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Introduction

The theme of this PhD Thesis is related to the study of certain classes of equations in spaces of
multivalued functions. More specifically, after a study of some operatorial equations with multivalued
operators in metric context and a presentation of several existence theorems, fixed and semifixed
sets for set operators, in the second part of the thesis, we study qualitative properties (existence,
uniqueness, data dependence, Hyers-Ulam-Rassias stability) for differential and integral equations in
spaces of multivalued functions. The study is motivated by actuality of the topic (41 articles and 17
books in the last 10 years) and its importance: many problems of applied mathematics reduce to the
study of such equations in spaces of multivalued functions.

The paper is divided into four chapters, followed by references.

The first chapter, entitled ” Preliminaries”, has the aim to remind some notions and basic results
which are necessary for the following chapters of this Ph.D. thesis. In writing this chapter, we used
the following bibliographical sources: J.-P. Aubin, A. Cellina [4], M. C. Anisiu [1], [2], K. Deimling
[23], [24], J.-P. Aubin, H. Frankowska [5], M. Kisielewicz [44], G. Beer [9], S. Hu si N.S. Papageorgiou
[40], J. Dugundji, A. Granas [37], A. Petrugel [66], I. A. Rus [75], [77].

The second section of the first chapter presents concepts and results of the theory of multival-
ued operators. The notions and the results presented appear in classical works such as: J.-P. Aubin,
H.Frankovska [5], G. Beer [9], C. Berge [10], C. Castaing, M. Valadier [13], F.S. De Blasi [19], L.
Goérniewicz [35], L. Gérniewicz [36], C. J. Himmelberg [38], S. Hu, N. S. Papageorgiou [40], V. Laksh-
mikantham, T. Gnana Bhaskar, J. Vasundhara Devi [49], A. Petrusel, G. Petrusel [70], L.A. Rus, A.
Petrusel, G. Petrusel [86].

The third section of this chapter entitled ”Derivative and integrability of multivalued operators”
presents concepts considered by many authors in their books: J.-P. Aubin, H.Frankovska [5], H.T.
Banks, M.Q. Jacobs [8], F. S. De Blasi [19], G.N. Galanis, T.G. Bhaskar, V. Lakshmikantham and
P.K.Palamides [31], V. Lakshmikantham, T. Gnana Bhaskar, J. Vasundhara Devi [49]. They are



considered in different ways depending on the applications which involved them. The purpose of this
paragraph is to present the concept of derivative and integration of the multivalued operator, in the
sense of Hukuhara. The concept of derivative for multivalued operators was given in 1967 by Hukuhara
[41], [42].

In the fourth section of the first chapter we present basic notions and results from the theory of
Picard and weakly Picard operators.

Chapter two is entitled ”Semifixed sets for multivalued contractions”. In this chapter we present
results concerning existence and uniqueness of semifixed sets for set-operators which satisfy some
contraction conditions and some topological conditions. The results in this chapter extend some
results presented in the following works: A.J. Brandao [12], A. Constantin [16], H. Covitz, S.B. Nadler
jr.[17], F.S. De Blasi [19], [20], [21], [22], M. Frigon [27], [28], S. Kakutani [43], V. Lakshmikantham,
A.N. Tolstonogov [47], V. Lakshmikantham, T. Gnana Bhaskar, J. Vasundhara Devi [49], A. Muntean
[60].

Thus, in the first section, ”Semifixed sets for multivalued operators”, are presented some concepts
relative to the semifixed sets for set-operators, notions introduced F.S. De Blasi in [21], [22].

In the second part of the chapter, in paragraph ”Semifixed sets for multivalued ¢-contractions”,
are proved some results on the existence of semifixed sets for set p-contractions. The results which
belong to the author are: Theorem 2.2.13, Theorem 2.2.14, Theorem 2.2.15 which are published in the
paper 1.C. Tise [96]. In the last part is presented the generalized Hyers-Ulam stability in: Theorem
2.2.7 and Theorem 2.2.17, which are published in the paper I.C. Tige [100].

The third chapter of this paper is called ”Integral equations in spaces of multivalued functions”.
Here are presented some existence, uniqueness and data dependence results of solutions for integral
equations and differential equations for multivalued function spaces and their applications.

In the first section, "Integrals equations in spaces of multivalued functions” are presented, with
respect to integral equations in spaces of multivalued functions, existence theorems and uniqueness
of solution of equations and continuous data dependence. Contributions of the author are: Theorem
3.1.3, Theorem 3.1.4, Theorem 3.1.7, Theorem 3.1.9, and they are published in the paper I.C. Tige
[98].

In the second part of the chapter is presented the notion of the Cauchy problem for differential
equations in spaces of multivalued functions and are obtained results of existence and uniqueness for
this problem through the fixed point method. Our contributions are Theorem 3.2.4, Theorem 3.2.5
appeared in the paper I.C.Tige [99].

In the last part of the chapter, ” Functional-integral equations in spaces of multivalued functions”, we



present the case of some functional-integral equations and we prove results of existence and uniqueness
of the solution.

The contributions are Theorem 3.3.1, Theorem 3.3.2, Theorem 3.3.4 and are published in the paper
I.C. Tige [99].

Some Hyers-Ulam-Rassias stability results in the generalized sense for integral equations in spaces
of multivalued functions are presented: Theorem 3.1.6, Theorem 3.1.11, Theorem 3.3.5, which are
contained in the paper I.C. Tige [100].

Chapter four is titled ”Qualitative properties of solutions of differential equations in multivalued
function spaces. The first paragraph of this chapter is dedicated to Gronwall type Lemmas and
comparison theorems. In following section we discuss data dependence of the solution of differential
equations in spaces of multivalued functions.

The contributions from this chapter are Theorem 4.1.3, Theorem 4.1.7, Theorem 4.1.9, Theorem
4.1.11, Theorem 4.2.1, results contained in the papers I1.C Tige [95], [97].

In conclusion, the contributions of this thesis appear in the following papers:

1.C. Tise, Data dependence of the solutions for set differential equations, Carpathian J. Math., 23
(2007), No. 1-2, 192-195;

1.C. Tise, Semifized sets for multivalued p-contractions, Creative Math.& Inf., 17 (2008), No. 3,
516-520;

I.C. Tise, Gronwall lemmas and comparison theorems for the Cauchy problem associated to a set
differential equation, Studia Universitatis Babes-Bolyai Mathematica, 54 (2009), No. 3, 161-169;

1.C. Tise, Set integral equations in metric spaces, Mathematica Moravica, 13 (2009), 95-102;

1.C. Tise, A fized point approach for functional-integral set equations, accepted for publication in
Demonstratio Mathematica, Vol. 44 (2011), No. 2, va aparea;

1.C. Tise, Ulam-Hyers-Rassias stability for set integral equations, trimisa spre publicare.

I would like to thank to my scientific advisor, Prof. univ. dr. Adrian Petrugel, for his careful
guidance and permanent encouragement I received during this period, to all the members of the
Department of Applied Mathematics chair. My formation as a teacher and a researcher was made at
the Faculty of Mathematics and Computer Science from ”Babeg-Bolyai” University Cluj-Napoca. I
want to thank to all my teachers once again.
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Preliminaries

1.1 Functional parts of a space metric space
1.2 Multivalued operators

1.3 Derivative and integrability of multivalued operators

The derivative for multivalued operators is considered by many authors in their works: J.-P. Aubin,
H.Frankovska [5], H.T. Banks, M.Q. Jacobs [8], F. S. De Blasi [19], G.N. Galanis, T.G. Bhaskar, V.
Lakshmikantham and P.K.Palamides [31], V. Lakshmikantham, T. Gnana Bhaskar, J. Vasundhara
Devi [49]. They work in different ways, which depend of the applications.

The main purpose of this section is to present the concept of derivative in the sense of Hukuhara.
We mention that the notion of derivative for a nonempty and compact set from a continuous function
space was given from Bridgland in 1970. Banks and Jacobs also define in 1970 a notion of derivative for
multivalued operators in normed spaces and present some results which are like the usual differential
calculus, see [8].

In 1967 Hukuhara [41], [42] gave a definition for derivative for multivalued operators.

DEFINITION 1.3.1 (Hukuhara [41]) Let X an Banach spaces and A, B € Py ¢,(X) is called difference
sets A and B (note A— B) a set C € Py 1,00 (X) (if it exist) with properties C + B = A.

This definition was called while the difference Hukuhara.



DEFINITION 1.3.2 (Hukuhara [41]) Let I C R and F : I — Ppp .,(R™) multivalued operators. Then F
is called H-differentiable (Hukuhara differentiable) in to € I, if exist DgF(z9) € Pep,co (R™) such that

the limits:

F(to + At) — F(t,)

li 1.3.1

Atll% At (1.3.1)
F(to) — F(to — A

tim o) = Flto = AY) (1.3.2)

At—0+ At

both exist and are equal to Dy F(t).

Clearly, implicit in the definition of Dy F(tg) is the existence of the differences F(t, + At) — F(tq),
F(tg) — F(to — At) for all At > 0 sufficiently small.

1.4 Picard operators and weakly Picard operators



Semifixed sets for multivalued

contractions

In this chapter we will prove some existence (and eventually uniqueness) results of the semifixed
sets for set-operators which satisfy some contractive conditions and some topological conditions.

The results of this chapter extend and generalize some theorems from works by A.J. Brandao [12],
A. Constantin [16], H. Covitz, S.B. Nadler jr.[17], F.S. De Blasi [19], [20], [21], [22], M. Frigon [27],
[28], S. Kakutani [43], V. Lakshmikantham, A.N. Tolstonogov [47], V. Lakshmikantham, T. Gnana
Bhaskar, J. Vasundhara Devi [49], A. Muntean [60].

The first part of the chapter presents some basic notions regarding semifixed sets for set-operators,
notions introduced by de F.S. De Blasi in his works [21], [22]. In the second part of the chapter we prove
some results regarding the existence of semifixed sets in the case of multivalued set-y-contractions.
The results belonging to the author from this chapter are: Theorem 2.2.13, Theorem 2.2.14, Theorem
2.2.15 and they are published in the paper I.C. Tige [96]. In the last part the generalized Ulam-Hyers
stability is presented in Theorem 2.2.7 and Theorem 2.2.17 and can be found in I.C. Tige [100].

2.1 Semifixed sets for multivalued operators

In this section we present the notion of semifixed sets for multivalued operators, a concept introduced
by F.S. De Blasi.

Let (X, || -||) be a real Banach space, and A, B be tow families of nonempty subsets of X and let
P(B) the family of all nonempty subset of B.



We introduce in P, .,(X) the usual operations of addition and multiplication by nonnegative

scalars, for A, B € P,p ,(X) and A > 0 we have:
A+B={a+blac A, be B},
AA = {)\ala € A}.

Clear, we have A + B, AA € P, .,(X).
Moreover, if A, B,C € P, .,(X) and A, p > 0 we have:

(i) A+ {0} = A, where 0 the zero of Banach space X;

(i) A+ B=B+ A4;
(iii) A+ (B+C)=(A+B)+C;

(iv) 1- A= 4

(v) A(ud) = (\o) 4

(vi) AM(A+ B) = AA + \B;
(vii) (A +p)A =AA+ pA.

It is worth noticing that the above properties, except (vii), remain valid in the space P, (X).

DEFINITION 2.1.1 A set A C P,p cy(X) is called convez if A,B € A andt € [0,1], imply (1—t)A+tB €
A.

Let X be a Banach space. The space P.p(P.,(X)) endowed with the Pompeiu-Hausdorff metric
induced by the metric H of P,,(X),

H(A,B) := maz{e(A,B),e(B,A)},

where e(A4, B) := ilelaéréfBH(A,B), and e(B, A) := ;lé%jrelaH(B’A)'

REMARK 2.1.2 Py oy (Pep,cv(X)) C Pop(Pep(X)).

DEFINITION 2.1.3 Let (X,H) be a metric space. The multivalued operator ¢ : X — P.,(P.,(X)), is
called upper semicontinuous (resp. lower semicontinuousif, for every xo € X and e > 0 there exists an
open neighborhood V' of xo such that H(p(x), ¢(xg)) < e (resp. H(p(zo), p(x)) < €), for every z € V.

¢ 1is called continuous if it is both, upper and lower semicontinuous.
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Let (X, || - ||) be a norm space. For A, B € P.,(X) note:
D(A,B) =inf{|la—b|| |a € A,b € B}.
We have the next properties for A € R and A, A", B, B' € P, (X):
1. D(A,B) = D(B, A);
2. D(A,B) =0 if and only if AN B # §;
3. D(AA,AB) = |\|D(A, B);
4. D(A,B) < D(A',B')+ H(A,A")+ H(B,B');
5. H(A, B) < diam(A) + diam(B) + D(A, B).

6. the function D is continuous on Pep(X) x P.,p(X):

|SupD(A7B) - supD(A',B)| < H(A,AI)
BeB BeB

Define set
A(A, B) = maz{f(B, A), (A, B)},

for A,B € P.,(Pep(X)),

h = inf supD(A, B = inf sup D(B, A).
where f(A,B) Juf sup (A, B) and f(B,A) Jufsup (B, 4)

Remark, if A(A,B) = 0 then exist A’ € A and B' € B such that A’ N B # ), for every B € B and
B'NA#0Q, for every A € A.
The purpose of this section is to present some semifixed set teorems for multivalued operators with

compact and convex vales, for X a Banach space, defined by:

¢ : Pcp,cv (%) — Pcp,cv (Pcp,cv(x))~

DEFINITION 2.1.4 Let ¢ : A — P(B) such that there exists on F € ¢(A) satisfying a relation of the

type
ACF,ADFANF #0,

for any set A € A is called a semifized set of multivalued ¢.
Moreover, a fized set for ¢ is any set A € A satisfying A € ¢p(A).

11



PRrROPOSITION 2.1.5 (F.S. De Blasi[22]) Let A be a nonempty compact convex subset of Pey o,(X), and
let ¢ : A = Pepoy(Pep.cv(X)) be an upper semicontinuous multifunction with values ¢(X) C A, for
every X € A. Then there exists at least one set A € A such that A € ¢(A).

THEOREM 2.1.6 (F.S. De Blasi[22]) Let A be a nonempty compact convex subset of Py, .,(X) and let
¢ A= Pepooy(Pepew(X)) be an upper semicontinuous multivalued operators satisfying the following

condition:

(i) for every X € A, there exists a set F € ¢(X) such that FN( U Z) # 0.
ZeA

Then there exists at least one set A € A such that:
ANF #0, for some F € ¢(A). (2.1.1)

THEOREM 2.1.7 (F.S. De Blasi[22]) Let A be a nonempty compact convex subset of Pep oy (%), ¢ : A —
Py oo (Pep cvy(X)) be an upper semicontinuous multivalued operators satisfying the following condition
for every X € A, there exist F € ¢(X) and Z € A such that: FN(|J Z) # 0 and Z C F (resp.
ZOF). e

Then there exists at least one set A € A such that

ACF (resp. ADF) for some F € ¢(A). (2.1.2)

2.2 Semifixed sets for multivalued p-contractions

In the first part of this paragraph we present the fixed point theorem Matkowski-Rus ([54], [81])
for ¢-contractions. Our results extend some previous theorems given by F. S. De Blasi in [21], [22],

M. Frigon [29], M. Frigon, A. Granas [30].
DEFINITION 2.2.1 (I.A. Rus [77]) A function ¢ : Ry — Ry is a comparison function if it satisfies:

(i) ¢ is monotone increasing;

(ii) (@™ (t))nen converges to 0, for allt > 0.
DEFINITION 2.2.2 (LA. Rus [77]) A comparison function ¢ : Ry — Ry is said to be:
(i) a strict comparison function if it satisfies t — p(t) — oo, for t — oo;

[e 0]
(i1) a strong function if it satisfies Y p"(t) < oo, for all t > 0.

n=1

12



REMARK 2.2.3 If ¢ : Ry — Ry is a comparison function then ¢(0) = 0 and ¢(t) < t, for all t > 0.

EXAMPLE 2.2.4 (L.A. Rus [77]) The function o1 : R. — Ry, ¢1(t) = at (where a €]0,1[) and

w2 i Ry = Ry, pa(t) = %-H is a comparison function.
Let ¢ : Ry — R. be a comparison function. We note

oy = sup{t € Ry| t —(t) <n}.

DEFINITION 2.2.5 (I.A. Rus [82]) Let (X,d) be a metric space. A mapping A : X — X is a ¢-

contraction if ¢ is a comparison function and
d(A(x), A(y)) < e(d(z,y)), for all z,y € X.

We present the concept of generalized Ulam-Hyers stability.
Let (X, d) be a metric space, A : X — X be a operator, and we consider the following differential
equation:

x=A(z), z€ X (2.2.3)

and for € > 0 inequality
dly, A(y)) <. (2.2.4)

DEFINITION 2.2.6 (I.A. Rus [82]) The equation (2.2.3) is generalized Ulam-Hyers stability if there
exists ¥ : Ry — Ry increasing and continuous in 0 with 1(0) = 0, such that: for each € > 0 and for
each solution y* € X of (2.2.4) there exists a solution x* € X of (2.2.3) such that:

dy", ") < (o).

In the case that ¥(t) := ct, ¢ > 0, for all t € Ry, the equation (2.2.3) is said to be Ulam-Hyers
stability.

THEOREM 2.2.7 (J. Matkowski [54], 1. A. Rus [81], I.C. Tise [100])
Let (X, d) be a complete metric space and A : X — X an p-contraction. Then:

(i) Fa={2%} and A™(x) = 2% asn — oo, for all x € X, i.e., A is a Picard operator.
(ii) Fa = Fyn = {x%}, for alln € N*, i.e., A is Bessaga operator.

n—1
(iii) If p is a strong comparison function, note ay,, = Y. ¢*(t) and s(d(z,A(z))) := > ©*(t) then
k=0 k>0

d(A™(x),x%) < s(t) — ay, for allz € X and n € N*.

13



(iv) If ¢ is a strict comparison function then
d(7, %) < Pa(w,A(x)), for all z € X.

(v) S d(A™(z), A" (z)) < s(d(z, A(x)), for all z € X.
neN

(vi) We have Y d(A™(z),z%) < s(d(z,z%)), for all z € X.
neN

(vii) If the function ¥(t) = t — @(t) satisfies the condition Y(u,) — 0, for n — oo then u, —
0, when n — oo and if (zp)ney C X such that d(z,, A(z,)) = 0, n — oo then x, — 2% €

Fa, for n — oo, i.e., the fized point problem is well posed.

(viii) Let (z,) C X such that (d(zpy1, A(Tn)))nen s converges to 0. Then exists x € X such that
d(zp, A™(z)) = 0, for n — oo (i.e. the operator A has the limit shadowing property).

(iz) If (xp)neny C X is bounded sequence then A™(zy) — x%, for n — cc.
(x) Let ¢ be a strict comparison function. If B : X — X is such that there exists n > 0 with
d(A(z),B(z)) <1 for all z € X. Then x; € Fg imply d(z%,2%) < ¢y.

i © is a strict comparison function, A, : X — X, nuT) ,n—oo. Let x, € Fq_, n €N an
wi) If @ is a strict ] tion, Ap: X > X, A" 4 Let z,, € Fy, N and

{z*} = Fa. Then x, — x% asn — oco.
(zit) If (X, || - ||) is a Banach space, then 1x, d(z,y) = ||z —y|| then 1x — A : X — X is surjective.
(ziii) If ¥(t) =t — @(t) is strict increasing and surjective, then the fived point equation
x=A(z), v€X
1s generalized Ulam-Hyers stability.

REMARK 2.2.8 If choose ¢(t) := at (where a € [0,1)) then (iii) by last Theorem imply Theorem 1.1.
by I.A. Rus [81]. More specifically, because

d(A"(2),2%) < Y _¢"(d(w, Ax))) — iwk(d(w,fl(w)))
k=0

£>0

= Zakd(ac, A(z)) — z_:akd(x,A(x))
£>0 k=0
= d(w, A()) = — dla, A@) o = - d(a, A(w)).

—a a—1 1—a

imply d(A"(z),x%) < {=d(x, A(x)), for all v € X and n € N*.

n
—a

14



REMARK 2.2.9 The results of this section extend and generalize some theorems from works by: A.
Petrusel, .LA. Rus [72], A. Petrugel, A. Sintamarian [73], I.A. Rus, S. Muresan [84], I.A. Rus, A.
Petrugel and A. Sintamarian [85], J. Saint-Raymond [88].

DEFINITION 2.2.10 The metric space (X, d) is precompact (totally bounded) if and only if for alle > 0
there exists a finite cover (Fy)icq1,... ny in X such that A C F; we have diam(A) < . Note F depend

on €.
The purpose is to presents existence for the solution of a semifixed set theorem for set ¢-contraction.

DEFINITION 2.2.11 (F.S. De Blasif22]) A multivalued operator ¢ : A = P.p(Pep(X)) is said strong
compact if its range ¢(A) is precompact in Pep(Pep(X)).

DEFINITION 2.2.12 (I1.C. Tise [96]) Let A be a subset of P.p(P.p(X)). Then ¢ : A — Pp(P.p(X)) is

said to be a set p-contraction if ¢ : Ry — Ry is a comparison function and
A(p(X),¢(Y)) < @(D(X,Y)), for all X,Y € A.

The first main result is:

THEOREM 2.2.13 (I.C. Tise [96]) Let X be a Banach space, A be a close subset of Pop(Pep(X)) and let
¢: A— Pp(Pp(X)) be a strong compact and upper semicontinuous multivalued, with values ¢(X) C A
for every X € A.

Suppose there exists a comparison function ¢ : Ry — R. such that satisfying the following condition:

A(P(X),d(Y)) < o(D(X,Y)) for every X,Y € A. (2.2.5)

Then there exists A € A and F € ¢(A) such that:
ANF #0. (2.2.6)

Another main result is:

THEOREM 2.2.14 (I.C. Tise [96]) Let X be a Banach space, A C Pp(X) and ¢ : A — A be a

continuous map satisfying the following conditions:
(i) ¢(B) is precompact in A for every bounded set B C A;

(ii) there exists M > 0 such that diam(¢(X)) < M, for every X € A.
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(iii) there exists a comparison function ¢ : Ry — Ry such that the function
YRy = Ry, ¥(t) =t — p(t) is strictly increasing, onto and for which the following assertion
is satisfied:
D(¢(X),d(Y)) < p(D(X,Y)) for all X,Y € A. (2.2.7)

Then there exists A € A such that AN ¢(A) # 0.

We will use the fixed point Theorem of J. Matkowski and I.A. Rus as it is present in Theorem 2.2.7
(i).

We will present now an application of the integral equation in the spaces of multivaled functions.

Let B, := {X € P,y ¢,(R")|diam(X) < r}, where r > 0.

The set B, endowed with the Pompeiu-Hausdorff metric, is convex and complete.

Let I = [a,b], fie F': I x I x B, = B, 2, and a set A € B, 5.

Consider the integral equation
b
X(t)y=A4+ / F(t,s,X(s))ds. (2.2.8)

By a solution of equation (2.2.8) we understand a continuous function X : I — B, which satisfies

(2.2.8) for every t € I.

THEOREM 2.2.15 (I.C. Tige [96]) Let F : I x I X B, — B, )5 be continuous and suppose there exist a

comparison function ¢ : Ry — Ry and a function p: I x I — R, such that:
H(F(t,s,X), F(t,s,Y)) <p(t,s)p(H(X,Y))

for every t,s € I, X, Y € B,., where I?g}(f;p(t,s) <1.
Then, for each A € B,y the integral equation (2.2.8) has a unique solution X(-,A) : I — B, with

depends continuously on A.

DEFINITION 2.2.16 (I.C. Tise [100]) Let F : [a,b] x [a,b] X P oo(R") — P oy(R™) and A €
Pep oo (R™). Integral equation:

(2.2.8) X(t) = A+ [P F(t,s,X(s))ds, t€ [a,b]

is generalized Ulam-Hyers stability if there exists a function

¥ : Ry — Ry increasing and continuous in 0 with ¥(0) = 0 such that for each € > 0 and for each
solution Y* € C([a,b], Pep,co(R™)) of

H(Y(t),A+/bF(t,s,Y(s))ds) <c telab]

16



there exists a solution X* of the equation (2.2.8) such that we have
X" =Y (a,6],Pey 0 (Rr)) < 9(E)-
In the case that (t) = ct, ¢ > 0 the equation (2.2.8) is said to be Ulam-Hyers stability.

THEOREM 2.2.17 (I.C. Tise [100]) The assumptions Theorem 2.2.15, in addition assume the function
P Ry = Ry, ¥(t) =t — (t) is strict increasing and surjective. Then integral equation (2.2.8) is
generalized Ulam-Hyers stability.
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Integrals equations in spaces of

multivalued functions

The aim of this chapter is to present some existence, uniqueness and data dependence results of
solutions of integral and differential equations in multivalued function spaces.

There exist only a few works in the literature which study integral equations in multivalued func-
tion spaces, but there are many works regarding the problems associated to differential equations in
multivalued function spaces. The study of some Cauchy problems associated to differential equations
in multivalued function spaces can be regarded through the study of of some equivalent integral equa-
tion in such spaces. This is the way we will consider the Cauchy problem in this work. From this
perspective the study of integral equations in the multivalued function space is essential.

In the second part of the chapter is presented the notion of the Cauchy problem for differential
equations in spaces of multivalued functions and are obtained results of existence and uniqueness for
this problem through the fixed point method. Our contributions are Theorem 3.2.4, Theorem 3.2.5
appeared in the paper I.C.Tige [99].

In the first section, "Integrals equations in spaces of multivalued functions” are presented, with
respect to integral equations in spaces of multivalued functions, existence theorems and uniqueness
of solution of equations and continuous data dependence. Contributions of the author are: Theorem
3.1.3, Theorem 3.1.4, Theorem 3.1.7, Theorem 3.1.9, which are published in the paper I.C. Tige [98].

In the second part of the chapter is presented the notion of the Cauchy problem for differential
equations in spaces of multivalued functions and are obtained results of existence and uniqueness for

this problem through the fixed point method. Our contributions are Theorem 3.2.4, Theorem 3.2.5
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appeared in the paper I1.C.Tise [99]

In the last part of the chapter, ” Functional-integral equations in spaces of multivalued functions”, we
present the case of some functional-integral equations and we prove results of existence and uniqueness
of the solution. Our contributions are: Theorem 3.3.1, Theorem 3.3.2, Theorem 3.3.4 and are published
in the paper I.C. Tige [99].

Some Hyers-Ulam-Rassias stability results in the generalized sense for integral equations in spaces
of multivalued functions are presented in Theorem 3.1.6, Theorem 3.1.11, Theorem 3.3.5, appeared in
the paper I.C. Tise [100].

The results of this section extend and generalize some theorems from works by: A. J. Brandao
Lopes Pinto, F. S. De Blasi, F. Iervillino [12], A. Cernea [14], F. S. De Blasi [22], T. Gnana Bhaskar, J.
Vasundhara Devi [33], C.J. Himmelberg, F.S. Van Vieck [39], V. Lakshmikantham, T. Gnana Bhaskar,
J. Vasundhara Devi [48], [49], N Lungu [50], [51], N. Lungu, I.A. Rus [52], V. Lupulescu [53], D.
O’Regan, A. Petrusel [64], A. Petrusel [67], [68], A. Petrusel, G. Petrusel, G. Mot, [71], R. Precup [74],
I.A. Rus, A. Petrusel, G. Petrusel [87].

3.1 Integrals equations in spaces of multivalued functions

We consider the following integral equations in spaces of multivalued functions:

X(t) = /b K(t,s,X(s))ds + Xo(t), t€ [a,b] (3.1.1)

X(t) = /t K(t,s,X(s))ds + Xo(t), € [a,b], (3.1.2)

where K : [a, b]x[a, b]X Pep oy (R™) = P.p ¢, (R™) is a continuous operator, and Xy € C([a, b], Pep o ((R™)).
A solution of integral equations in spaces of multivalued functions (3.1.1) and (3.1.2) means a
continuous function X : [a,b] = P.p c,(R"™) which satisfies (3.1.1) respectively (3.1.2), for each t € [a, b].

The aim of this section is to present some notices use in the chapter.

LEMMA 3.1.1 (A. Petrusel [66]) Let X be a Banach space. Then H(A+ C,B + D) < H(A,B) +
H(C,D), for A,B,C,D € P(X).

THEOREM 3.1.2 (V. Lakshmikantham [{9]) Let F,G : [a,b] = P.p oo (R™) Aumann integral operators.
Then

H(/bF(t)dt,/bG(t)dt) < /bH(F(t),G(t))dt.
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We consider on C([a,b], Pep ¢y (R™)), the metrics:
HEY(X,Y) := max H(X(t),Y(t)).

t€la,b]

The pairs (C([a, b], Pep,co (R™)), HY) has the complet metric space.

On first result is an existence and uniqueness theorem for the solution of the integral equation

(3.1.1).

THEOREM 3.1.3 (I.C. Tise [98])
Let K : [a,b] x [a,b] X Pp ooy (R™) = Pep oo (R™) be a multivalued operator. Suppose that:

(i) K is continuous on [a,b] X [a,b] X Py .o(R™) and Xo € C([a,b], Psp oo (R™));
(i) K(t,s,-) is Lipschitz, i.e. there exists Lx > 0 such that:
H(K(t,s,A),K(t,s,B)) < LxH(A,B),
for all A,B € P, .,(R") and for all t,s € [a,b];
(iii) Lg(b—a) < 1.

Then the integral equation

b
X(t) = / K(t,5, X (s))ds + Xo(t)
a
has a unique solution.

A data dependence result for the solution of integral equation (3.1.1) is:

THEOREM 3.1.4 (I.C. Tige [98]) Let K1, K> : [a,b] X [a,b] X Pep co(R™) = Pep oy (R™), be a continuous
and Xo,Yy € C([a,b], Pep oo (R™)). Consider the following equations:

X(t) = /bKl(t,s,X(s))ds+X0(t), (3.1.3)

V() = /sz(t,s,Y(s))ds+Yo(t). (3.1.4)
Suppose: '
(i) there exists L, > 0 such that
H(Ki(t,s,A),Ki(t,s,B)) < Lg, H(A, B),

for all A,B € P, .,(R"), t,s € [a,b] with Lk, (b—a) <1 (denote by X* the unique solution of
the equation (3.1.3));
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(i) there exists m1,m2 > 0 such that:
(a) H(K1(t,s,U),K2(t,s,U)) <m, for all (t,s,U) € [a,b] x [a,b] X Py oy (R™),
(b) H(Xo(t),Yo(t)) < n2, for all t € [a,b];
(iit) there exists Y* € C([a,b], Pep.co (R™)) a solution of the a equation (3.1.4).
Then ,
B < 1772_22((1)_—?)'

An auxiliary result.

LeMMA 3.1.5 (ILA.Rus [83])Let h € C([a,b],R4) and B > 0 with B(b—a) < 1. If u € C([a,b],Ry)
satisfies

b
u(t) < h(t) + B/ u(s)ds, for allt € [a,b],

then
b
u(t) < h(t) + (1= B(b—a))! / h(s)ds, for allt € [a,b].

A result for generalized Ulam-Hyers-Rassias stability for integral equation (3.1.1)is:

THEOREM 3.1.6 (I.C. Tise [100]) Consider equations (3.1.1).
We suppose that:

(i) K : [a,b] X [a,b] X Pepcy(R®) — Pepew(R™) is continuous multivalued operator and X, €
C([a,b], Pep,co (R™));

(ii) K(t,s,-) is Lipschitz, i.e. there exists Lx > 0 such that:
H(K(t,s,A),K(t,s,B)) < LxH(A,B),
for all A,B € Py, ., (R") and for all t,s € [a,b];
(i1i) Lg(b—a) <1;
(iv) ¢ € C([a,b], (0, +00)).

Then integral equation (3.1.1) has the generalize Ulam-Hyers-Rassias stability, i.e., if X € C([a,b], Pep.co (R™))

have the property ,
H(X (), / K(t,s, X(s))ds) < o(t), for all t € [a,b]
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there exists c, > 0 such that
H(X(t),X"(t) <cp-p(t), for allt € [a,b)]
(where X* denote a unique solution of a equation (3.1.1) obtained according to Theorem 3.1.3).

We will prove now an existence result for the solution of the integral equation (3.1.2).
We consider on C([a,b], Pep.co(R™)) the metric of Bielecki type:
HE(X,)Y) := m{a)g}[H(X(t),Y(t))e*T(t*a)], with 7 > 0 is arbitrary.
te|a,

The pair (C([a, b], Pep.co(R™)), HE) forms a complete metric space.

THEOREM 3.1.7 (I.C. Tise [98]) Consider an integral equation (3.1.2).Let K : [a, b]x[a, b] X Pep o (R™) —
Py oo (R™) be a multivalued operator and Xo € C([a,b], Pep,co(R™)). Suppose that:

(i) K is continuous on [a,b] X [a,b] X Pgp cy(R™);
(ii) K(t,s,) is Lipschitz, i.e. there exists Lx > 0 such that
H(K(t,s,A),K(t,s,B)) < LxH(A,B),
for all A,B € P c,(R") and t,s € [a,b].
Then the integral equation (3.1.2),
X@:/}@&ﬂm@+&@
has a unique solution.

REMARK 3.1.8 Such results is obtained and other techniques for Hammersteins type equation appears

in the paper [94].
A data dependence result is:

THEOREM 3.1.9 (I.C. Tise [98])
Let K1, Ky : [a,b] X [a,b] X Pep oy (R™) = Pep oy (R™) be continuous, Xo,Yy € C([a,b], Pop o (R™)).

Consider the following integral equations:

X@:fKﬁ@X@m+&m (3.1.5)

Y(t) = /t Ks(t,s,Y(s))ds + Yo(t). (3.1.6)

Suppose:
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(i) H(K:(t,s,A),K1(t,s,B)) < Lg,H(A,B), for all A,B € P¢p.(R™) and t,s € [a,b], where
Ly, >0 (denote by X* the unique solution of the equation (3.1.5));

(ii) there exists my,m2 > 0, such that:

(a) H(K1(t,s,U),Ks(t,s,U)) <m, for all (t,s,U) € [a,b] x [a,b] X Pep e (R"?),

(b) H(Xo(t),Yo(t)) <o, for all t € [a,b];
(iii) there exists Y* a solution of the equation (3.1.6).

Then
(b—a)

H*B(X*,Y*) S M2 "‘771

T (where T > L, ).

An auxiliary result.

LEMMA 3.1.10 (I.A.Rus [83]) Let J be an interval in R, ty € J and h,k,u € C(J,Ry). If

t
u(t) < h(t) + k(s)u(s)ds|, for allt € J,
to
then
t
u(t) < h(t) + / h(s)k(s)el s MOl qs) - for all t € J.
to

A result of generalized Ulam-Hyers-Rassias stability for integral equation (3.1.2).

THEOREM 3.1.11 (I.C. Tige [100]) Consider the equation (3.1.2).

Suppose:

(i) K : [a,b] x [a,b] X Pepeo(R™) = Pepeo(R™) be continuous multivalued operator and X, €
C([a, b], Pepco (R™));

(ii) K(t,s,) is Lipschitz, i.e. there exists Lk > 0 such that:
H(K(t,s,A),K(t,s,B)) < LxH(A, B),
for all A,B € P, .,(R™) and for all t,s € [a,b];
(iit) there exists ¢ € C([a,b],(0,+00)) and n, > 0 such that fj p(s)ds <, - @(t) for all t € [a,b].

Then the integral equation (3.1.2) has the generalized Ulam-Hyers-Rassias stability, i.e., if X €
C([a,b], Pep,cvo (R™)) has property

H(X(t),/ K(t,s, X(s))ds) < o(t), for all t € [a,b]
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there exists c, > 0 such that
H(X(t)7X*(t)) S Co - (P(t), fOT‘ all t € [(l,b],

(denote by X* the unique solution of the equation (3.1.2) which is obtained according to Theorem
3.1.7).

3.2 Cauchy problem for the differential equations in space of
multivalued functions

In this paragraf we present an application of theorems the previous section the existence, uniqueness
and approximating the Cauchy problem solution.
We consider the following Cauchy problem with respect to a differential equation in spaces of

multivalued functions:
DyU=F(@,U), teJ

(3.2.7)
Ulty) = U°
where U® € P.,, .,(R"), to >0, J = [to,to + a], a > 0,
F € C(J % Pepcy(R™"), Pop oo (R™)) and Dy is the Hukuhara derivative of U.
Consider the following equations in spaces of multivalued functions:
t
Ut)=U"+ | Dg(U(s))ds, t € J, (3.2.8)
to
¢
Ui)=0° +/ F(s,U(s))ds, t € J. (3.2.9)
to

DEFINITION 3.2.1 (V. Lakshmikantham [49]) U € C'(J, Pepco(R™)) is a solution of the problem
(3.2.7)<= U satisfies (3.2.7) for all t € J.

LEMMA 3.2.2 (V. Lakshmikantham [49]) If U € C'(J, Pepco(R™)), then (3.2.7) < (3.2.8) <
(3.2.9).

We consider on C(J, P.p o, (R™)) the metrics HS and HE defined by:

H{(U,V) = max H(U(t), V (1)),

HBW,v) = max[H (U (t), V(t)e Tt 7 > 0.

24



The pairs (C(J, Pep o (R?)), HE) and (C(J, P.p op(R™)), HP) has the complete metric spaces and
the metrics HE and HE are equivalent.
Our first result is a global existence theorem for a Cauchy problem associated to a set differential

equation.

THEOREM 3.2.3 (I.C. Tise [99]) Consider the problem (3.2.7) where
F:J %X Py oy (R") — Pep oy (R™) is a continuous operator and Uy € Py ., (R™).

Suppose that: F(t,-) is Lipschitz, i.e. there exists L > 0, such that:

H(F(t,U),F(t,V)) < LH(U,V) for all U,V € P ,(R™) and t € J.

Then the problem (8.2.7) has a unique solution U* and U*(t) = nh_{r;O U,(t) for each t € J, where
(Un)nen € C(J, Pep ey (R™)) is recurrently defined by the relation:

Upi1(t) =U° + ﬁo F(s,Up(s))ds, n € N (3.2.10)
U% € P.p oo (R™).

The main result is a local existence and uniqueness theorem for a Cauchy problem associated to a

differential equation in spaces of multivalued functions is next.

THEOREM 3.2.4 (I.C. Tise [99]) Consider the equation DU = F(t,U) and Q@ C R X Ppp ¢, (R™) be
an open set. Let F : Q C R X Ppp oy (R™) = Pep oy (R™) be continuous. suppose that, for each t,the
operator F(t,-) is L-Lipschitz with constant L > 0.

Then for all (ty,U°) € Q there exists a unique solution for the Cauchy problem (3.2.7), solution
U* : [to,to + h] = Pepco(R?) where h := min{a, %}, and a,b > 0 and M > 0 such that Q.4 =
[to,to +a] x B(U%,b) C Q and ||F(t,U)||g < M, for all (t,U) € Qup.

By the Characterization Theorem for the weakly Picard operator we have:

THEOREM 3.2.5 (I.C. Tise [99]) Consider the equation

DyU = F(t,U), t€ |a,b] (3.2.11)

where F' : [a,b] X P co(R™) = Py, o (R"?) is a continuous operator. Suppose that F(t,.) is L-
Lipschitz for each t € [a,b].
Then:

(i) the operator G : C([a, b], Pap,oo (R™)) = C([a,B], Pap,co (R™)) given by

GU(t) = U(a) + / F(s,U(s))ds
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is a weakly Picard operator;
(ii) the solution set S of the equation (3.2.11) is infinite.

REMARK 3.2.6 The results generalize the results of F.S. De Blasi [18].

3.3 Functional-integral equations in spaces of multivalued func-
tions
Let E be a Banach space and consider the following operators:
@ : C([a,b], Pep,cv(E)) = C([a,b], Pep v (E)),
G € C([a,b] X Pep ey (E)3, Pepey(E)) and

K € C([a,b] x [a,b] X Pep co(E), Py co(E))-

We will study the following functional-integral equation:

X(t) = G(t, Q(X)(t), X (), X (a)) +/ K(t,s,X(s))ds, t € [a,b]. (3.3.12)

By a solution of the above equation, we understand a function X € C([a,b], P.p v (E)) satisfying
the relation (3.3.12), for each t € [a, b].

For our next considerations, we consider the Banach space C([a,b], P.p v (E)) with the norm HE.

With respect to the equation (3.3.12) we suppose that:

(i) there exists L > 0 such that

H(Q(X)(1),Q(Y)(t)) < LH(X(¢).Y(t)),
for all X,Y € C([a,b], Pep,cv(E)), t € [a,b];

(ii) there exists L; > 0, Ly > 0 such that
H(G(ta Ula Vla W): G(ta UZ) Vv27 W)) S LIH(Ula UZ) + LQH(‘/I; V2);

for all ¢t € [a,b],U;, Vi, W € P, .o(E),i € {1,2};
(iii) LiL+ Ls < 1

(iv) there exists Lz > 0 such that

H(K(t,s,U),K(t,s,V)) < LsH(U,V),
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for all t,s € [a,b] and U,V € P, oy (E);
(v) G(a,Q(X)(a), X (a),X(a)) = X(a), for all X € C([a,b], Pepcv(E)).
Using again the Characterization Theorem, we have the following result.

THEOREM 3.3.1 (I.C. Tise [99]) Consider the equation (3.3.12) under the conditions (i)-(v). If S C
C([a,b], Pep,cv (E)) is the solution set of this equation, then card(S) = card(P.p .,(E)) and hence the
solution set S of the equation (3.3.12) is infinite.

A data dependence theorem for equation (3.3.12).
THEOREM 3.3.2 (I.C. Tise [99]) Consider the equations

X(t) = G1(t,Q1(X)(t), X (¢t), X (a)) +/ K (t,s,X(s))ds,t € [a,b], (3.3.13)

X(t) = Galt, Q2(X) (0, X (0. X(@) + | Kalt.s, X(s))ds.t € a1 (3.3.14)

where the operators G1,G2,Q1,Q2, K1, Ky satisfy the conditions (i)-(v).
Let Sy be the solution set of the equation (8.3.13) and Ss be the solutions set of the equation
(8.3.14). We suppose that there exist 11,12,m3 > 0, such that:

(a) H(Gl(t, Ul,Ug,Ug),Gg(t,Ul,Ug,Ug)) <m fOT all t € [a,b],
U17U2;U3 € Pcp,cv(E)7

(b) HI (Q1(X),Q2(X)) < n2, for all X € C([a, 8], Pep,co(E))

(C) H(Kl(t757U)aK2(t737U)) < 3, fOT all l,s¢€ [aab];
U€ Pepeo(E).

Then
HP(51,82) < [m +n2Li + (b = a)ip] - maz{er, 2}
where ¢; 1= 17}“1 with Ly, == LiL' + L} + Lé, ie{1,2}.

i

REMARK 3.3.3 The above results extend the results of the unequivocal case given by I.A. Rus [76].

For the final part of this section, we will move our attention to a functional-integral Cauchy problem

arising in biomathematics.
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Let

{ X(t) = [l F(s,X(s))ds, t €[0,T] (3.3.15)

X(t) = (p(t)a te [_T= 0]
where F' : [—7,T] X Pep,cv(Ry) = Pep ew(Ry), @ 1 [-7,0] = Pep.cw(Ry4) are continuous operators.
We also suppose that (0) = f_OT F(s,p(s))ds.

As a conclusion, we have the following result:

THEOREM 3.3.4 (I.C. Tise [99]) Consider the Cauchy problem (3.3.15).
Suppose that:

(i) F:[—7,T] X Pep.cv(Ry) = Pepev(Ry), ¢ : [=7,0] = Pep v (Ry) are continuous;
. 0
(it) p(0) = J_, F(s,¢(s))ds;

(iii) there exists k € L*[—7,T] such that H(F (s, A), F(s,B) < k(s)H(A, B), for all A, B € P., .,(R}) and s €
[-7,T).

Then the problem (8.3.15) has a unique solution.

We present the result of generalized Ulam-Hyers-Rassias stability.

THEOREM 3.3.5 (I.C. Tise [100]) Let be the equation
X(t) = t F(s,(s))ds, where r > 1, t,s€[-1,T]. (3.3.16)
t—r
Suppose that:
(i) F:[=7,T] X Pep cy(Ry) = Pppoo(Ry), are continuous;

(ii) there exists k € L*[—1,T] such that H(F (s, A), F(s,B) < k(s)H(A, B), for all A,B € P.p .,(Ry) and s €
[_T’ T]r'

(ZZZ) (NS C((_Ta T)7 Pcpmv(]RJr));
(iv) there exists A, > 0 such that: ftt_r p(s)ds < Ay - p(t).

Then the integral equation (3.3.16) is a generalized Ulam-Hyers-Rassias stability for o, i.e., there exists
cry > 0 such that for each solution Y € C'([—7,T], Pop cv(R4)) of a inequality

HY@), [ FY(©)ds) < (o), for allt € [-r,7)
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with have the properties Y (0) = f_OT F(s,Y(s))ds, there exists a solution X* € C*([—7,T], Pep,cv(R4))
of equation (8.3.16) such that:

H(Y (t),X"(t) <cry-o(t), for allt €[0,T].

REMARK 3.3.6 The above results extend the results of the unequivocal case given by: R. Precup [74],

J. Vasundhara Devi, A.S Vatsala [102].
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Qualitative properties of solutions
of differential equations in space of

multivalued functions

The aim of this chapter is to present some properties for a set solutions of differential equations in
space of multivalued functions.

The first paragraph of this chapter is dedicated to Gronwall type Lemmas and comparison theorems.
In following section we discuss data dependence of the solution of differential equations in spaces of
multivalued functions.

The contributions from this chapter are Theorem 4.1.3, Theorem 4.1.7, Theorem 4.1.9, Theorem
4.1.11, Theorem 4.2.1, results contained in the papers I.C Tige [95], [97].

The results of this chapter extend and generalize some theorems from works by: J.P. Aubin, H.
Frankovska [5], A. J. Brandao Lopes Pinto, F. S. De Blasi, F. Iervillino [12], C. Chifu, G. Petrugel
[15], A. Filippov [25], G. N. Galanis, T. G. Bhaskar, V. Lakshmikantham [32], M. Hukuhara [42], N.D.
Phua, L.T. Quang, T.T. Tung [62], D. O’Regan, R. Precup [63], A. Petrusel [65], I.A. Rus [76], [79],
[80], M.A. Serban [92], N.N. Tu, T.T. Tung [101].
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4.1 The properties obtained by Gronwall type Lemmas

We consider the following Cauchy problem with respect to a differential equation in space of mul-

tivalued functions:

DyU=F(t,U), teJ

B (4.1.1)

where U? € P, .,(R™), to > 0, J = [to,t0 +a], a > 0, Dp is the Hukuhara derivative of U and
F:Jx Py oy (R") = Pep o (R™) continuous multivalued operator.

U:J — P.pcy(R"?) is a solution of the problem (4.1.1), it is equivalent whit U satisfies (4.1.1) for
allt e J.

For a Cauchy problem (4.1.1) associate to a integral equation:

Ut)y=0°+ /t F(s,U(s))ds, te€J (4.1.2)

to

where integral is Hukuhara (see [42]).

LEMMA 4.1.1 (V. Lakshmikantham [49]) If U : J — Pep co(R™) is differentiable continuous, then we

have:
t
Ut)=0° +/t DyU(s)ds, t € [a,b].
LEMMA 4.1.2 (V.Lakshmikantham [{9]) The problem (4.1.1) and equation (4.1.2) are equivalent.
On C(J, P.p ., (R™)) consider the metric HEZ defined by:
HBU,V):= max [H(U®),V(t)e ¢ 7>0.

te[to ,t0+11]

The pair (C(J, P.p.cv(R™)), HP) has the complete metric spaces.

Existence Theorem for a Cauchy problem.

THEOREM 4.1.3 (I.C. Tise [97]) Consider the problem (4.1.1) and
F :J %X Py oy (R") — Pep oy (R™) is a continuous operator multivalued.

Supose that:

(i) F is continuous on J X P,y .,(R™) and U° € P, ., (R");
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(i) F(t,-) is Lipschitz, i.e. there exists L > 0 such that
H(F(t,U),F(t,V)) < LH(U,V)
for all U,V € Pep oo (R™) and t € J.
Then the problem (4.1.1) has a unique solution U* and U*(t) = nh_}n;o U,(t), whereU,, € C(J, Pep o (R™))

is recurrently defined by the relation:

Upt1(t) = U° + [} F(s,Un(s))ds, n € N
U% € P.p oo (R™).

Let us consider the following integral equations:

Ut)=0°"+ tDH(U(s))ds, teJ (4.1.3)
Ult)=0°"+ /t F(s,U(s))ds, t € J. (4.1.4)

LEMMA 4.1.4 (V.Lakshmikantham [{9]) If U € C(J,Pupco(R™)), then (4.1.1) < (4.1.3) <
(4.1.4).

We consider on Pep ¢, (R™) the order relation ” <., ” defined by:
UV €Ppo(R"): UL, V=UCYV.
DEFINITION 4.1.5 The operator F(t,-) : J X Py oy (R™) = Pep oy (R™), is called increasing if:
A,B € Pypoy(RY), A<y B=F(t,A) <, F(t,B), forallte J
Define on C(J, Pep,cv (R™)) an order relation ” <” defined by:
X, Y €eC(J,Ppew(R), X <Y & X(t) <, Y (), forallt e J.

The space (C(J, P.p»(R™)), HE, <) being an order an complete metric space is also an ordered
L-space.
Let (X, d, <) be an order metric space and T : X — X an operator.
We note:
(UF)r :={x € X|Tx < x} the upper fixed point set for T;

(LF)r :={x € X|Tx > x} the lower fixed point set for T.

In what follows we will present the Abstract Gronwall Lemma:
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LEMMA 4.1.6 (I. A. Rus [78]) Let (X,d, <) be an ordered L-space and T : X — X an operator. We
suppose that:

(i) T is Picard operator;
(ii) T is increasing.
Then (LF)r < x5 < (UF)r, where x%. is the unique fized point of the operator T
We will apply this abstract lemma to the Cauchy problem (4.1.1).

THEOREM 4.1.7 (I.C. Tise [97]) Let Cauchy problem (4.1.1).
Suppose that:

(i) F(t,-):J X Pep,cw(R™) = Pep oy (R™) is L-Lipschitz for all t € J;
(i) F(t,-): J X Pepco(R") = Ppop oo (R™) is increasing monotone operator for all t € J;
(iii) F is continuous on J X Pep oy (R™) and U® € P,y o, (R7).

Then we have:

(LS)1) SU* < (US)qp)

where U* is the unique solution for problem (4.1.1) and (LS)(1y respectively (US) 1) represents the set
of lower solution respectively the set of upper solution for the problem (4.1.1).

In what follows an abstract comparison lemma will be presented

THEOREM 4.1.8 (I. A. Rus [78]) Let (X,d, <) be an ordered L-space and Ty,T> : X — X two opera-
tors. We suppose that:

(i) Tv and Ty are Picard operators;
(i) Ty is increasing;

(iii) Ty < To.

Then x <Thx =z < z7,.

We have the following theorem.
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THEOREM 4.1.9 (I.C. Tise [97]) Let F,G : J X Py oy (R™) = Pppp o (R™). Consider the following tow

Cauchy problem:
DyU =F(,U), teJ

(4.1.5)
Ulty) = U°

DrV =G, V), teJ

(4.1.6)
V(te) = VO

where U, V0 € P., .,(R"), to >0, J = [to,to + a], a > 0.
Supose that:

(i) F is continuous on J X Pep o (R™) and F(t,-) is Lipschitz;
(ii) G is continuous on J X Pep oy (R"), VO € Py op (R™) and G(t,-) is Lipschitz;
(iii) F(t,-) is increasing for all t € J;
(iv) F C Q.
Then DgU <,,, F(t,U) = U < V* where V* is the unique solution for the problem (4.1.6).
We recall the following abstract Gronwall lemma for the case of weakly Picard operators.

LeMMA 4.1.10 (I. A. Rus [78]) Let (X,d,<) be an ordered L-space and T : X — X an operator. We
suppose that:

(i) T is weakly Picard operator;
(ii) T is increasing.
Then
(a) 2 < Tz =z <T%x;
() x>Tr =z >T%x;

(b) if there exists x € (LF)p and y € (UF)7 such that x <y then
5 <T(2) <o STN) < o < T(2) ST¥(y) < <T(y) < o < T(y) <y,

We will apply the above lemma to the Cauchy problem (4.1.1).
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THEOREM 4.1.11 (I.C. Tige [97]) Let us consider the equation

DU =F(t,U), teJ (4.1.7)

We suppose that:

(i) F(t,.):J x Pop o (R™) = Pep oo (R™) is Lipschitz, for all t € J;
(i1) F(t,.): J X Pep oy (R™) = Pep ey (R™) is increasing, for all t € J;
(i1i) F is continuous on J X Pep oy (R™).

Then
(i) if V is a lower solution of the equation (4.1.7) = V < Uy;

(i1) if V is a upper solution of the equation (4.1.7) =V > Uy,

where Uy is the uniform limited of the subset and recurrently defined by the relation

Ung1(t) = V(to) + [} F(5,Un(s))ds, t € J
Ulto) =V;

(iii) if U, Us € C'(J, Pep ooy (R™)) are two spaces for (4.1.7) such that Uy (to) <, Us(to) then Uy < Us.

4.2 Data dependence of the solutions for differential equations
in spaces of multivalued functions

We consider the following Cauchy problems:

U(a) = U° -
DyU = G(t,U) (129)
Ula) = V° -

where F : [a,b]X P.p o (R") = P.p c»(R") is a continuous multivalued operator, U, VY € P, .,(R™).

We consider on C([a,b], Pep o (R™)) the metric HS defined by:

HO(U,V) = tgl{gfg}H(U(t),V(t))-
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The pairs (C([a, b], P.p oo (R™)), HE) has the Banach space.

A data dependence result is:

THEOREM 4.2.1 (I.C. Tige [95]) Let F,G : [a,b] X Pep oy (R™) = Pop cy(R™), continuous. Consider the
following problems (4.2.8) and (4.2.9). Suppose:

(i) there exists ky > 0 such that H(F(t,U),F(t,V)) < kiH(U,V), for all U,V € Py cr(R"), for all
t € [a,b]. Denote by Uj. the unique solution of the problem (4.2.8);

(ii) there exists m; > 0, i = 1,2 such that:
H(F(t,U),G(t,U)) < m, for all (t,U) € [a,b] X Pep c,(R™)
and H(U® V) < ny;

(iii) there exists Ul a solution of the problem (4.2.9).

Then
12 +m(b—a)
HE (U, UL < 22—
*( F> G)_ 1—k}1(b—a)
REMARK 4.2.2 Similar results in case of impulsive differential equations in spaces of multivalued func-

tions appear in the article of F.A. McRae, J Vasundhara Devi [56].
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