. If p 2 Q(a) and '(p(z); zp0(z); z2p00(z); z; �) is univalent in U for all � 2

U ,then

h(z) �� '(p(z); zp0(z); z2p00(z); z; �); z 2 U; � 2 U

implies

q(z) � p(z); z 2 U:

Theorem 4.1.1 [32] Let h �si q univalent �̂n U , with q(0) = a , q�(z) = q(�z) and

h�(z) = h(�z). Let ' : C3 � U � U ! C satisfy one of the following conditions:

(i) ' 2 �n[h; q�], for some � 2 (0; 1), or

(ii) there exists �0 2 (0; 1) such that ' 2 �n[h�; q�], for all � 2 (�0; 1).

If p 2 H[a; n], '(p(z); zp0(z); z2p00(z); z; �) is univalent in U for all � 2 U and

(4.1.1) h(z) �� '(p(z); zp0(z); z2p00(z); z; �); z 2 U; � 2 U;
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then

q(z) � p(z); z 2 U:

Theorem 4.1.2 [32] Let h univalent function in U and ' : C3 � U � U ! C.

Suppose that the di�erential equation

(4.1.2) '(q(z); zq0(z); z2q00(z); z) = h(z)

has a solution q with q(0) = a and one of the following conditions is satis�ed:

(i) q 2 Q and ' 2 �[h; q], or

(i) q is univalent in U and ' 2 �[h; q�] for some � 2 (0; 1), or

(iii) q is univalent function in U and there exist �0 2 (0; 1) such that ' 2 �[h�; q�]

for all � 2 (�0; 1).

If p 2 H[a; 1] and '(p(z); zp0(z); z2p00(z); z; �) is univalent in U , for all � 2 U

and if p satis�es

(4.1.3) h(z) �� '(p(z); zp0(z); z2p00(z); z; �); z 2 U; � 2 U;

then

q(z) � p(z); z 2 U;

and q is the best subordinant.

Theorem 4.1.3 [32] Let h be univalent function in �̂n U and ' : C3�U �U ! C.

Suppose that the di�erential equation

(4.1.4) '(q(z); nzq0(z); n(n� 1)zq0(z) + n2z2nq00(z)) = h(z)

has a solution q, with q(0) = a and one of the following conditions is satis�ed:

(i) q 2 Q and ' 2 �n[h; q],

(ii) q is univalent function in U and ' 2 �n[h; q�], for some � 2 (0; 1),or

(iii) q is univalent function in U and there exists �0 2 (0; 1) such that ' 2

�n[h�; q�] for all � 2 (�0; 1).
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If p 2 H[a; n], '(p(z); zp0(z); z2p00(z); z; �) is univalent function in U for all � 2 U

and p satis�es

(4.1.5) h(z) �� '(p(z); zp0(z); z2p00(z); z; �); z 2 U; � 2 U;

then

q(z) � p(z)

and q is the best subordinant.

4.2 On a new best subordinant of the strong dif-

ferential superordination

In this section we present the best subordinant of a certain di�erential superor-

dination.

Lemma 4.2.1 [34] Let (q; �; �) 2 Q with q(0; �) = a and

p(z; �) = a+ an(�)z
n + an+1(�)z

n+1 + : : :

be analytic function in U�U with p(z; �) 6� a and n � 1. If p(�; �) is not subordinated

to q(�; �), then there exist points z0 = r0e
i�0 2 U and �0 2 @U nE(q) and m � n � 1

for which p(Ur0 � U r0) � q(U � U).

(i) p(z0; �) = q(z0; �)

(ii) z0p
0(z0; �) = m�0q

0(�0; �) and

(iii) Re
z0p

00(z0; �)

p0(z0; �)
+ 1 � m

�
Re

�0q
00(�0; �)

q0(�0; �)
+ 1

�
.

Theorem 4.2.1 [33] Let 
� 2 C, let q(�; �) 2 H
�[a; n; �] and let ' 2 �n[
�; q(�; �)].

If p(�; �) 2 Q(a) and '(p(z; �); zp0(z; �); z2p00(z; �); z; �) is univalent in U for all

� 2 U , then

(4.2.1) 
� � f'(p(z; �); zp0(z; �); z2p00(z; �); z; �)g;

implies

q(z; �) �� p(z; �); z 2 U; � 2 U:
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We next consider the special situation when h(z; �) is analytic on U � U and

h(U � U) = 
� 6= C. then the Theorem 4.2.1 becomes

Theorem 4.2.2 [33] Let q(z; �) 2 H[a; n; �], let h(z; �) analytic in U�U and let ' 2

�n[h(z; �); q(z; �)]. If p(z; �) 2 Q(a) �si '(p(z; �); zp
0(z; �); z2p00(z; �); z; �) is univalent

in U for all � 2 U , then

h(z; �) �� '(p(z; �); zp0(z; �); z2p00(z; �); z; �)

implies

q(z; �) �� p(z; �); z 2 U; � 2 U:

Theorem 4.2.3 [33] Let h(z; �) and q(z; �) be univalent functions in U for all � 2

U , with q(0; �) = a, q�(z; �) = q(�z; �) and h�(z; �) = h(�z; �). Let ' : C3�U�U !

C satisfy one of conditions

(i) ' 2 �n[h(z; �); q�(z; �)], for some � 2 (0; 1), or

(ii) there exists �0 2 (0; 1) such that ' 2 �n[h�(z; �); q�(z; �)] for all � 2 (�0; 1).

If p(z; �) 2 H�[a; n; �], '(p(z; �); zp0(z; �); z2p00(z; �); z; �) is univalent function in

U for all � 2 U and

(4.2.2) h(z; �) �� '(p(z; �); zp0(z; �); z2p00(z; �); z; �); z 2 U; � 2 U;

then

q(z; �) �� p(z; �); z 2 U; � 2 U:

Theorem 4.2.4 [33] Let h(z; �) univalent function in U for all � 2 U and let ' :

C3 � U � U ! C. Suppose that the di�erential equation

(4.2.3) '(q(z; �); zq0(z; �); z2q00(z; �); z; �) = h(z; �); z 2 U; � 2 U

has a solution q(z; �), with q(0; �) = a and one of the following conditions is satis�ed:

(i) q(z; �) 2 Q and ' 2 �[h(z; �); q(z; �)]

(ii) q(z; �) is univalent in U for all � 2 U and ' 2 �[h(z; �); q�(z; �)], for some

� 2 (0; 1) or

32



(iii) q(z; �) is univalent function in U for all � 2 U and there exists �0 2 (0; 1)

such that

' 2 �[h�(z; �)q�(z; �)] pentru tot�i � 2 (�0; 1):

If p(z; �) 2 H�[a; 1; �] and '(p(z; �); zp0(z; �); z2p00(z; �); z; �) is univalent in U

for all � 2 U and

(4.2.4) h(z; �) �� '(p(z; �); zp0(z; �); z2p00(z; �); z; �); z 2 U; � 2 U;

then

q(z; �) �� p(z; �); z 2 U; � 2 U

and q(z; �) is the best subordinant.

Theorem 4.2.5 [33] Let function h(z; �) univalent in U and let ' : C3�U�U ! C.

Suppose that the di�erential equation

(4.2.5) '(q(z; �); nzq0(z; �); n(n� 1)zq0(z; �) + n2z2nq00(z; �)) = h(z; �)

has a solution q(z; �), with q(0; �) = a and one of the following conditions is satis�ed:

(i) q(z; �) 2 Q and ' 2 �n[h(z; �); q(z; �)]

(ii) q(z; �) is univalent in U for all � 2 U and ' 2 �n[h(z; �); q�(z; �)] for some

� 2 (0; 1), or

(iii) q(z; �) univalent function in U for all � 2 U and there exists �0 2 (0; 1)

such that ' 2 �n[h�(z; �); q�(z; �)] for all � 2 (�0; 1).

If p(z; �) 2 H�[a; n; �], '(p(z; �); zp0(z; �); z2p00(z; �); z; �) is univalent in U for

all � 2 U �si p(z; �) satis�es

(4.2.6) h(z; �) �� '(p(z; �); zp0(z; �); z2p00(z; �); z; �); z 2 U; � 2 U

then

q(z; �) �� p(z; �); z 2 U; � 2 U

and q(z; �) is the best subordinant.
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4.3 First-order strong di�erential superordina-

tions

In this paper we study the special case of �rst order strong di�erential superor-

dinations.

Lemma 4.3.1 [20, T. 2.6.h, p. 67],[43], [5] If Ly : A
�

� ! A�� is the integral operator

de�ned by

Ly[f(z); �] = F (z; �) =
 + 1

z

Z z

0

f(z; �)t�1dt

and Re  � 0, then

(i) L[S
�] � S�

(ii) L[K
�] � K�.

De�nition 4.3.1 [45, p. 157], [20, p. 4] The function L : U � U � [0;1)! C is a

strong subordination (or a L�oewner) chain if L(z; �; t) is analytic and univalent in

U for � 2 U , t � 0, L(z; �; t) is continuously di�erentiable function of t on [0;1) for

all z 2 U , � 2 U and L(z; �; s) �� L(z; �; t) where 0 � s � t.

The following lemma provides a su�cient condition for L(z; �; t) be a strong

subordination chain.

Lemma 4.3.2 [45, p. 159], [20, p. 4] The function

L(z; �; t) = a1(�; t)z + a2(�; t)z
2 + : : :

with a1(�; t) 6= 0 for � 2 U , t � 0 and lim
t!1

ja1(�; t)j = 1 is a strong subordination

chain if

Re z �
@L(z; �; t)=@z

@L(z; �; t)=@t
> 0; z 2 U; � 2 U; t � 0:

Lemma 4.3.3 [35, Th. 2] Let h(�; �) be analytic in U � U , q(�; �) 2 H�[a; n; �] ,

' : C2 � U � U ! C and suppose that

(4.3.1) '(q(z; �); tzq0(z; �); �; �) 2 h(U � U);
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for z 2 U , � 2 @U , � 2 U and 0 < t �
1

n
� 1. If p(�; �) 2 Q(a) and

'(p(z; �); zp(z; �); z; �) is univalent in U , for all � 2 U then

h(z; �) �� '(p(z; �); zp0(z; �); z; �)

implies

q(z; �) �� p(z; �); z 2 U; � 2 U:

Furthermore, if '(p(z; �); zp0(z; �); z; �) = h(z; �), � 2 U has a univalent solution

q(�; �) 2 Q(a), then q(�; �) is the best subordinant.

Theorem 4.3.1 [36] Let h1(z; �) convex function in U , for all � 2 U with h1(0; �) =

a,  6= 0 with Re  > 0 and p 2 H�[a; 1; �] \Q. If p(z; �) +
zp0(z; �)


is univalent in

U , for all � 2 U ,

(4.3.2) h1(z; �) �� p(z; �) +
zp0(z; �)



and

(4.3.3) q1(z; �) =


z

Z z

0

h1(t; �)t
�1dt;

then

q1(z; �) �� p(z; �); z 2 U; � 2 U:

Function q1(z; �) is convex and is the best subordinant.

Theorem 4.3.2 [36] Let q(z; �) convex function in U , for all � 2 U and let h(z; �)

be de�ned by

(4.3.4) q(z; �) +
zq0(z; �)


= h(z; �); z 2 U; � 2 U

with Re  > 0. If p(z; �) 2 H�[a; 1; �] \ Q, p(z; �) +
zp0(z; �)


is univalent in U , for

all � 2 U and and satisfy

(4.3.5) h(z; �) �� p(z; �) +
zp0(z; �)


; z 2 U; � 2 U
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then

q(z; �) �� p(z; �); z 2 U; � 2 U;

where

q(z; �) =


z

Z z

0

h(t; �)t�1dt; z 2 U; � 2 U:

Function q is the best subordinant.

Theorem 4.3.3 [36] Let h(z; �) be starlike function in U , for all � 2 U , with

h(0; �) = 0. If p(z; �) 2 H�[0; 1; �]\Q and zp0(z; �) is univalent in U , for all � 2 U ,

then

(4.3.6) h(z; �) �� zp0(z; �)

implies

q(z; �) �� p(z; �); z 2 U; � 2 U;

where

(4.3.7) q(z; �) =

Z z

0

h(t; �)t�1dt:

Function q is convex and is the best subordinant.
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Chapter 5

Order of convolution consistence

5.1 Analytic functions with negative coe�cients

In this section we list some results already known about the univalent functions

with negative coe�cients. We denote

N =

(
f 2 A : f(z) = z �

1X
j=2

ajz
j; aj � 0; j � 2

)
:

Remark 5.1.1 [54] (i)Denoting by T subset of S be the class of functions of the

form

f(z) = z �
1X
n=2

anz
n; an � 0;

where T = S \N .

(ii)We denote T � = T \ S� and T �1 the families consisting of functions in T

(respectively starlike functions) and satisfy

j(zf 0=f)� 1j � 1; z 2 U:

Theorem 5.1.1 [54] For f(z) = z�
1X
n=2

anz
n, an � 0, the following are equivalent:

(i)
1X
n=2

nan � 1;

(ii) f 2 T ;

(iii) f 2 T �;
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(iv) f 2 T �1 ;

(v) f 0 6= 0; z 2 U ;

(vi) Re f 0 > 0; z 2 U .

We de�ned the classes Tn(�), � < 1, n 2 N, by

Tn(�) =

�
f 2 N : Re

Sn+1f(z)

Snf(z)
> �; z 2 U

�
:

About functions from these classes we have next theorem.

Theorem 5.1.2 [52], [13] Let f a function from N ,

f(z) = z �
1X
j=2

ajz
j:

A function f 2 Tn(�), n 2 N, � < 1 if and only if

1X
j=2

jn(j � �)

1� �
� 1:

In the particular case, T0(0) = T � is the class of starlike functions with negative

coe�cients, and T1(0) is the class of convex functions with negative coe�cients.

We study h(z) = f(z)�g(z), where f(z) �si g(z) is members from the class Tn(�),

n 2 N, � < 1.

Theorem 5.1.3 [53] If f(z) = z �
1X
n=2

anz
n, an � 0, g(z) = z �

1X
n=2

bnz
n, bn � 0

are elements of Tn(�), then

h(z) = f(z) � g(z) = z �
1X
n=2

anbnz
n

is an element of Tn

�
2� �2

3� 2�

�
. The result is the best possible.
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5.2 The order of convolution consistence of the

analytic functions with negative coe�cients

. In this section we present some known results in determining the order of

consistency of the univalent functions from A class presented in the [3]. Further we

mention original results, which shows the determination of the order of consistency

of convolution of the analytical functions with negative coe�cients for di�erent

subclasses, of the work [51].

De�nition 5.2.1 [49] If � 2 [0; 1) and let n 2 N; we de�ne the class Sn(�) of

n-starlike functions of order � by

(5.2.1) Sn(�) =

�
f 2 A : Re

Sn+1f(z)

Snf(z)
> �; z 2 U

�
:

Denote by Sn the class Sn(0): We note that S0 = ST is the class of starlike

functions and S1 = CV is the class of convex functions.

De�nition 5.2.2 [3] If f; g 2 A, the integral convolution is de�ned by

(f 
 g)(z) = z +
1X
j=2

ajbj
j
zj:

De�nition 5.2.3 [3] Let S�al�agean integral operator (see [3], [2], [49]) Is : A ! A,

s 2 R such that

(5.2.2) Isf(z) = Is

 
z +

1X
j=2

ajz
j

!
= z +

1X
j=2

aj
js
zj:

De�nition 5.2.4 [3] Let X , Y and Z be subsets of A. We say that the three

(X ;Y ;Z) is S-closed under the convolution if there exists a number S = S(X ;Y ;Z)

such that

(5.2.3) S(X ;Y ;Z) = minfs 2 R : Is(f � g) 2 Z; pentru orice f 2 X �si g 2 Yg

= minfs 2 R : Is(X � Y) � Zg;

where Is is S�al�agean integral operator . The number S(X ;Y ;Z) called the order

of convolution consistence of the three (X ;Y ;Z).
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U. Bednarz and J. Sokol in [3] obtained the order of convolution consistence

concerning certain classes of univalent functions (starlike, convex, uniform-starlike

or uniform-convex functions). For example they proved

Theorem 5.2.1 [3] We have the following order of convolution consistence:

(i) S(S�; S�; S�) = 1;

(ii) S(K;K; S�) = �1;

(iii) S(K;S�; S�) = 0;

(iv) S(S�; S�; K) = 2;

(v) S(K;K;K) = 0;

(vi) S(K;S�; K) = 1.

The modi�ed Hadamard product or ~-convolution of two functions f and g

from N by

(5.2.4) f(z) = z �
1X
j=2

ajz
j and g(z) = z �

1X
j=2

bjz
j; aj; bj � 0;

is the function (f ~ g) de�ned as (see [53])

(f ~ g)(z) = z �
1X
j=2

ajbjz
j:

As in De�nition 5.2.4 we de�ne the order of ~-convolution consistence of

the three (X ; Y ; Z), where X ; Y �si Z is subsets of N ; denoted S~ by

(5.2.5) S~(X ; Y ; Z) = minfs 2 R : Is(f ~ g) 2 Z; 8f 2 X ; 8g 2 Yg:

In this section we obtain similar results as in Theorem 5.2.1 but concerning the

class Tn; and for ~-convolut�ion.

We need the next characterization of the class Tn

Theorem 5.2.2 Let n 2 N �si �e f 2 N o function of the form (5.2.4); then f

belongs to Tn dac�a if and only if

1X
j=2

jn+1 aj � 1 :
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The result is sharp and the extremal functions are

(5.2.6) fj(z) = z �
1

jn+1
zj ; j 2 f2; 3; :::g:

Theorem 5.2.3 If f 2 Tn+p �si g 2 Tn+q; then Is(f ~ g) 2 Tn+r; where p; q; r;

n 2 N and

(5.2.7) s = r � p� q � n� 1:

The result is sharp.

Theorem 5.2.4 Let p; q; r; n 2 N and let s be given by (5.2.7); then the order

of ~-convolution consistence is

(5.2.8) S~(Tn+p; Tn+q; Tn+r) = s = r � p� q � n� 1:

Corolary 5.2.1 We have the following ~-convolution consistence

(a) S~(T0; T0; T0) = �1;

(b) S~(T0; T0; T1) = 0;

(c) S~(T1; T0; T0) = �2;

(d) S~(T1; T1; T0) = �3;

(e) S~(T1; T0; T1) = �1;

(f) S~(T1; T1; T1) = �2:

We note that T0 = ST
T
N and T1 = CV

T
N and it is easy to compare the

results of �rst Theorem to those of Corollary 5.2.1.
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