BABES-BOLYAI UNIVERSITY OF CLUJ-NAPOCA
Faculty of Mathematics and Computer Science

LUMINITA-IOANA COTiRLA

SPECIAL CLASSES OF UNIVALENT FUNCTIONS

ABSTRACT OF THE PH. D. THESIS

Scientific supervisor:
PROF. UNIV. DR. GRIGORE STEFAN SALAGEAN

2010



Cuprins

Introduction 2
1 Concepts and preliminary results 3
2 Harmonic functions 8
3 Differential subordination and superordinations 15
4 Class of analytic functions defined by operators 20
5 Generalized almost starlike functions 26
Bibliography 28

2000 Mathematical Subject Classification: 30C45, 30C50, 31A05, 32H02
Keywords and Phrases: univalent function, harmonic function, subordination, superordination, domi-

nant, integral operator, differential operator, Loewner chain, generalized almost starlike mapping.



Introduction

The complex analysis is a field of research in which romanian school of mathematics has had an
important contribution and it is also a part of mathematics with multiple applications in other domains of
science and technique.

The geometric theory of the functions of one complex variables is an special branch for complex
analysis. The basis of this theory was put on in the early twenty century once with the papers of P. Koebe,
T. H. Gromwall and L. Bieberbach. In 1916 L. Bieberbach was spoken the notorious conjecture which was
prove in 1984 by Louis de Branges.

G. Cilugidreanu is the creator of the romanian school of univalent functions theory and P. T. Mocanu
was introduced the class of a— convex functions, he has approached the injectivity problem of non-analytic
functions and with S. S. Miller created the method of admissible functions, the method of differential
subordinations and the theory of differential superordinations.

We remember papers dedicated the domains of theory of univalent functions by: P. Duren, A. W.
Goodman, S.S. Miller and P. T. Mocanu, P. Montel, C. Pommerenke.

The paper has 5 chapters, an introduction and a bibliography with 124 titles, 12 of which are signed by
the author (10 as unique author and 2 in collaboration).

I would like to use this opportunity to thank my scientific supervisor, Ph. D. Professor G. St. Sédldgean
for his guidance and constant support and help.

I would also want to thank to all the mathematicians that are part of Cluj-Napoca school of Geometric

function theory.



1 Concepts and preliminary results

This chapter contains two paragraphs and it present preliminary results from the geometric theory of
univalent functions.

Definition 1.1.1.[51] Let be D an open set in the complex plane C. A complex function f is holo-
morphic on D if f is derivative in all point zy from D. The set of holomorphic functions on D is denoted
by H(D).

Definition 1.1.2.[51] A complex function f is holomorphic on a some set A C C, if exists an open
set D which include A such that f is holomorphic on D.

Definition 1.1.3.[51] The function f is holomorphic in the point 2y if exists a neighborhood V' €
V(20) such that f is derivable in this neighborhood.

An holomorphic function on C is an integer function.

Definition 1.1.4.[51] An holomorphic function (or meromorphic) and injective on the domain D from
C is univalent on D. We denote by H,, (D) the set of univalent functions on the domain D.

Definition 1.1.5.[51] An holomorphic function (or meromorphic) on the domain D is p— valent in
this domain, if some values is compute at most p single points from D and exists at least a value compute
in p single points.

Definition 1.1.6.[51] Letbe f : D — C, zg € D. We say that the function f is analytic in the point

2o if exists an disc U(zg, R) C D such that

f(z)= Zan(z —20)", z€U(z0,R).
n=0

We say that the function f is analytic on D if it is analytic in all point of D.
The notion of analytic function is matter of great concern in geometric theory of analytic functions.
The first paper is due to P. Koebe [61] and it was publicated in 1907. Now exists many papers dedicated to
univalent functions to rank among Montel [89], Z. Nehari [94], L.V. Ahlfors [2], Ch. Pommerenke [100],
A.W. Goodman [38], P.L. Duren [30], D.J. Hallenbeck, T. H. MacGregor [48], S.S. Miller and P.T. Mocanu
[79], I. Graham and G. Kohr [39].
Definition 1.1.7. Letbe D and A domains from C. An univalent function f from D such that f(D) =
A is worthy representation of D on A. The domains D and A are worthy equivalently if exists an worthy
representation of D on A.
We use the notations:
U = {z € C: |z|] < 1} (the unit disc in the complex plane);
U.={z€C:|z] <r}forr e (0,1) (the interior of the unit disc from the complex plane);

U~ ={z € C: |z| > 1} (the exterior of the unit disc from the complex plane).



Let for a € C and n € N*, the set
Hla,n) = {f € HU) : f(2) = a+ anz" + anp12" ™ + ...},

An={feHU): f(2) =2+ apn 12"+ ..}

si
A=A
In the second paragraph are presented some special classes of univalent functions.
A. The classes S and ¥
We denote by S = {f € A : f € H,(U)} the class of univalent functions in the unit disc and
normalized , by the condition f(0) = 0 and f/(0) = 1, for which

(1.1) f(z)=z+az® + .|z < 1.

The study of the meromorphic and univalent functions could be done parallel with the class S, con-

sidering the class X and the class X
— g Qi
Y ={peH(U ):go(():C+a0+7+...+;+...,|§| > 1}

and
Yo={peX:p()#0,(eU }.

Remark 1.2.1. Between the classes S and Y there is a bijection, therefore the class X is larger than
the class S.

B. The class of starlike functions

Definition 1.2.2.[87] Let be the function f € H(U) with f(0) = 0. We say that the function f is
starlike if f is univalent in U and f(U) is a starlike domain with respect to origin.
The notion of starlike function was introduced by J.Alexander [5] in 1915.
Definition 1.2.3.[87] We denote by S* the class of functions f € .4 which are starlike in the unit disc,

2f'(2)

S*Z{fG.A:Re 15

> 0}.

We have that S* C S.

Definition 1.2.4.[87] We define the class of starlike functions of order o, a < 1, by

2f'(2)
f(2)

S*(a) ={f € A:Re >,z €U}

C. The class of convex functions

The notion of convex function was introduced by E. Study [118] in 1913.



Definition 1.2.5. The function f € H(U) is convex in U (or convex) if f is univalent in U and f(U)
is an convex domain.

Theorem 1.2.6.[87](Analytic characterization of convexity theorem) Let f € H(U). Then f is convex
if and only if f/(0) # 0 and
(2)

f'(2)

Theorem 1.2.7.[5](Alexander duality theorem) The function f is convex in U if and only if the func-

tion F'(z) = zf'(z) is starlike in U.

(1.2) Re

+1>0, zel.

Definition 1.2.8. We denote by K the class of functions f € A which are convex and normalized in

the unit disc U,

2f(2)
K={feA:Re +1>0, z€Uj}.
{ ) ki
Definition 1.2.9.[87] We define the class of convex function of order v, « < 1, by
"
{fG.A Re 2f7( )+1>az€U}

f'(z)
We have: K (o) C K.

D. The class of the functions S,,,

Definition 1.2.10.[111] The differential Sildgean operator D™ : A — A, is defined as

D°f(z) = f(2)
D'f(z) = zf'(2),
D™f(z) = DY(D™ ' f(2)),m € N*.

Definition 1.2.11.[111] The integral Sildgean operator I : A — A, is defined as

1°f(2) = f(2);
I'f(z)=TIf(z ]/ fttat;
I"f(z) = II™" " f(2)), f € A,;m € N*.

RmmmLzu.erAJﬁo=z+§:mﬂmzeamm

n=2
D" f(z —Z—I—Zn anz", z

Definition 1.2.13.[111] We say that the function f € A is m— starlike, m € N, if

Dm+1f(z) 0
Dmf(z) -

We denote by 5,, the class of this functions.

Re zeU.



Remark 1.2.14. We can see that Sy = S* and S; = K.
The class of m— starlike functions was introduced by G.S. Sdlagean in [111]. G. S. Saldgean proof

that S,,+1 C Si € So, m € N, which follows that S;,, C S, where m € N.

E. The class of K,,, functions
Definition 1.2.15. If we have f,g € A, of the form f(z) = 2+ Y _anz" and g(2) = 2+ Y _ bp2",
n=2

n=2
the product of convolution (or the product Hadamard) of f and g is defined as
(F*9)(2) =2+ anba™
n=2

Definition 1.2.16.[109] We defined the operator D™ : A — A, m € N, as

z 22 f(2) )

Dmf(z):m*f(z): , zeU.

m)!
Definition 1.2.17.[109] We say that the function f € A is in the class K, if

D7rz+1 f(Z)

S 1
2 )
Remark 1.2.18. We see that Ky = S*(1/2) and K; = K.
The class K,,, C A was studied by S. Ruscheweyh in [109], which prove in this paper that K, 41 C

K,, € Ky, m € N. It follows that K,,, C S,Vm € N.

F. The class of spiralike functions

The class of spiralike functions was introduced by L. Spacek in 1932.

Definition 1.2.19.[87] The region D C C, was contains the origin, is an region spirallike of type ~,
with |y| < 7/2, if for all point wg € D \ {0} the arc of the y— scroll associate the point wy with the origin
is including in D.

Definition 1.2.20.[87] We say that the function f € H(U), with f(0) = 0, is a spirallike function of
type ~y in the unit disc U if f is univalent in U and the domain f(U) is spirallike of type .

Definition 1.2.21.[87] We say that the function f € H(U),with f(0) = 0, is spirallike if exist an
number +, with || < 7/2, such that f is spirallike of type 7.

Definition 1.2.22.[87] 1. For v € (—m/2,7/2), we denote by §ﬂ, the class of spirallike functions of
type v and normalized in the unit disc:

§7 = {f cA: Re[e”ZJ{;S)] >0, z¢€ U}.

2. We denote by S the class of spirallike functions and normalized in the unit disc,

- U &

ye(=m/2,7/2)




Theorem 1.2.23.[87](The formula of build for the class 3”;) The function f € g;, v € ( -3, g) if

and only if exists a function © € M0, 2] such that

2m
(1.3) f(z) =zexp{— 200876_”/ log(1—ze ")du(t)}, z€U,
0

where log 1 = 0.
Definition 1.2.24.[87] Let f € A and n € N. We say that f is a n—spirallike function of type
v € (—m/2,7/2)if D" f(2) # 0,z € U and
n+1
iy D" ()
D f(z)

where D" is the differential Saldgean operator.

Re[e ]>07ZEU,

We denote this class by S, ;..



2 Harmonic functions

This chapter has three paragraphs.
In first paragraph are given results well-known about harmonic functions.
Definition 2.1.1.[31] Letu : G — R a function of C? class on G. The function u is harmonic on G if
Awu = 0 where
?u  O%u
2.1) Ay = 922 + a2
Aw is the laplacean of the function u, and the equation Au = 0 is the equation of Laplace.
Theorem 2.1.2.[31](The principle of the extreme for harmonic functions) Let
u : G — R a harmonic function. If zy € G is an point of maxim (or minim) for the function u on G, then
u is constant on the conex component of G contained the point zg.

Theorem 2.1.3.[31](The Poison formula) Letr > 0and u : U(0,7) — R an harmonic function on
U(0; R) and continuous on U (0; 7). Then

. 1 27 7,,2 _ p2 o
22 L i©) 40,
2.2 u(pe’®) 2 /0 r2 —2prcos(f — ) + pQU(Te )

forall p € [0,r) and ¢ € R.

Corollary 2.1.4.[31] Letbe u : U(zo; R) — R an harmonic function on U (2¢; R) and continuous on

U(z0; R). Then

; 1 [ R? — 72 o
2.3 W)= — Re'®)dO©
23) u(zo +re’?) 2 Jo R%2—2Rrcos(© — @) + 12 u(zo + Re™)do,

forall » € [0, R) and p € R.

In the second paragraph are introduced new classes of harmonic functions defined by the integral
operator of Sildgean.

Let H the class of functions f = h + g which are harmonic univalent and sense-preserving in the
unit disc U = {z : |z] < 1}, for which f = h + g is normed-space and f(0) = h(0) = f,(0) — 1 = 0.

Ahuja and Jahangiri defined the class H,(n) (p,n € N), which contained the harmonic p-valent

functions f = h + g, sense-preserving in U and h and g are of the form
oo oo

(2.4) h(z) = 2P + Z Apgp12°TP7L, 9(z) = Z bepp—12"TP7H byl < 1.
k=2 k=1

For f = h + g of the form (2.4), the integral operator of Sildgean, is defined as:

(2.5) I"f(z) =I"h(z) + (-1)"I"g(z); p>n, zeU,

where

I"h(z) = 22 + Z (k—‘rpﬁ)nam_p_lzlwrpfl
k=2



and
o0
"brypp_12tPL
Zl k—|—p k+p—1

Definition 2.2.1.[25] For fixed positive integers n,p, and for 0 < aw < 1, [ > 0 we let H,(n +
1,n, a, 3) denote the class of multivalent harmonic functions of the form (2.4) that satisfy the condition

(26) Re {I7r+1f()2, } 6|In+1f ) - ]" +a.

Definitia 2.2.2.[25] The subclass H, (n+1,n, a, 3) consists of functions f,, = h+g, in H,(n,a, )

so that h and g are of the form
2.7 h(z) = 2P — Zakﬂ,_lzk“’*l, gn(z) = (=1)" 1 Zbkﬂ,_lzk“ﬁl, |bp| < 1.

In the following result we introduce a sufficient condition for the coefficient bounded of harmonic
functions from Hy(n + 1,1, a, §).
Theorem 2.2.3.[25] Let f = h + g be given by (2.4). If

(2.8) D AT+ 1,m,p,0,8)|akip1]+O(n+1,n,p,0, B)|brp]} <2,
k=1
where 4
o) (14 8) = (B+0) (h=)"
\Il(n+1)n7paaaﬁ): (k""P 1) ( ) ( )(k""P 1) )
l1—«
and

()" (L4 9 + (o=n)" (B + )

l1—«

)

®(n + 1;”7?704,/8) =

ap=1, 0<a<l, >0, neNthenfe H,(n+1,n,a/0).

The next theorem prove that the condition (2.8) is necessary for the function f,, = h +g,,, where h and
gn are of the form (2.7).

Theorem 2.2.4.[25] Let f, = h+g,, be given by (2.7). Then f,, € H, (n+1,n,, 3) if and only if

(29) Z[‘I’(?’L + 17n7p7a76)a’k+p71 + @(n + 17nap7a7ﬁ)bk+p71] S 2a
k=1

ap=10<a<l,neN
The following theorem gives the distortion bounds for functions in H,; (n+ 1,n, a, B) which yields
a covering results for this class.

Theorem 2.2.5.[25] Let f, € H, (n + 1,n,a, (). For |2| = r < 1 we have
[fa(2)] < (L4 bp)r? + [@(n+ 1,n,p, a0, B) = Qn + 1,0, p, a, B)by)r" 1P

and

|fn(2')| 2 (1 - bp)rp - {(I)(’I’L + 17n7pa aaﬂ) - Q(?’L + 17nap7a7ﬂ)bp}rn+p+1



where,
1l -«

)" +8) - GG&)" (B +a)
(1+8) + (a+8) .
GE)"A+8) - G2)" B+ )

The following covering result follows from the left hand inequality in Theorem 2.2.5.

(I)(’I’L+ 17”7]9,04;6) =

Q(n+17n7p7a’/8):

Corollary 2.2.6. Let f,, € H, (n+1,n,q,3), then for [2| = r < 1 we have
{w:|w<1l=b,—[®(n+1,n,pa0) —Qn+1n,p,a b)) C f,(U)}

Definition 2.2.7.[21] For0 < a < 1,n € N, z € U, we denoted by H,(n, ) the family of harmonic
function f of the form(2.4) for which

> .

Definition 2.2.8.[21] We denote by H,, (n, o) the subclass of harmonic functions f,, = h + g, from

H,(n, o) for which h and g,, are of the form
(2.11) h(z) = 2P — Zakﬂg,lzk"’p_l si gn(z) = (—=1)"! Z by p127P
k=2 k=1

where ak+p,17bk+p,1 >0, |bp| <1
Definition 2.2.9.[23] For0 < a < 1,n €N, z € U, H(n, «) is the family of harmonic function f of
the form (2.4), with p = 1 for which

(2.12) Re{j%} >a

Definition 2.2.10.[23] Let we denote H ~ (n, «) the subclass of harmonic function f,, = h +g,, from

H (n, «) for which h and g, are of the form
(2.13) h(z)=2= apz®, gn(z) = (-1)" 1 by2",
k=2 k=1

where ay, by, > 0, |b1] < 1.
In the following result we introduce a sufficient condition for the coefficient bounded of harmonic
functions from H)(n, a).

Theorem 2.2.11.[21] Let f = h + g given by (2.4). If

(214) Z{w(nvpvkaa”ak-i-[)—” + 9(”,p,]€,0&)|bk+p_1|} < 2
k=1
where o
(=) (=)
k+p—1 k+p—1
bln,p. k) = ST A AR

10



n n+1
(k+p 1> +a(k+p 1)
6(n,p,k,a) = ~~ L P

11—«

ap=1 0<a<l1l, necN,

then f is sense-preserving in U and f € Hp(n, «).
For p = 1 in Theorem 2.2.11, we obtain:

Corollary 2.2.12.[23] Let f = h + g given by (2.4) withp = 1. If

(2.15) > {w(n,ka)lax] + 0(n, k, ) be[} < 2,
k=1

where
(k)™ — a(k)~" D)
l1—«

(B) " + (k)=
l1—«

w(n, k,a) = sif(n, k,a) =

)

a; =1,0 < a < 1,néeN. Then f is sense-preserving in U and f € H(n, a).

The next theorem prove that the condition (2.14) is necessary for the function f,, = h + g,,, where h
and g, are of the form (2.11).

Theorem 2.2.13.[21] Let f,, = h +g,, be given by (2.11). Then f,, € Hp—(n7 «) if and only if

(216) Z{l/)(n7pa k? a)ak+p—1 + e(nvpa k) a)bk-‘rp—l} S 2a
k=1

wherea, =1,0<a<1l,neN.
For p = 1 in Theorem 2.2.13, we obtain:
Corollary 2.2.14.[23] Let f,, = h + g,, be given by (2.13). Then f,, € H~ (n, «) if and only if

oo

(2.17) > {w(n k,a)ay, + 0(n, k, a)by} < 2
k=1

wherea; =1,0<a<1,neN.
In the following theorem we give the extreme points for the convex bounded hull from H; (n, @), by
clecoH, (n, ).

Theorem 2.2.15.[21] Let f,, given by (2.11). Then f,, € H, (n, «) if and only if

fn(2) = i[$k+p—1hk+p—1(2) + Yktp—19nisp1 (2)];
k=1
where
hp(2) = 2P, higp-1(z) = 2P — mzk+p_l, k=23,...
and
Gnpsya(2) =22+ (=1)" 1. mz’fﬂ’—l, k=1,2,3,...

oo oo
Ti+p—1 >0, Yk+p—1 >0, Tp = 1- E Ti+p—1 — § Yk+p—1-
k=2 k=1

11



In particular, the extreme points for H, (n, ) are {hpyp—1} and {gn,,,_, }-
For p = 1 in theorem 2.2.15, we obtain

Corollary 2.2.16.[23] Let f,, be given by (2.13). Then f,, € H ™ (n, «) if and only if

Fa(2) =Y lerhi(z) + yegn, ()],

k=1
where
1
h(z) = hi(z2) = 2 — k(=2
(2) = 2, k(z) =2z 7#(7%]‘170()2 ( ,3,..0)
and
1
n = )t — 3 (k=1,2,3,...
gua(2) =2+ ()" g (k=123,)

o0 oo
e 20, yp 20, xpzl_zxk_zyk~
k=2 k=1

In particular, the extreme points of H~ (n, «) are {h} and {g,,, ;-
The following theorem gives the distortion bounds for functions in H,, (n, «), which yields a covering
results for this class.

Theorem 2.2.17.[21] Let f,, € H, (n,a). Then, for [2[ = r < 1 we have

‘fn(z)| S (1 + bp),rp + {(rb(nvpa ,ZC7O[) - Q(TL?pa ka a)bp}Tp+1

and
|fn(Z)‘ Z (1 - bp)rp - {¢(nap7 kv O[) - Q(Tl,p, ,Z(}7O[)bp}7’p+17
where
11—«
¢(nap7k7a) = n n+17
(%) - G)
p+1 p+1
Qn,p, by ) = Lo

) ()
-«
p+1 p+1
For p = 1 in the theorem 2.2.17, we obtain
Corollary 2.2.18.[23] Let f,, € H (n, ). Then, for |z| = r < 1 we have

|fn(2)] < (A4 b0)r + {o(n, k, ) — Qn, k, a)by b

and
|fu(2)] > (1= b1)r — {@(n, k, ) — Qn, k, a)by jr™ T,

where
11—«

() -G)

12

¢(n7 k? a) =



and
1+ «

() -()

The following covering result follows from the left hand inequality in Theorem 2.2.17.

Qn, k,a) =

Corollary 2.2.19.[23] Let f, € H, (n, ), for [2| = r < 1 we have

{w: |w| <1-=0b, —[p(n,p, k, ) — Qn,p, k,a)by]} C fp(U).

In the second paragraph are introduced new classes of harmonic function defined by generalized
Séldgean operator.
The differential Sdldgean operator was generalized by F. M. Al-Oboudi in [6]. It is defined as: let

f € Aand m € N, then we consider

DYf(2) = f(2);
Dif(z) = (1= Nf(2) + Azf'(2), A >0;
DY f(2) = DA(DY ™' f(2)).
Definition 2.3.1.[58] For0 < a < 1,k € NJA > 0and z € U, let H(k, «) the family of harmonic
functions f for which

DY f(2)

)>a.

Definition 2.3.2[58] We denote by H~ (k, «) the subclass of harmonic functions f; = h + g in
H~ (k, «) for which h and g, are of the form

h(z) =2z — Zanz" . gr(z) = (—1)F 1 Z bn2",
n=2 n=2

where ay,, b, > 0, |b,| < 1.
Theorem 2.3.3.[58] Let f=h+79g.If

(2.19) S (W (k, n,@)lan] + Ok, n, @)lbal} < 2,
n=1
where k k
- — — +1
Y(km,a) = LFOZDN —a(l+ (- HhH
l1-a
@(k,ma) — (1 + (Tl — 1)/\)k ffg + (n _ 1))\)k+1’

ap=1, 0<a<l, keN,

then f is sense-preserving in U and f € H(k, ).

13



Theorem 2.3.4.[58] Let f,, = h + gy, given by (2.18). Then f,, € H ™ (k, «) if and only if

(2.20) Z{\Il(k:, n,a)a, + O(k,n,a)b,} <2,

n=1
wherea; = 1,0 < a <1,k eN.
We give in the following theorem an result of distortion for the functions from the class H ™~ (k, «).

Theorem 2.3.5.[58] Let f, € H™ (k,«). Then, for |z] = r < 1 we have

|fk(z)| < (1 + bl)T + [@(k’nﬂl) - Q(kvnv a)bl]TQ

and
|fx(2)] = (1 = by)r — [p(k, n, a) — Qk,n, )by ]r?
where
11—«
g@(k,?%a) - (1 4 )\)k _ a(l + /\)k+1
and
Q(k,n,a) = 1ta

(14 N)F — a1+ N)k+1”

The result is sharp for the functions

11—«
1+«

fe(2) = 2+ 012+ [p(k,n,a) — Qk,n, )b |72, 0< by < , Z=rT

fr(z) =z —b1Z — [p(k,n,a) — Qk,n,a)b]Z?, }_T_—g <b <1, =z=r.

14



3 Differential subordination and superordinations

This chapter has two paragraphs. First paragraph present the elementary notions about differential
subordinations and differential superordinations Briot-Bouquet.
Definition 3.1.1. Let f, g € H(U).We say that the function f is subordinated to the function g or g is
superordinate to f and we denote
f=yg
or

f(z) < g(2),

if exist a function Schwarz w € (U), with w(0) = 0 and |w(z)| < 1,z € U such that

f(z) = g(w(z)),z € U.

Definition 3.1.2. We denote by Q the class of the functions ¢ which are holomorphic and injective on
U\ E(q), where
EB(q) = {¢ € U : lim q(z) = oo},
andq’(¢) # 0 for ¢ € OU \ E(q).
E(q) is called the set of exception.
Lemma 3.1.3.[75] Let the functions ¢ € Q,¢(0) = a,p ¢ H[a,n|,p(z) # a and let the number
n > 1. If exists the points zy € U and (o € OU \ E(q) such that p(zo) = q({o) and p(U,,) C ¢(U), where

ro = |20/, then exists a real number m, m > n, such that

zop (20) = m&oq’ (o)

and
zop” (20) Goq” (So)
Re———= 4+ 1> mRe{>——-= +1}.
P’ (20) { 7' (Co) }
. . Mz+a .
We consider the disc Uy = {w € C : |w| < M} and q(2) = M - Vta with M > 0 and
az

la] < M, then ¢(U) = A,q(0) =a,E(q) = pand q € Q.
Definition 3.1.4.[75] Let Q C C, let the function ¢ € Q and n € N,n > 1. We denote by ¥,,[(, q]

the class of the functions ¢ : C? x U — C which satisfies

1) ¥(r,s,t;2) € Q

when

¢q"(¢)
q'(¢)

r=a(0).s = mGd'(O), Re[© +1] > mRe[*L & 417,

where z € U, € OU \ E(q) and m > n.
The set U, [Q, g] is the class of the admissible functions, and the condition (1’) is the admissibility

condition.
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In the second paragraph are presented differential subordinations and superordinations for analytic func-
tions defined by the integral operator of Sdlagean.
Similar results for differential Saldgean operator are given in [93], [104].

Theorem 3.2.1.[20] Let g be an univalent function in U with ¢(0) = 1, v € C* such that:

1 1
Re [1 + =4 (Z)] > max {O, —Re} .

q'(2) gl
If f e Aand
" f(2) I f(2) ) s (s
(3.1) TR +v{1 G }<Q( ) + 724 (2),
then
(3.2) W < q(2)

and q is the best dominant of subordination (3.2).

Theorem 3.2.2.[20] Let ¢ be a convex function in U, with ¢(0) = 1 and v € C such that Rey > 0. If

fed +1
()
TR e H[1,1]NQ,
[ (2) CUR) - IUG)
i) 7 {1 I ) }

is univalent in U and

/ ") CIf(2) I (2)
(3.3) a(z) +724(2) = 5, “W{l [ f(2)]? }
then
n+1 2
(3.4) a(z) < II:fj(tz())

and q is the best subordinant of superordination (3.4).

Now, we give a result of sandwich” type.

Theorem 3.2.3.[20] Let ¢; and g2 be convex function in the unit disc U, with ¢;(0) = ¢2(0) = 1,
v e CsuchthatRey > 0.If f € A,

W e H[1,11NQ, m +7 {1 - In_lﬁi}'(g}jf(z) }
is univalent in U and
0(2) +sah () < T F Dy o PEE LT ) 4o,
then
(3.5) 0 < TG ),

I"f(z)
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and ¢; and g5 are the best subordinant and the best dominant respectively of (3.5).

Theorem 3.2.4.[20] Let ¢ be an univalent function in the unit disc U, with ¢(0) = 1, v € C* and

/!
Re [1 + qu (Z)] > max {O, Rel} .
gl

suppose that

7 (2)
If f e Aand
I"f(2) "1 f(2) 1" f(2))? /
(3.6) (1+ ’y)zm + vzm - QWZW =< q(2) + 724 (2),
then
3.7) I"j(z)

Arer
and q is the best dominant of subordination (3.7).

Theorem 3.2.5.[20] Let g be a convex function in the unit disc U, ¢(0) = 1,y € C such that Rey > 0.
If feA,

Zmlrfff((zz))]z eH[L,1NQ,
I"f(2) ) o, rfe)P
ey T A T T ¥ 05 R ey T
is univalent in U and
, I"f(z
(3.8) q(z) +vz2¢'(2) < (1 + V)Z[Inﬂf((z))]g
UG )P
ATy P A Ty
then
M)
3.9 q(2) < z (11 f(2)]2

and q is the best subordinant of superordination (3.9).
Theorem 3.2.6.[20] Let ¢;, g2 be convex function in U, with ¢;(0) = ¢2(0) = 1, v € C, such that
Rey > 0.If f € A,

I"f(z)
Zi{]nﬂf(z)]? e H[L,1]NQ,

I"f () e, )P
TR T TR 2 )P

(1+7)z
is univalent in U and

, I"f( "'z ()
01(2) +72q1(2) < (1+7)z [In+1f((z))]2 Tz [["+1f((z))]2 — 2z [I[”Jflj(c()z])]3

< q2(2) + v2q5(2),

17



then

1"f(2)
[+ f(2))

and ¢; and g5 are the best subordinant and the best dominant respectively of (3.10).

(3.10) @1(z) <z =< q2(2)

Theorem 3.2.7.[22] Let g be an univalent function in U with ¢(0) = 1, o € C*, § > 0 and suppose

Re {1 n ZZ/;S)} > max {0, —Rei} .

If f € A satisfies the subordination

" (2)\° I\ I (2
G0 (-0 (FF2) e () iy
< a(2) + 524/ (2),
then
n+1 = g
(3.12) (sz()) < q(2)

and ¢ is the dominant of (3.12) .
Theorem 3.2.8.[22] Let g be convex in U with ¢(0) =1, « € C,Re @ > 0,6 > 0. If f € A such that
In+1 g
(2249 <o

z

(P2 (B

is univalent in U and satisfies the superordination

o n+1 P g n+1 P é nrl,
61 a5+ S (@) < (1) (sz()> +a<I el >> '1£+{J(v()z)’
then
n+1 g
(3.14) a(z) < (“ZJ"(Z))

and q is the best subordinant of (3.14).
Theorem 3.2.9.[22] Let ¢, g2 be convex in U with ¢1(0) = ¢2(0) = 1,a € C,Rea > 0,0 > 0. If
f € Asuch that

(Pltf(z))é eH[L,1]NQ
oo (P o (P10

is univalent in U and satisfies

q(z) + %zq’l(z) <(1—-a) <I”“Zf(z)>5 . <["+1Zf(z)>5 | Iﬁ{ﬁl)

18



(07
< a2(2) + 52a3(2),
then

1" f(2)
z

(3.15) q1(z) < ( )5 =< ¢2(2)

and ¢1, ¢o are the best subordinant and the best dominant respectively of (3.15).
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4 Class of analytic functions defined by operators

This chapter contains two paragraphs.
The first paragraph present properties of analytic functions defined by integral operators Saldgean.

Let A the class of functions f normated,
4.1 f(z) :erZakzk,
k=2

which are analitics in the unit disc U.

Let © the class of functions w(z) from U which satisfies the conditions w(0) = 0 and |w(z)| < 1 for
zeU.

Definition 4.1.1.[27] We say that f(z) € A is in the class F, (b, M) if and only if

LG gy <o

42 amie

where M > %, z € U and b # 0 is a complex number.
We know from [10] that f(z) € H, (b, M) if and only if z € U

I"f(z) 14+ [b(1+m) — mjw(z)

I+1f(2) 1 —muw(z) ’
wherem =1— L, (M > 1) siw(z) € Q.
Between the first papers mean to the starlike functions or the convex functions of complex order are:
[9], [91], [92].
Theorem 4.1.2.[27] Let be the function f(z) defined by (4.1) . If

@3 St -+ 1 DB < )
k=2

then f(z) is in the class 7, (b, M), wherem =1 — & (M > ).
Theorem 4.1.3.[27] Let be the function f(z) defined by (4.1) in the class F,,(b, M), z € U.
a).For
2m(1 — %)Re{b} > (1-— %)2(1 —m) — |b]2(1 +m),

let
2m(1 — +)Re{b} ,
N = k . k=1,2,3,....5 -1

D2 —m)— PP+ m) 7

Then
1 b(l4+m) k-2
44 1<
J J k=2

forj =2,3,..., N +2;and
N+3

1
Ta-HN+ 1) ,EQ |

b(1+m) k-2
k +(

)m|7
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forj > N +2.

b). If
1 1., 9
2m(1 = D Re{b} < (1= (1 = m) - [H(1+ m),

then

1
(4.6) jaj) < SEMBL pois o

37(1 ])
wherem =1— - (M > ) and b # 0 complex number.

Theorem 4.1.4.[27] If a function f(z) defined by (4.1) is in the class F,, (b, M) and p is an complex

number, then

3n+1
“.7) las — paz| < ——[b(1 +m)|maz{1, |d|}
where
_ b(]' + m) 2n+4 n+1 m
The result is sharp.
Theorem 4.1.5.[26] If f € A satisfies
I"f(2) ap_ I"f(z) \18 P
4, — 1 _— 1/2
(4.9) ‘In+1f(z) ’ ‘Z(InJrlf(Z)) ‘ <(1/2)%, (z€U)
for all real o and 3 with « + 23 > O si for all n € N, then
1" f(z)
Theorem 4.1.6.[26] If f € A satisfies

forreal o, B,vand n € Nwith « +20 > 0and 0 < v < 1, then

”ﬂ”9>7 (z€U).

RQ(W

Theorem 4.1.7.[26] If f € A satisfies

A B <o cen

forreal v, 8 and v = 3/« + 3, then

I"f(2) )1/“/

Re(m

>0 (zel).
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Definition 4.1.8.[24] We denote by 77, , (A, B) the class of functions f(z) in .A which satisfies

L/ I"f() 1+ Az

b # 0 is an complex number, A and B are real fixed number, —1 < B < A < 1, n € Np.

We denote by €2; the class of analytic bounded functions w(z) in U which satisfies the conditions
w(0) =0and |w(z)| < 1, for z € U.
Theorem 4.1.9.[24]  Let be the function f(z) defined by the relation (4.1) in the class 7}, , ,, (4, B),
z € U and let be
(A - B)?[p|?
(1= PR 4 (1= B2 (1 - )

G:

M = [G]( Gauss symbol ), and [G] the integer part of G.

(@) If
(A= By > (- PPAZBRA (g ey 1y
then
(A— B)b 1y 1
(4.13) la;| < g™ ol : B[(l v ’“”,for j=2,3,.., M +2
k:Q(l_E)
and
J sy 422 — Bl - 4) - 4
4.14 ; —,]>M+2
(4.14) laj| < (1_7') M+3(1 1) J > M+
(b) If
2B(A — B)Re{b 1
(A= By < @ nPPAZBRA (g gy 1)y
then
(4.15) laj| < WJ > 2.
J

Theorem 4.1.10.[24] Let be the function f(z) defined by (4.1). If

(4.16) > fa- %H A= B
k=2

ak\

- %< (4 By,

then f(z) is in the class F (A, B).
We present a new subclass of analytic functions with negative coefficients in the unit disc U, used the
Ruscheweyh operator.

Let be T'(n) the class of functions
(4.17) f(z)=2- Z arz®, (ap >0, neN)
which are analytic in the unit disc U.
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Definition 4.2.1. A function f(z) € T'(1) is in the class of starlike functions of order v, T*(«) if
z2f'(z
f(2)
Definition 4.2.2.[110] The derived Ruscheweyh of order 3 denoted by D” f(z) of the function f(z)
from T'(n) is defined as

Re{ )}>a, (zeU, 0<a<l).

Dﬁf(z)zﬁ(@f(z):z— Z arBy(8)2,

k=n+41

where

_B+DB+2) - (B+E-T)

Definition 4.2.3.[59] We say that a function f € T'(n) is in the class 7, (8, \, u; A, B) if satisfies

2(DPf(2)) + X\22(DP f(2))" - 1+ Az
(1= @) f(2) + p2(Df(2)) + (A = W) 22(DPf(2))" 1+ Bz’

(-1<A<B<1, 0<B<1, 0<u<l, pu<\ si §>-1).

(4.18)

In particular, 71 (0,0,0; —(1 — 2a),1) = T*(«) and J1(0,1,1; —(1 — 2c), 1) = C(«), class which
are studied by Silverman in [112]. The class 7, (0, A, A; —(1 — 2«), 1) was studied by Altintas in [7], and
class J1(0,0,0; A, B) and [J1(0, 1, 1; A, B) are studied by Padmanabhan and Ganesan [95].

Theorem 4.2.4.[59] A function f(z) € T(n) given by (4.17) is in the class 7, (3, A, u; A, B) if and

only if
419) 3 (k= D)k(u(1+A)+ M(B — A))+ (1 — )] — A(L — ) + k(B — Ap)) B (B)ay < B — A,
k=n+1

(-1<A<B<1, 0<B<1, 0<u<l, pu<A f>-1).

The result is sharp for the function f(z) give by

(4.20) f(z)=2—
B-A
{n[(n+ 1) +A)+AMB-A)+ (1 —p)] - A —p)+ (n+1)(B — Ap)} Bi(B)
n € N.
Corollary 4.2.5.[59] Letbe f(z) defined by (4.17) from the class 7, (8, A, u; A, B). Then

Z"+1,

B-A
(k= Dk + A) + MB = A)) + (1 = p)] + k(B — Ap) — A(1 — 1)} Bi(B)

(k=n+1n+2,..., neN).
Theorem 4.2.6.[59] If f € J,(8,\, u; A, B), then

aké{

r— (B — A) 7,.TL+1 <

nlln+ D+ A+ AB- )+ (1w + n+ DB - Ap) - A —p) =

<|Df(2)] <
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B-A n+1
@20 T T DA+ A ANB-A) + (- @]+ + DB - A=A -7
(lz] =7 < 1).
Theorem 4.2.7.[59] If f € J,.(8, A, u; A, B), then f € T*(6), where

§=1-

B-A
(n[(n+1)(p(1+ A) + A(B = A)) + (1 = w)] + (n + 1)(B — Ap) = A(1 = 1)) Bnya1(8)

Theorem 4.2.8.[59] Let be the function f,,(z) = z and

Ji(z) =
B-A i
{(k = DRI+ A) + AB — A) + (1 - w)] + k(B — Ap) — AL~ 1)} Bu(B)
k>n+1, neN, —-1<A<B<l1l, 0<B<1, 0<u<l1l, u<A B>-1.Then
f(z) € Tu(B, A\, u; A, B) if and only if it can be write

=z —

4.22) fE) =D mfi(2),

where 7, > 0,k > nandan =1
k=n
Corollary 4.2.9.[59] The extreme points for the class of functions f € J,(8, A\, u; A, B) are the

functions f,,(z) = z and
fu(2) =
B-A &

z— z%,

{(k=D[E(pQ+A)+AXB - A) + (1 —p)]+ k(B - Ap) — A(l — p)} Be(B)
(k>n+1, neN).
Theorem 4.2.10.[59] Foralli =1, ..., m, let f;(z) defined by

o

fi(z) =2z — Z ariz® (ag;>0,i=1,...,m,n€N)
in the class J,, (3, A, u; A, B). Then the function h(z) defined by
hz) =Y tifi(z), (ti>0,(i=1,...m); Y ti=1)
i=1 i

is in the class 7, (5, A, u; A, B).

Theorem 4.2.11.[59] Letbe the function0 < pu <1, u <A\, 6> -1,-1<A<B<1, 0<B<
1. Then

Tn(B, A\, 154, B) € Jn(B,0,0; A1, By), where A < 1 —2m, By > 4™ and

m =

n(B—A)

G2 L DG T A TAB - A) T (1] + (- DB —An) — A0 — 1)} Baa ()’
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Theorem 4.2.12.[59] Letbe O S M1 § ].,0 S U2 < 1,‘LL1 S M2 § )\2 S )\1,5 > *].,n € N. Then
jn(ﬂ7)‘17,u1;AyB) g jn(ﬁy )\27,“2;1473)’
Theorem 4.2.13.[59] Let be the function f(z) € J,(83, A\, u; A, B). Then the operator Jung-Kim-

Srivastava
[e’e) 2 "
I°f(z)=2— ) Fooo>0
f(Z) z et (Tl + 1) Rz, (<)

is in the class J,, (03, A, u; A, B).
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5 Generalized almost starlike functions

In this chapter, we introduce the notion of generalized almost starlikeness on the unit disc as well as
on the unit ball B™ in C™, and we prove that this notion can be characterized in terms of Loewner chains.
Finally, we use the theory of Loewner chains to deduce that certain classes of generalized Roper-Suffridge
extension operators preserve generalized almost starlikeness.

In the geometric function theory of one complex variable , Loewner chains and the Loewner differen-
tial equation serve as a powerful tool in the study of univalent functions.The Loewner differential equation
was first established by Loewner [72] and by Kufarev [64].Pfaltzgraff [96] generalized Loewner chains
to higher dimensions.Later contributions permitting generalizations to the unit ball of a complex Banach
space by Poreda [101]. Some best-possible results concerning the existence and regularity theory of the
Loewner equation in several complex variables were obtained by I. Graham, H. Hamada and G. Kohr [43],
I. Graham, G. Kohr and M. Kohr [40], [41],and I. Graham and G. Kohr [39].

Definition 5.1.1. A mapping f : B" x [0,00) — C" is called a Loewner chain if it satisfies the
following conditions:
(i)f(-,t) is holomorphic and univalent on B", f(0,t) = 0 and D f(0,t) = e'I for each ¢ > 0;
@) f(-,s) < f(-,t) whenever 0 < s <t < co and z € B™.
The subordination condition (ii) implies that there is a unique univalent Schwarz mapping v =

v(z, s, t), called the transition mapping associated to f(z,t), such that
f(z,8) = f(v(z,s,t),t),0< s <t <00,z € B".
Further, the normalization of f(z,¢) implies the normalization
Dv(0,s,t) =5 '1[,0< s <t < o0,

for the transition mapping.

A key role in our discussion is played by the Caratheodory sets:
P={peHU):p0)=1,Rp(z) >0,z € U}

M={he€ H(B"):h(0) =0,Dh(0) = I,R{h(z),2) >0,z € B"}.
In the case n = 1, f is in the set M if and only if @ is in the set P.

We introduce the notion of generalized almost starlikeness, prove a characterization of this notion in
terms of Loewner chains, and give an result for the compactness of the class of generalized almost starlike-
ness mappings.

Definition 5.1.2.[28] Letbe a : [0,00) — C be of class C°° with nn < Ra(t) < 0,t € [0,00),7 < 0.

A normalized locally biholomorphic mapping f : B — C" is said to be generalized almost starlike if
(5.0 RI(1—a'(8)e (D f(e"D2)] 7 f(e"D2),2)] = —Rd' (1) 2%,
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z € B"t € [0,00).
It is easy to see that in the case of one variable, the above relation becomes

f(e®2)

(5.2) R[(1— a/(t))m

|>-Rd(t),z€U,t >0

Remark 5.1.3. If a’(t) = A\, t € [0, 00),(in Definition 5.1.16.) where A € C, Re A < 0, one obtains
the notion of almost starlikeness of complex order A. This notion has been recently introduced by M. Balaeti
and V. Nechita [14]. On the other hand, if a’(t) = a/a — 1,t € [0,00), where a € [0, 1), we obtain the
notion of almost starlikeness of order o due to Feng [33].

Also, if @’(t) = —1 in Definition 5.1.2, we obtain the notion of almost starlikeness of order 1/2.

The following result provides a necessary and sufficient condition for generalized almost starlike on U
in terms of Loewner chains.

Theorem 5.1.4.[28] Letbe f : U — C be a normalized holomorphic function and let @ : [0, 00) — C
be a function of class C*°, such that Re a(t) < 0,t € [0, 00). Assume that there exists ¢ < 0 such that Re

a(t) > p,t > 0. Then f is a generalized almost starlike mapping if and only if
g(z,t) = 7O f(e®2) 2 e Ut >0

is a Loewner chain. In particular, f is a starlike function (i.e., a(t)=0) if and only if g(z,t) = e'f(2) is a
Loewner chain.
From Theorem 5.1.18 and the well known growth theorem for the class .S (see [39], [100]) we obtain
the next corollary.
Corollary 5.1.5.[28] Letbe f(z) be a generalized almost starlike function . Then

|Z‘ —al(t a(t |Z|
WSW ()f(e()zﬂgm, zeU,t>0.

The following result proves the compactness of S5 (B™).

Theorem 5.1.6.[28] The set S; (B") is a compact set.

Definition 5.1.7. Letbe f € H(B™) be a normalized mapping. We say that f has parametric repre-
sentation if there exists a Loewner chain f(z,t) such that {e ! f(-,%)}+>0 is a normal family on B™ and
f=171(0).

Let S°(B") be the set of mappings which have parametric representation on B™.
Various properties of the Pfaltzgraff-Suffridge and Roper-Suffridge operators may be found in [40],
[97], [122], respectively.

Theorem 5.1.8.[29] Assume that f is a generalized almost starlike mapping. Then F' = ®,,(f) is also

a generalized almost starlike mapping.

Theorem 5.1.9.[29] The set ®,,[S;(B")] is compact.
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