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Introduction

The purpose of the present thesis is the presentation of the author’s main contributions
to the existence, non-existence, multiplicity and asymptotic behavior of solutions of certain
PDE:s of elliptic type. The common feature of the studied elliptic problems is that their (weak)
solutions appear precisely as the critical points of certain energy functionals defined on suit-
able functional spaces. In order to handle elliptic problems defined on bounded/unbounded
domains, various techniques are applied from the critical point theory (minimization argu-
ments, minimax results, principle of symmetric criticality) combined with group-theoretical
arguments. Model examples are presented on domains of standard Euclidean spaces, Rieman-
nian manifolds and Heisenberg groups, exploiting their geometrical and analytical properties.

The thesis is divided into five chapters: (I) Elliptic problems involving sublinear terms
at infinity; (II) Elliptic problems involving oscillatory nonlinearities; (III) Competition phe-
nomena between pure power and oscillatory terms; (IV) Subelliptic problems on Heisenberg
groups; (V) Further research plans: questions & perspectives. In the sequel, we present a
brief description of these chapters.

In the first chapter we present some multiplicity results for parameter-depending elliptic
problems involving sublinear terms at infinity. In Section 1.1 we deal with a degenerate
elliptic problem defined on bounded domains of R", in Section 1.2 a bifurcation phenomena
on compact Riemannian manifolds is considered, while in Section 1.3 a multiplicity result for
a Maxwell-Schrodinger-type system is established. Roughly speaking, the common feature
of these sublinear problems is that for large parameters they have at least two nontrivial
solutions, while for small parameters there exists only the zero solution. Some stability (with
respect to subcritical perturbations) and asymptotical properties are also provided. The
results in this chapter are contained in the papers [80], [65], [78], [77] and [76].

In the second chapter we study elliptic problems which involve a nonlinearity with an os-
cillatory behaviour near the origin or at infinity. More precisely, we present two independent
approaches based on variational arguments in order to guarantee existence of infinitely many
solutions for elliptic problems involving oscillatory nonlinearities: 1) abstract approach, based
on Ricceri’s variational principle; and 2) direct approach, based on minimization and trunca-
tion arguments as well as on the continuity of superposition operators. In Section 2.1, by a
direct variational argument, we study an asymptotically critical problem on the unit sphere
S? (d > 5), by guaranteeing at least sq = [d/2] + (—1)¢"! — 1 sequences {u}}r C HZ(S9),
i € {1,...,s4}, of sign-changing weak solutions distinguished by their symmetry. Although
the studied problem is smooth (i.e., the energy functional associated with the problem is
of class C' on H %(Sd)), a specific construction requires the use of the non-smooth principle
of symmetric criticality together with a Rubik-cube technique to specific subgroups of the

orthogonal group O(d + 1). By Ricceri’s variational principle, in Sections 2.2 & 2.3 we treat
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a Poisson-type elliptic system and a differential incusion problem, respectively. The results
in this chapter are contained in the articles [67], [66] and [69].

In the third chapter we study a competition phenomenon in a model Dirichlet problem
between a pure power term u? and a nonlinearity f : R — R with oscillation near the origin
or at the infinity. We are able to fully describe this phenomenon, showing that the number of
distinct nontrivial solutions to the Dirichlet problem is strongly influenced by uP and depends
on the type of the nonlinearity f; roughly speaking, we can state that the number of solutions
of the model Dirichlet problem is influenced by the sublinear term «? (p < 1) when f oscillates
near the origin (with no effect by superlinear terms), and by the superlinear term u? (p > 1)
when f oscillates at infinity (with no effect by sublinear terms). The threshold value p = 1
is also discussed. The results in this chapter are contained in the papers [73] and [68].

In the fourth chapter we consider a subelliptic problem on a symmetric unbounded do-
main of the Heisenberg group H" = C” x R. By proving a general Lions-type compactness
embedding result for symmetric unbounded domains of H™, we observe that the natural
group action on the Heisenberg group H" is given by the unitary group U(n) x {1} and its
appropriate subgroups, which will be used to construct subspaces with specific symmetries
and compactness properties in the Folland-Stein’s horizontal Sobolev space. As an appli-
cation, we study the multiplicity of solutions for a singular subelliptic problem (both with
sublinear and superlinear terms) by exploiting elements from the critical point theory and
group-theoretical arguments on the unitary group U(n) x {1}. The results in this chapter
are contained in the recent paper [10].

In the fifth chapter we list some open problems based on the research presented in the first
four chapters. In Section 5.2 we formulate three classes of problems connecting PDEs either
with Finsler geometry or Heisenberg groups, which can be considered as starting points for
further investigation. In Section 5.3 we also present the recent research, teaching and mobility

activity of the author.
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Introducere

Obiectivul acestei teze este prezentarea rezultatelor principale a autorului in ceea ce
priveste existenta, ne-existenta, multiplicitatea gi comportamentul asimptotic ale solutiilor
unor ecuatii cu derivate partiale de tip eliptic. Caracteristica comuna ale acestor ecuatii
eliptice consta in faptul ca solutiile lor (slabe) apar ca puncte critice ale functionalelor de
energie asociate problemelor studiate. Pentru a studia probleme eliptice definite de domenii
marginte/nemarginite, vor fi combinate metode din teoria punctului critic (argumente de
minimizare, rezultate de tip minimax, principiul simetriei critice) cu elemente din teoria
grupurilor. Pe parcursul tezei, vor fi tratate probleme de tip model definite pe spatii Euclidi-
ene, pe varietati Riemann i grupuri Heisenberg, exploatand specificul analitic sau geometric
ale acestora.

Teza cuprinde cinci capitole: (I) Probleme eliptice cu termeni subliniari; (IT) Probleme
eliptice cu termeni oscilatoriu; (IIT) Competitie intre termeni de tip putere si de tip oscilatoriu;
(IV) Probleme subeliptice pe grupuri Heisenberg; (V) Directii de cercetare viitoare: intrebari
si perspective. In cele ce urmeaza, prezentam o descriere scurta ale acestor capitole.

In primul capitol prezentam rezultate de multiplicitate pentru probleme eliptice care
depind de un parametru real si contin un termen neliniar care are o crestere subliniara in
infinit. In Sectiunea 1.1 tratim o problemi eliptici degenerata, definita pe un domeniu
marginit in R™, in Sectiunea 1.2 prezentam un rezultat de bifurcatie pe varietati Riemann
compacte, iar in Sectiunea 1.3 este prezentatd un rezultat de multiplicitate pentru un sistem
de tip Maxwell-Schrodinger. Trasatura marcanta ale acestor probleme subliniare consta in
faptul ca pentru parametri mari exista cel putin doua solutii netriviale, iar pentru parametri
mici nu exista nicio solutie ne-nula. Sunt prezentate si cateva rezultate de stabilitate (in
raport cu perturbatii subcritice) si proprietati asimpototice ale solutiilor. Rezultatele din
acest capitol au fost publicate in articolele [80], [65], [78], [77] si [76].

In capitolul doi studiem probleme eliptice ce contin termeni neliniari de tip oscilatoriu
in jurul originii sau in infinit. Mai precis, pentru a garanta existenta unui sir de solutii
pentru problemele cu termen oscilatoriu, prezentam doua metode independente, bazate pe
argumente variationale: 1) metoda abstracta, bazata pe principiul variational a lui Ricceri; si
2) metoda directa, bazata pe argumente de minimizare, de trunchiere, i continuitatea unor
operatori superpozitionali. In Sectiunea 2.1, printr-o metoda variationald directd, studiem
o problema asimpototic-criticd pe sfera unitate S? (d > 5), garantand existenta a cel putin
sq = [d/2] + (1) — 1 de siruri {ul}y C HZ(SY), i € {1,..., 84} de solutii slabe, cu semn
ne-constant, care au proprietati diferite din punct de vedere simetric. In pofida faptului ca

problema studiati este netedd (energia functionald asociats problemei este de clasa C! pe
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H 12 (Sd)), o constructie speciala necesita aplicarea versiunii nenetede a principiului simetriei
critice Impreuna cu o tehnica din teoria grupului, bazata pe tehnica rezolvarii a cubului Rubik.
Prin intermediul principiului variational a lui Ricceri, in Sectiuniile 2.2 & 2.3 tratam un sistem
eliptic de tip Poisson si o problema de incluziune diferentiala. Rezultatele prezentate in acest
capitol au fost publicate in articolele [67], [66] si [69].

In capitolul trei studiem un fenomen de competitie intr-o problema Dirichlet intre un
term de tip putere si o functie neliniara f : R — R care are un comportament oscilatoriu in
jurul originii sau 1n infinit. Acest fenomen este descris complet, ardtand ca numarul solutiilor
netriviale, distincte ale problemei Dirichlet este tare influentat de termenul de tip putere u?
si depinde de comportamentul functiei f. Mai precis, aratdm ci numarul solutiilor pentru
problema Dirichlet este influentat de termenul sublinear u” (p < 1) cand f oscileaza in
jurul originii (cu niciun efect din partea termenilor superliniari), si de termenul superliniar
uP (p > 1) in cazul in care f are oscilatii in infinit (cu niciun efect din partea termenilor
subliniari). Cazul de prag p = 1 este tratat separat. Rezultatele din acest capitol au fost
publicate in articolele [73] si [68].

In capitolul patru consideram o problema subeliptica pe un domeniu simetric, nemarginit
a grupului Heisenberg H" = C” x R. Demonstrand mai intai o scufundare compacta de
tip Lions pe domenii nemarginite si simetrice a grupului H", observam ca actiunea cea mai
naturala pe grupul Heisenberg H" este data de grupul unitar U(n) x {1} si subgrupurile
acestuia. Aceste subrupuri stau la baza constructiei unor subspatii cu simetrii specifice
in spatiul orizontal Sobolev de tip Folland-Stein. Ca o aplicatie, studiem multiplicitatea
solutiilor unei probleme subeliptice singulare (cu termeni subliniari si superliniari), definite
pe domenii nemarginite si simetrice a lui H”, utilizand argumente din teoria grupurilor unitare
U(n)x {1} si elemente din teoria punctului critic. Rezultatele din acest capitol sunt publicate
in articolul [10].

In capitolul cinci listam mai intai cateva probleme deschise care au aparut pe parcursul
rezultatelor descrise in prezenta tezi. In Sectiunea 5.2 formulam cateva clase de probleme care
fac legatura intre ecuatii cu derivate partiale si geometria Finsler sau grupurile Heisenberg,
care pot fi considerate ca puncte de plecare pentru diferite cercetari. In Sectiunea 5.3 este

prezentata pe scurt evolutia profesionala/stiintifica a autorului.
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