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PREFACE

Geometrical theory of univalent functions, is one of the areas of complex analysis the
analytical rigor of reasoning is closely intertwined with the geometric intuition and the first
concepts were introduced in the early twentieth century when they appeared first major works such
as written by P. Koebe, T. H. Gronwall, I. W. Alexander, L. Bieberbach.

Is noteworthy that in developing this area of mathematics, Romanian mathematicians had
distinguished merit. Creator of Romanian school univalent functions theory is G. Calugareanu who
obtained necessary and sufficient conditions for univalention. Continuer it is Academician P.T.
Mocanu who has imposed worldwide with outstanding results and we mention a few, has
introduced new classes of univalent functions, alpha-convex functions or functions Mocanu, has
addressed the issue of nonanalytic function injectivity and has created together with S.S. Miller a
new method of study of specific classes of univalent functions and namely "admissible functions
method" or "method of differential subordination". Later, Academician P.T. Mocanu and S.S.
Miller introduced the dual concept of differential subordination called “differential
superordontion”. Under the leadership of Academician Mr P.T. Mocanu has been formed a strong
school of geometric functions theory in Cluj. Among his numerous collaborators at the national
level we mention: N.N. Pascu, G.S. Salagean, T. Bulboaca, G. Kohr, P. Curt, Gheorghe Oros, M.
Acu and others, and internationally, S.S. Miller, M.O. Reade, S. Ruscheweyh, S. Owa, R. Fourier,
M.K. Aouf and others.

In this PhD thesis have been obtained new results regarding the differential subordinations and
superordinations and some subclasses of univalent functions.

The paper contains four chapters, an introduction and a bibliography, containing 138 titles,
among which 21 are signed by the author.

In the first chapter, entitled "General on the concept of univalent function" and structured in
four paragraphs, are presented general problems concerning the theory of univalent functions, their
special family, analytic functions with positive real part and the concept of subordination.

The second chapter entitled "Special classes of univalent functions" is divided into nine
sections. Here are the important results on the class of starlike functions, convex, close-to-convex,
alpha-convex, alpha-convex p-symmetric type, starlike of a type, spirallike, stellate and convex of
order o and analytical with negative coefficients, being exposed definitions, lemmas and
fundamental theorems. These notions and results are necessary to confirm the original results
contained in Chapter IV.

The next two chapters contain original results, already published or under publication.
"Differential subordination and superordination" is the third chapter and is divided into ten
paragraphs. In the first two paragraphs are definitions, lemmas and fundamental theorems for
differential subordination and Briot-Bouque differential subordination. These notions and results
are necessary to confirm the original results contained in the following paragraphs of this chapter.
In paragraphs I11.3 and II1.4 were determined applications of differential subordination and Briot-



Bouque differential subordination and are contained in [57], [61], [64]. In the following two
paragraphs are the basic definitions and theorems for superordination differential and Briot-
Bouque differential superordination, necessary to confirm the original results contained in the
following paragraphs of this chapter. Some of these results are contained in [56]. In paragraph I11.7
were determined applications of Briot-Bouque differential superordination obtained by using
integral operators, and [54], [55], [58] containing the results. II1.8 paragraph contains applications
of differential subordination and superordination and theorems sandwich. These results are
contained in [63], [65], [66]. Using the Ruscheweyh operator in paragraph I11.9 were determined
and subordination and differential superordination for analytical functions. The results of this
paragraph are contained in [67]. In the last paragraph of this chapter are presented using
subordination and superordination differential operator /,(r,4)f(z) are contained in [60], [68].
The last chapter entitled "Subclasses of univalent functions" is structured in six sections. All
results of this chapter are original. In paragraph IV.1 are shown subclasses of univalent functions
defined by convolution, denoted, S g*, K,, C o> and are contained in [62]. Paragraph IV.2 entitled

"Subclasses of normalized starlike and convex functions" show the subclasses denoted S™(¢),
K(¢), contained in [69]. The following paragraph is an intermingling of the previous paragraphs,
within the meaning that we determined subclasses of normalized univalent functions defined by

convolution, denoted, S ;({ ), K, (&), C, (&), M, (&), S'y,g (&) . These results are contained in
[70]. Subclasses of normalized starlike and convex functions of order o« are presented in
paragraph 1V 4, are denoted S™(a;¢), K(a;¢), and are contained in [71]. Results of paragraph
IV.5, subclasses of normalized alpha-convex functions, denoted M (&), are contained in [72].

The last paragraph of this chapter is entitled "Subclasses of univalent functions with negative
coefficients" presents a new class of functions denoted 7, , () and these results are contained in

[73].

On this way I want to bring sincere thanks and to express my feelings of esteem and respect for
scientific leader of the work, academician Mr. Petru T. Mocanu for the way he direct the
development of this work, for the support and confidence that inspired me and permanent
encouraging . Also, my thanks goes to prof. dr. Grigore St. Salagean whose results in field of
functions with negative coefficients have been very helpful, Mrs. prof. dr. Gabriela Kohr, and
other professor of the Department of Theory of Functions. And last but not least I would like to
thanks my children, parents and husband for support, understanding, encouragement and support.

In what follows, I have selected the most important results of each chapter.



I. GENERAL ON THE CONCEPT OF
UNIVALENT FUNCTION

In this chapter are presented the basic concepts and results on theory univalent
functions, their special family, analytic functions with positive real part and the notion of
subordination.

I.1. General issues concerning the theory
of univalent functions

Definition I.1.1 [38]: Let the domain D < C and let the function f: D — C. We say that
function fis univalent function, if f € 7/ (D) and f'is injective on D.

Definition 1.1.2 [38]: We denote with: 7, (D) = { f € Z (D): f'is univalent on D }. 7, (D) denote
the classes of univalent functions.
Theorem 1.1.1 [20,38]: If the function [ € 7, (D), then f'(z)#0, for any zeD.

Corollary 1.1.2 [38]: Let D be a convex domain in the plane C, f € Z (D) such that
Re f'(z) >0, for any ze D, thenf e 7, (D).

I.2. Special families of univalent functions in U

We denote the open unit disc in complex plan: U = {z eC: |z| < 1} .
The set of functions f :U — C holomorphic in the unit disc is denoted by H (U).
For a e C and ne N", we denote
Hla.nl={fe Z(U): f(z)=a+a;z +a,,z"+.},
A={fe HWU): f(z)=z+a, 2" +a,,z"" +} ,
and for n=1, A= A.

An important place they occupy in the theory of univalent functions of class S of
functions of the form:

f(2)=z+a, 2’ +a, 2 +..+a,z"+.., zeU,
holomorphic and univalent in the unit disc U.
Wedenote: S={fe Z,(D): f(0)=f'(0)-1=0}.
Theorem 1.2.4 [7]: IffeS, f(z)=z+a,z° +a,z’ +..+a,z" +.., zeU, then a, satisfie the
relation |a2| <2. Equality holds |a2| =2 if and only if f is a Koebe function,
iff(z)zKAz)z%, zeU, teR.
(l+e”z)
Conjectura 121 [9]: If f €S, f(z2)=z+a,z’ +a, 2’ +..4a,z" +..., zeU , then |a,|<n for any

neN, n>2.



Corollary 1.2.3 [95]: Class S is compact.
I.3. Analytic functions with positive real part

Definition 1.3.1 [95]: We introduce a class of functions P = {p € Z(U) : p (0)=1, Re p(z) >0,
zeU } called class of Caratheodory functions.

Definition 1.3.2 [95]: We introduce a class of functions 5= { ¢ € Z(U) : ¢(0) =0, |(p(z)| <1,
zeU } called class of Schwarz functions.

Theorem 1.3.4 [18]: If peZ p(z)=1+p z+p,z° +.., zeU, then |pn| <2 for any neN".
Equality holds if and only if:

1+iz} zeU, 1€C,
1-Az

p(z2)= Al=1.

1.4. Subordination

Definition 1.4.1 [95]: Let the functions f, F € 7 (U). We say that function f'is subordinated to the
function F and we note f<F or f(z)<F(z),zeU if there is a function we Z (U), with
w(O) =0 and ‘w(z)‘ <1, zeU such that f(z) = F[w(z)], zeU.

Theorem 1.4.1 [95]: Let the functions f, F' € 7 (U) and suppose that F is univalent in U. Then
f(z)< F(2),z€U ifand only if £(0)=F(0) and f(U)cF(U).

Corollary 1.4.1 [49]: Let the functions f, F' € 7/(U) such that F is univalent in U.

a) If £(0)=F(0) and f(U) F(U), then f(U,)< F(U,),0<r<L.

b) The equality f(a):F(U_r) there is a r <1 if and only if f(U):F(U) or f(z)zF(/IZ),
14| =1.

I1. SPECIAL CLASSES OF UNIVALENT FUNCTIONS

In this chapter are presented the important results on starlike functions, convex
functions, close-to-convex functions, alpha-convex functions, p-fold symmetric alpha-convex
functions, starlike functions type « , spirallike functions, starlike and convex functions of order « ,
analytic functions with negative coefficients, being exposed to definitions, lemmas and
fundamental theorems.

I1.1. Starlike functions

The starlike functions are first introduced in 1920 by J. W. Alexander.
Theorem I1.1.1 [95]: Let the functin [ € 7 (U), f(0) = 0. Then function f is starlike in U if and
only if f'(0)#0 and



RCL’(Z)>O, zelU.
f(2)

Definition IL.1.6 [95]: Let S™ = {feA: Re% >0, zeU }. S* denote the class of starlike
z

Sfunction. .
Theorem I1.1.3 [95]: Class S is compact.

Theorem I1.1.5 [50,101]: If feS", where f(z)=z+a,z" +a,z" +..+a,z"+..., zeU, then
|an|Snf0rany neN, n>2. Equality holds if and only if f(z)=K (z), zeU, reR.

I1.2. Convex functions

The convex functions were introduced in 1913 by E. Study [138], and their study was
continued T. H. Gronwall [35] and K. Lowner [50].

Lemma I1.2.2 [123]: Let the function p € 7 (U), such that Re p(0) >0 and let @ € R. Then:

Re{p(z) +a L’(Z)}
P(2)

Theorem I1.2.1 [95]: Let the function f € 7/ (U). Then function f is convex in U if and only if
f'(0)#0 and

>0, zeU = Rep(z)>0, zeU.

Re Zf, (2)
/()
Definition IL1.4 [95]: LetK = {fe.A: Re>

+1>0, zeU.

’((i) +1>0, zeU }, K denote the class of convex
z

Sfunction.

Theorem I1.2.2 [95]: The function f €K if and only if g€ §", where g(z)=z f'(z), zeU or
feK © zf'(z)eS .

Theorem I1.2.5 [95]: Class K is compact.

Theorem 11.2.6 [50): If feK, f(z2)=z+a,z’+..+a,z"+.., zeU, then |an| <1 for any

neN, n>2. Equality holds if and only if: f(z)= ,zeU, reRR.

z
1+e" z
G. S. Salagean and S. Ruscheweyh introduce two differential operators which allow, in
certain situations, study the stars and convex functions simultaneously and of their subclasses.

Definition I1.2.8 [125]: Let D" be the Sdlagean differential operator, D" : 4 — A4, neN,
defined as:

D'f(2)= f(2),

D'f(z)=Df (2) =z f'(2),

D"f(z)=D(D""f(2)).



Observation I1.2.10: If function f e .4, f(z)=z+) a,z’, zeU, then:

J=2
D"f(z):z+2j”aj2'j, zeU.
j=2
Definition I1.2.9 [125]: We say that function f € .4 is n-starlike, n € N, if verify inequality:
n+l
R D @)

. >0, zeU.
D"f(z)

We note S, class of these functions.
Theorem 11.2.10 [5] Let ¢ .4 is convex, g€ S andF € # (U) such that Re F(z)>0, zeU.

* [
Then ¢_g is convex.

g*g
Definition I1.2.11 [121]: Let R" be the Ruscheweyh differential operator, R" : A — A4, neN,
defined as:
27 /()"
R"f(Z)Z(—,,H f(z )_¥, zeU.

Observatia 11.2.12 [121]: If the functionf e A4, f(z)=z+ Zaj z/, zeU, then

J=2

Rf(z)_quZc;;H1 a,z/,zeU.

I1.3. Close-to-convex functions

Definition I1.3.1 [95]: 4 function f: U — C, f € Z (U) is called close-to-convex if there a

convex function @ in U such that:

f (2) >0, zeU.
e
We say that function [ is close-to-convex against with the function ¢ .

Definition I1.3.2 [95]: We denote C = { f e A: ek, Re%> 0,zeU }, C denote the
Q'(z

class of close-to-convex function.
Theorem 11.3.1 [43,106]: Let the domain D c C and let the function f €H (D). Suppose that

there a function @ € Hy (D) such that (D)= A is a convex domain. Then Re fg ; >0, ze D (ie
o' (z
function f is close-to-convex against with @) involving the function f is univalent in D.

Theorem I1.3.3 [116,117]: If f€C, f(z2)=z+a,z’ +..+a,z" +..., zeU, then |an|£n for any

n>2. Equality holds if and only if f(z)=K (z)=

zeU, teR.
(1+e”z)
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I1.4. Alpha-convex functions (Mocanu functions)

In order to establish a link between the notions of convexity and the star, in 1969, P. T.
Mocanu [92] introduces the concept of alpha-convexity. Later their various properties were
obtained by P. T. Mocanu, S. S. Miller and M. O. Reade [88,89].

Theorem I1.4.1 [92]: Let the function f alpha-convex on the circle {z € (C:|z| = r} if and only if
ReJ(a, f;2)>0 for |Z| =r, where:

J(a,f;z)z(l—a)m+a(l+wj.

f(2) /(@
Definition 11.4.3 [92]: We denote M, = { f e€Z (U : f(0)=f'(0)-1=0,
M;ﬁ 0,ReJ(a, f;2)>0,z€U}, M, denote the class of alpha-convex functions or
z
Mocanu functions.

IL.5. p-fold symmetric alpha-convex functions

Definition I1.5.1 [26]: Let aelR and peN, p=1. We denote
M,, = {f eM,:f(z)=z+a,, z"" +a,,, 2" +.. z¢ U}, M, , denote the class of p-fold

symmetric alpha-convex functions.

Theorem I1.5.2 [26]: If the function feM_ , where a >0 and z €U is a fixed point, then:

a,p’

1 1
[-M(=r".ap) |y <|f@)|<[MG".ap)]r,
1 “
where M (r,a) = lj; P ~dp | . Equality is achieved (both sides) if the function f is form
a

(1-p)~

f@=[K (" ap)].

I1.6. Starlike functions type &

Definition 11.6.1 : Let the function f €S . We say that function f is starlike type o, and note
feSlal if a=a(f)=suwp{f:feM,}.

Definition 11.6.2: Let aelR and peN, p=1. We denote
S;[a] = {f eS*lal: f(z)=z+a,, z" +a,,, Mt ze U} , S;[a] denote the class of

starlike function type o p- symmetric.



Theorem IL6.1 [26]: The function f €S [a] if and only if geS[ap]l, a>0, where

f@)=[gE)], p=2.3,...

I1.7. Spirallike functions

In 1932, L. Spacek [136] presents a generalization of specific functions and class
spirallike functions.

Theorem I1.7.1 [8]: Let the function f eH (U), with f(0)=0, f'(0)#0 and f(z)#0, zeU

and let y e(—%,%). Then function f is spirallike type y if and only if:

Re{ei7L’(z)}>O, zeU.
f(z)

Definition I1.7.7 [8]: We denote gyz{ fe A4 Re{e”%}>0,zeU}, where
Z

y € (—%,%j S ,» denote the class of type y spirallike functions.

I1.8. Starlike and convex functions of order &

Definition I1.8.1 [95]: Let 0<a <1. We denote S*(a):{ fed :ReL(Z))>a,zeU}, S*(a)

V4

denote the class starlike functions of order « .

Definition I1.8.2 [95]: Let 0<a <1. We denote: K(a):{ fed: ReL((j)+l>a,zeU},
z

K(a) denote the class convex functions of order « .

I1.9. Analytic functions with negative coefficients

Definition I11.9.1: We denote: T = {f eS: f(z)= Z—Zan z",a,20,neN\{0,1},z € U} and
n=2

T"=TNS", T" denote the class starlike functions with negative coefficients, T (a)=T NS (@),

T"(a) denote the class starlike functions of order o with negative coefficients, T° =T NK,

T denote the class convex functions with negative coefficients and T(a)=T N K(a), with
0 < a <1 denote the class convex functions of order o with negative coefficients.

2/@ zeU}.

(2)

Definition I1.9.2: We denote: T, = { feT:




Theorem 11.9.2 [134]: Let the function f defined by the relation (11.9.1). Then f €T (a) if and

only if: Z a, <1 and [ €T (a) if and only if: Z

n=2 1 —a n=2

n—-o n

ln_a)an <I.

III. DIFFERENTIAL SUBORDINATIONS AND
SUPERORDINATIONS

In this are presented chapter the definitions, lemmas and the fundamental theorem on
differential subordinations and superordinations, Briot-Bouque differential subordinations and
superordinations, and their applications and using various functions and linear operator.

II1.1. Differential subordinations

The method of differential subordination, known as the method admissible functions is
one of the latest methods used in the geometric theory of analytic functions and was introduced by
S. S. Miller and P. T. Mocanu in [76,77] and then developed in many other work.

Definition III.1.1: Let v :C’xU — C and let the univalent function h in unit disc U. If the
function pe A [a,n] satiesfies the differential subordination:

y/(p(z),zp '(2),2° p"(2); z) <h(z), zeU, (II1.1.4)
then function p is called an (a, n) solution of the differential subordination (111.1.4).
Definition II1.1.2: Subordination of the relation (111.1.4) is called a second-order differential
subordination, and the univalent function q in U, is called (a, n) dominant solution of the
differential subordination (111.1.4).
Definition I11.1.3: A dominant q that satisfies q (z) < q(z) for all dominants q of relatia (111.1.4)
is said to be the best (a, n) dominant.
Definition 111.1.4: Let w:C’xU — C and let the univalent function h in unit disc U. If p is a

function analytic in unit disc U and satiesfies the differential subordination of relation (111. 1.4),
then function p is called solution of the differential subordination.

Definition II1.1.5: The univalent function q is called a dominant the differential subordinationn
of relation (11.1.4), If p<q, for any p care satisfies the relation (111.1.4).

Lemma IIL1.1 [76]: Let z, =1y, with 0<r, <1 and let f(z)=a,z"+a,, z"" +... a function
be continuous on U (0; ryg) and analytic on U(O;ro)u {ZO} with f(z);:ZO and n>1. If
|f(zol = max{ |f(zl :zeU(0;r )} then there a real number m, m > n, such that:
a) —ZOf(ZO):m; b) Re—zojj (Z°)+12m.
f(z) 1(z)
Definition I11.1.6: We denote by O the set of functions q that are analytic and injective on
U \E(q), where
E(q)= ié’ eoU: limq(z)= oo},

z—>¢

10



and are such that q'(é’);t 0 for { eoU\ E(q) Let E(q) is called exception set. Denote by O (a)
the subclass Q@ for which q(0)=a.

Definition II1.1.6 [76, 77]: Let the set of Q c C, let the function g€ Q and ne N,n>1. We note
with P, [Q,q] class functions w : C* xU — C that satisfy the condition l,//(r,s,t;z) ¢ Q), whenever:

r=q(¢),s=m¢ q'&), ReFH}ZRe{MH}, (IIL.1.5)
s q'(¢)

where zeU, ¢ €dU\E(q) and m>n. The set of ¥,[Q.q| is called class of admissibile
functions, and the condition l//(r,s,t;z) ¢ Q is called the admissibility condition.

Theorem 111.1.3 [82]: Let y € ¥, [h,q], where q(0) = a and y(a,0,0;0) = h(0). If the function
p(z)=a+p,z"+.., peX [a,n], and the function l,//(p(z),zp'(z),z2 p"(2); z) e #(U), then we
have:

w(p(2),2p'(2).2p"(2); ) < h(z) = plz)<qlz) .

Theorem I11.1.4 [76,77]: Let the univalent functions h,q € 74,(U), with q(0) = a and we note
h,(z2)=h(pz), q,(z2)=q(pz). Let the function vy : C’xU - C, with w(a,0,0;0) = h(0) satisfy

one of the following conditions:
a)pyeV¥, lQ,qu, for some p €(0,1), or

b) there exists p, € (O,l) such that y € Y, [hp,qu , forany pe (,00,1).
If  the  function p (z) =a+p,z"'+.., peEH [a, n] , and the  function
l//(p(z),zp'(z),zzp"(z); Z) e # (U), then we have:
w(p(2).2p'(2).2°p"(2); 2) < h(z) = plz)<q(z) .
Theorem I11.1.7 [53]: Let the function p(z) =a+p,z"+.., peX [a,n].
a)lfyeY¥, [Q,a], then we have:
l//(p(Z),Zp'(Z),Zzp"(Z); Z)EQ ,zeU = |p(z)| <1, zeU.
b)lfyeV¥, [a] , then we have:
W(p(z),zp'(z),zzp"(z);Z)<1, zeU = |p(z)|<l, zeU.
Theorem I11.1.9 [95]: Let the function p(z)=a+p,z"+..., peX [a,n].
a)lfyeY, {Q,a}, then we have:
v(p(2).2p'(2).2°p"(2);z)eQ, zeU = Rep(2)>0, zeU.
b)lfyeV¥, {a}, then we have:
y/(p(z),zp'(z),zzp"(z); z) >0, zeU = Rep(z)>0, zeU.
Theorem II1.1.11 [53]: Let the function p(z) =a+p,z'+.., peXH [a,n], where |a| <1 and let
the function P:U — C, with |P(z)| <1, zeU. Then we have:
|p(z)+P(z)zp'(z)| <l, zeU = |p(z)| <1, zeU.
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Theorem II1.1.12 [53]: Let the function p(z):a+pn Z"+.., peX [a,n], where |a| <M,

M >0 and let the function P:U — C, with |P(z)| <M, zeU. Then we have:
|p(z)+P(z)zp'(z)|<M, zelU = |p(z)|<M, zeU.

Definition II1.1.7: Let ¢ € C, with Rec >0, let ne N* and let

Q=Q@=”{HLﬂR“+m%.

Rec n
. . . . 2C z )
If the univalent function R is defined in U by R(z)= " *—, then we note with R, the ,,Open
-z
Door”function defined by the relation:
RC”(Z)zR Z+_b =2Cn (Zjb)z(l+b2)2,Whereb:R71(C).
’ 1+bz (1+bz)" —(z+Db)

Lemma IIL.1.7 ( lema ,,Open Door” ) [85]: Let ceC, with Rec>0, let ne N* and R,
the,,Open Door” function and let the function P e 7 [c,n]satisfy the differential subordination

P(z)<R,,(z). If the function peZ [l,n} satisfies  the differential  eqution
c

zp'(z)+ P(z) p(z) =1, then Rep(z)>0, zeU.
Theorem II1.1.14 [83,84]: Let the functions ¢,p< 7 [Ln], with ¢(z)p(z)#0, zeU. Let

a,B,y,0eC, with B#0, a+6=p+y and Re(a +0) > 0. Let the function f €A, and suppose
that

P(2)=a?l B 209G 5 k()
/() o2)
where R is the ,,Open Door” function. If F =1, (f) is defined by

1

4F@)={f%%%jgf“0)ﬁ4qKﬂdﬁﬂ=z+u£HZ“khw
then Fe A,, F2) #0, zeU, and
Re{ﬂZFV(Z)+Z¢'(Z)+;/}>O, zeU.
F(z)  ¢(2)

II1.2. Briot-Bouquet differential subordinations

Definition I11.2.1: By Briot—Bouquet differential operator means an operator of the form:
q)(P(Z),Zp'(Z)), where ®©(r,s)=r+ S

Br+y
Definition I11.2.2: Let S,y €C, let the function heH(U) and let the function peH(U),

p(2)=h(0)+ p, z+..., with p(0) = h(0). By Briot—-Bouquet differential subordination understand
form:
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zp'(z)
p(z)+ —,6’ ()7 < h(z).

Lemma I11.2.1 [95]: The function L(z,t)=a,(t)z+a,(t)z" +a,(¢) 2z’ +..., with a,(t) =0 for t>0

and 1im|a1 (t)| =0, is a subordination chain if and only if there exist constants r € (0,1] and M >0
t—

such that:

a) L(z,t) is analytic in |z| <r for each t>0, is measurable in [0,0) for each |z| <r ,and

satisfies |L(z,t) < M|a1 (t)| for |Z| <randt>0.

b) There a function p(z,t) analytic in U for any t €[0,0) and measurable in [0,0) for each

J OL(z,t) _ i OL(z,t)
ot 0z

zeU, such that Rep(z,t)>0, zeU, t=20 an

p(z,t) for |z|<r and for

almost all t €[0,).
Theorem IIL.2.1 [78,79]: Let [,y €C, with f#0 and let be the convex function h which
satisfies:
Re[Bh(z)+7]>0, zeU.
If the function p €’ H [h(0),n], then we have:
p()+—2LE ) = pe)<h).
Bp(z)+y
Theorem I11.2.4 [85]: Let B,y € C, with [ +#0 and let be the univalent function qe H,(U),
with q(0) = a, such that fq(z)+y#0, zeU and Re[,B q(0)+ 7/] > 0. We denote:
zq'(z) nzq'(z)
0(z)=—————and h(z)=q(2)+nQ(2) =q(z) + —————.
Ba(2)+y Fa(z)+y
Suppose that:
a) R6M=Re{ﬂq(z)+}/+%} >0, zeU
0(z) BO(2)

and
b) & is convex or
b’) log[f q + y]lis convex (or Q is starlike).

If pe 7 [a,n] satiesfies the Briot — Bouquet differential subordination
)+ L9 e, (I11.2.10)
Bp2)+y
then p(z)<q(z) and the function q is (a, n) dominant solution of the differential subordination

(ITL.2.10). The extremal function is p(z)=q(z"), and the function q is solution of Briot — Bouquet
differential equation.
Theorem II1.2.13 [78]: Let be the univalent function q € H,(U) and let 6,¢ € H(D), where

D o qU), such that ¢p(w)#0, we q(U).
Sa note O(z)=z4q'(z) ¢(q(z)), h(z) :H(c](z)) +Q(z) and suppose that:

a) h is convex or Q is starlike inU,

13



b) Re2/(2) Re{e'(q(z))ﬂQ(z)}o zeU.
0(z) #q(2))  O(2)

If function p € H(U), with p(0) = q(0) and p(U) < D, then we have:

0(p(2)+ 2P (2)9(p(2) < 0g(2)+ 24 () Pla(2))=h(z) ~ (L.231)
implica p(z) < q(z), and the function q is the best dominant of the subordination (111.2.31).

I11.3. Applications of differential subordinations

In paragraph were determined applications of differential subordinations, using

function ¢(z) = i+ Az

. The results are original and are contained in [57], [61].

Az ith Ae(“1.0)U(0.1) and let a<(0.1],
z

Theorem IIL.3.1 [61]: Let g H.(U), g(z)= 1+

1_a+%>0.]fpe HU), with p(0) =q(0)=1 and
a p—

such that

. 144z 24z . .
(l-a)p(2)+azp'(z)<( a)l—Az+a(1—Az)2 , then p(z) <q(z).

Theorem TIL3.2 [61]: Let Ae(~1,0U(0,1) and leta < (0,1], such that 1—“+% 0. If
a

p e H(U), with p(0) =1 and

(=) p(z)+az p'(z) < (—a) A7 4 o242 _, then Rep(z)>0.
1-A4z (1-42)

Theorem II1.3.3 [61]: Let g€ H,(U), q(z)= iJ“jZ , with A€ (-1,0)00(0,1) and let o, >0,
—AZ
y €(0,1], such that

2altd B 1+, (I11.3.9)
y1-4 y 1-4

If pe H(U), with p(0) =q(0)=1 and

2
1+Azj L plrAz 242 e p(z) < q(2).

+
1-Az 1-Az (l Az)
Theorem I11.3.4 [61]: Let A€ (—1,0)U(0,1) and let o, B >0, y €(0,1], suppose that satisfies the
relation (111.3.9). If p € H(U), with p(0) =1 and

1+A4z) 144z 24z
+p +y =,
1-Az 1-4z " (1-A4z)

ap’(2)+ Bp(z)+yzp'(z) < a(

ap’(2)+Bp(z)+yzp'(2)< 0{ then Re p(z)>0.

A2 ith 4e(=1.0)U(0.1) and let a>0
z

Theorem IIL3.5 [61]: Let qe H,(U), q(z)=1+

and f € (0,1], such that:
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1-4° 2A4-2A%

— +(f-D)—/—————>0, 111.3.16

1-24+ A% % )1—2A2+A4 ( )
(l-a)p 1+4 1 2A4

+ +1+— [+ (B -1 >0. I11.3.17

a 1-4 P o % )1—A2 ( )

If pe HU), with p(0) =¢g(0)=1 and

B p-1
B . f-1 1+ Az 3 1+ Az 24z 1+ A4z
(p(2)) [A—a)+ap(z)]|+azp'(z)(p(2)) -<£1—AZJ [(1 a)+a1—Az}_a(l—Az)2[l—Az)

then p(z)<q(z).
Theorem I11.3.6 [61]: Let A< (-1,0)U(0,1), let >0 and p <(0,1], suppose that satisfies the

relations (111.3.16) and (111.3.17). If p € H(U), with p(0) =1 and

B p-1
Vij , p-1 1+ A4z B 1+ A4z 24z 1+ Az
(p(2)) [A-a)+ap(2)]+azp'(z)(p(z)) <( ] {(l a)+a }-a(l—Az)z(l—AzJ

1-Az 1-Az
then Re p(z)>0.
Theorem I11.3.7 [57]: If the function f €A , then:
" (a) ' ()
zf(z)_'_1<1+z:>zf(z)< 1 :>f(z)_< 1 ‘
f'(2) -z f(z) 1-z z -z
Theorem I11.3.8 [57]: If the function fe A and 0< AL, then:
" (a) ! (b)
Zf(Z)+1_<1+AZ:Zf(Z)_< 1 :f(z)< 1

f(2) 1-Az = f(z) 1-Az z  1-Az
Theorem I11.3.9 [57]: If the function f € A , then:
Zf"(z)+1<1+z(:a;f'(z)< ! > (i_;f(z)< ! )
f'(2) -z (1-2) z 1-z

Theorem I11.3.10 [57]: If the function fe A and 0< AL1, then:

Zf"(z)+l—<1+AZ(:a;f'(z)< ! z(i_;f(Z)< ! .
f'(2) 1-Az (1-4z) z 1-Az

I11.4. Applications of Briot-Bouquet differential subordinations

In paragraph were determined applications of Briot-Bouquet differential subordination,

I+dz . The results are original and are contained in [64].

using the function g(z) =

Theorem II1.4.1 [64]: Let g€ H,(U), q(z)= 1+AZ, where Ae(-1,0)0(0,1). If pe H(U),
z

with p(0) =¢q(0)=1 and
p(2)+

Zp'(z)_< 1+AZ+ 24z

, th < .
pe) d—az 1—a e P <ak)

15



Theorem I11.4.2 [64]: Let g H,(U), q(z):i+AZ, where A € (—1,0) U (0,1). If pe HU),
z

with p(0) = q(0) =1 and

zp'(z) 1+Az 24z
< + )
p(z) 1-Az 1-4>7
Theorem I11.4.3 [64]: Let A< (—1,0)U(0,1) and let be the convex function h in U, with h(0)=1.
Suppose that satisfies differential eqution:

h(z)=q(z)+ Z;('S)  zeU. (I11.4.9)

satisfies q(0)=1 and h(z) < ¢q(z).

p(z2)+ then Re p(z)>0.

Az

has the univalent solution q(z) = 1+
—Az

If feAand sz—'(z) is univalent, %’(;) e H[L,1]N Q and

(2) F(z

%,S)<h(z), zeU, then %,S)<q(z), zeU,

where

F(z)= j;@ah . (11L.4.12)

Theorem 111.4.4 [64]: Let A€ (—1,0)U(0,1) and let the function h defined by (111.4.9). If f € .4

and 2f'(2) is univalent, L’(z)e H [L1]N @ and
f(z) F(z)

G L pey. zeU . then ReZEE S0 zeu,
f(2) F(z)
where the function F is defined by (111.4.12).

Theorem IIL4.5 [64]: Let g € Ho(U). q(z) = j 2 with Ae (~1,0)U(0,1), such that:

1-A4z
4 Al-yp)
1-4 l+y+A4-Ay
1
>
(1-4)(A+y+A4-Ay)
(I+y) =24y(1+ )+ 247 (y - 1) - A*(y-1)> > 0. (I11.4.21)
If pe H(U), with p(0) =¢(0)=1 and
p(2)+ zp'(2) <1+Az+ 24z )
p2)+y 1-Az (-Az)(+y+Az—-Ayz)

Theorem I11.4.6 [64]: Let g€ H,(U), q(z)= 1+ Az , with A € (—1,0)U(0,1) and suppose that
z

1+ >0, (111.4.19)

0, (111.4.20)

then p(z)<gq(z).

satisfies the relations (111.4.19), (111.4.20) and (111.4.21). If p € 'H(U), with p(0) = q(0) =1 and

zp'(z) 1+A4z 2A4z
p(z2)+ < +
p(2)+1 1-Az (-Az)(+y+Az—Ayz)

, then Rep(z)>0.
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Theorem I11.4.7 [64]: Let A< (—1,0)U(0,1) and let be the convex function in U, with h(0)=1.
Suppose that satisfies differential eqution:

W) =g+ 2Ly (111.4.29)
q(z)+y
has the univalent solution q(z) = I+dz satisfies q(0)=1 and h(z)<q(z). If fe.A4and L))
1-Az f(2)
is univalent, ZF((? e 7 [L1]Nn Qand
z
M<h(z), zeU, then L(Z)< q(z), zeU,
/() F(2)
where
F(z)= L“j f)e " dr. (I11.4.32)
z7 J0
Theorem I11.4.8 [64]: Let A< (—1,0)U(0,1) and let the function h defined by (111.4.29). If f € A4
and 2/ is univalent, 2F(2) e Z [L1]Nn Qand
f(2) F(2)
ZIG) L pey. zeU . then ReZEE S0 zeu,
/(@) F(2)

Where the function F is defined by (111.4.32).

I1L.5. Differential superordination

Differential superordination method was introduced by S. S. Miller and P. T. Mocanu
in article ,,Subordinants of Differential Superordinations” [86]. Using these methods allowed to
obtain new results in the geometric theory of analytic functions.

Definition 111.5.1: Let f and F be members of 7/ (U). The function f'is said to be subordinate to
F, or F is said to be superordinate to f, if there exists a function w analytic in U, with w(0)=0
and |w(z)| <1, such that f(z)= F(W(Z)). In such a case we write f<F or f(z)=<F(z). If the
function F' is univalent, then f < F ifandonlyif f(0)=F(0) and f(U)c FU).

Definition 111.5.2: Let ¢:C’xU — C and let be the univalent function h in unit disc U. If the
function pe A [a,n] satiesfies the differential subordination:

h(z) < ¢(p(2).zp(2).2" p"(2):z), zeU, (I1L.5.4)
then function p is called (a, n) solution of the differential superordination (111.5.4).
Definition II1.5.3: The superordination (111.5.4) is called the second-order differential
superordination, and the function q univalent in U, is called (a, n) subordinant solution of the
differential superordination (111.5.4).

Definition I11.5.4: Let ¢:C’xU — C and let be the univalent function h in unit disc U. If p is a

function analytic in unit disc U and satisfy the differential superordination (111.5.4), then function
p is called solution of the differential superordination.
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Definition IIL.5.5: The univalent function ¢q is called a subordinant of the differential
superordination (111.5.4), If g < p, for any p which satisfies the relation (111.5.4).

Definition I11.5.6: A subordinant q such that q(z) < c}(z) for all subordinants q of (111.5.4) is

said to be the best subordinant.
Definition I11.5.7 [77, 81]: Let the set of Q c C, let the function q € 7/ [a,n] and neN,n>1.

Denote with @, [Q,q] the class functions ¢:C’xU —C that satisfy the condition
(0(7*,5,1;{) e Q, whenever:
r=q(z),s = 29 (Z), Re£+1SlRe L(Z)Jrl ,
m S m q'(z)
where zeU, {€0U and m=n. The set of @, [Q,q] is called class of admissible functions, iar

the condition (p(r,s,t; Z) € Q is called the admissible condition .
Theorem IIL.5.1 [85]: Let QcC,qge H[a,n] and let pe®, [Q,q], where q(0) = a. If the
function p e I(a) and(p(p(z), zp'(z),z° p"(2); z) is is univalent function in unit disc U, then

Qc {gz)(p(z),zp'(z),z2 p"(2); z), zeU } = q(z) < p(z).
Theorem II1.5.2 [56]: Let QcC, let g€ 7 [a,n], with q(0) =a and let pc®, [Q,qp],for
some p 21, where q,(z)=q(pz). If the function p € & (a) and go(p(z),zp'(z),z2 p"(2); Z) is is
univalent function in unit disc U, then
Qc { ¢(p(z),zp'(z),zzp"(z); z);z € U} = q(z) < p(z) )
Theorem II1.5.3 [86]: Let q < 7/ [a,n] and let be h analytic in U and let p €D, [h,q]. If the
function p e O (a) and the function (p(p(z),zp'(z),z2 p"(2); z) is is univalent function in unit
disc U, then
h(z) < go(p(z),zp'(z),zzp"(z); z) = q(z) < p(z) .
Theorem II1.5.4 [56]: Let Qc C, let the functions h,q € # [a,n], with q(0) = a and note
h,(z2)=h(pz), q,(z)=q(pz). Let the function ¢ CxU — C, with ¢(a,0,0;0) = h(0) satisfy one
of the following conditions:
a) ped, [Q,qp],forsomepz 1,
or
b) there un p, >1 such that p € @, [hp,qp] forany pe (1,,00) )
If the function p € & (a) and the function go(p(z),zp'(z),z2 p"(2); Z) is univalent in unit disc U,
then
h(z) < go(p(z),zp'(z),zzp"(z); z) = q(z) =< p(z) .
Theorem I11.5.5 [86]: Let be h a analytic function in U and let ¢:C*xU — C. Suppose that the
differential equation:

0(9(2).24'(2).2°q"(2): z) = h(z)
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has solution g€ @ (a). If pe d)[h,q], pe @ (a) and ¢(p(z),zp'(z),22p"(z); z) is univalent in
U, then:
h(z)—< (p(p(z),zp'(z),zzp"(z); Z) = q(z) < p(z) .
and the function q is the best subordinant .
Theorem I11.5.6 [56]: Let be the univalent function he Z,(U) and let ¢:C xU — C. Suppose

that differential equation:
o(q(2), 24(2).2°¢"(2): 2) = h(z)
has solution g, with q(0) = a, and one of the following conditions is verified:
a) ge 9 and (oed)[h,q],
b) g is univalent in U and ¢ € CD[h,qp] Jor some p >1,
¢) q is univalent in U and there un p, 21, such that ¢e CD[hp,qp] for any

pe(lp).
If the function p € Q (a) and the function go(p(z),zp'(z),z2 p"(2); Z) is univalent in unit disc U,
then:
h(z)—< (p(p(z),zp'(z),zzp"(z); Z) = q(z) < p(z) .
and the function q is the best subordinant.
Theorem I11.5.7 [56]: Let be the univalent function he Z,(U) and let ¢:C xU — C. Suppose

that differential equation:
o(q(2)nzq'(2).n(n-1)zq'(2)+ n*2’q"(2); ) = h(z)
has solution g, with q(0) = a, and one of the following conditions is verified:
a)ge Qand pe®, [h,q],
b) g is univalent in U and ¢ € ®, [h,qp] , for some p >1,
c) q is univalent in U and there p,=1, such that e ®, [hp,qp] for any

pe(lp).
If the function p € & (a) and the function (p(p(z),zp'(z),z2 p"(2); z) is univalent in the unit disc
U, then
h(z)< (o(p(z),zp'(z),zzp "(2); z) = q(z) < p(z)

and the function q is the best subordinant.
Theorem IIL5.15 [13,15]: Let be q a convex ( univalent) function in unit disc U, let be the

functions 8 and @ analytic in a domain D> q(U) and let pe 7 (C). Suppose that:
re 3 4@) +¢'(9(2) u(124'(2))

o(q9(2)) ' (tz4'(2))
Ifpe H [q(0),11n & with p(0) = ¢(0), pU)cD and 4(p(2))+u(zp'(2))e(p(2) is

univalent in U, and
I(q(2))+ u(tz4'(2))p(9(2)) < $(p(2)+u(z p'(2)) p(p(2))

>0, zeU, t>20.
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then q(z) =< p(z). The function q is the best subordinant.
Corolarul II1.5.6 [13]: Let be q a convex ( univalent) function in unit disc U, let be the function ¢

analytic in a domain D> q(U) and let ¢ € Z (C). Suppose that:
a) £(z)=zq'(2) (o(q(z)) is starlike inU,
b) R6M>O, zelU.
2(q(2))
Ifpe H [q(0),1]1nQ, with p(0) = ¢q(0), p(U)c D and 9(p(z))+zp'(z)(p(p(z)) is univalent
inU, and
9(q(2))+28'(2)p(24'(2)) = 9(p(2)) +2 p'(2) ( p(2))
then q(z)< p(z). The function q is the best subordinant.
Teorema I11.5.16: Let g€ H,(U) and let be the functions & and ¢ analytic in a domain
D> qU), with o(w)#0, where we q(U). Let £(z) = zq'(z)(o(q(z)) , l(2)= S(q(z)) +£&(2) and

suppose that:
a) & is starlike,

b) Re2LE) =R{9'(q(2))+25'(2)}>0, zeU.
$(2) ?(q(2))  &(2)

If pe H [q(0),11nQ, with p(0) = q(0), p(U)c< D and 3(p(z))+zp'(z)¢)(p(z)) is univalent
inU and

8(9(2))+29'(2)9(9(2)) < 9(p(2))+z p'(2)p(p(2)),
then q(z)< p(z). The function q is is the best subordinant.

I11.6. Briot-Bouquet differential superordination

Definition 1I1.6.1: Let B,y C, let he H(U) and let peH(U), p(z)=h0)+p, z+..., with
property p(0)=h(0). By Briot—-Bouquet differential superordination understand form:

zp'(2)
h(z) < p(z)+———.
Bp2)+y
Theorem I11.6.1 [87]: Let be h a convex function in U, with h(0)=a, and let be the functions ©

and ® analytic in a domain D. Let pe HlallnQ and suppose that
O(p(2))+zp'(2)®(p(2)) is univalent in U. If differential equation:
0(q(2))+24'(2)®(q(2)) = h(z)
it has univalent solution q, q(0)=a, q(U) < D and:
®(q(z)) < h(z),
Then:
h(z)<®(p(2))+2 p'(2)@(p(2)) = q(2) < p(2).
The function q is the best subordinant.
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Theorem I11.6.3 [87]: Let be the functions ® and ®© analytic in a domain D and let be q, where
q is wunivalent function in U, with q0)=a, qU)cD. Let Q(z)= zq'(z)CD(q(z)),
h(z)=0(z)+ @(q(z)) and suppose that:
a) O(z) is starlike,

®!

) _,
®(g(2))
Ifpe #la,l]Nn @, p(U)c D and suppose that G)(p(z))+zp'(z)CD(p(z)) is univalent in U,
then

b) Re

h(z)<O(p(2))+2 p'(2)@(p(2)) = q(z) < p(2).
The function q is the best subordinant.

II1.7. Applications of Briot-Bouquet differential superordination using an
integral operator

In paragraph were determined applications of Briot-Bouquet differential
superordination with the help of integral operators. The results are original and are contained in

[54], [55], [58].
1+ A4z Az

Theorem IIL.7.1 [54]: LetAe(—1,0)U(0,1). The function h(z)z1 y +1 e zeU is
—AZ —AZ

convex.
Theorem II1.7.2 [55]: Let A€ (-1,0)U(0,1) and the function h is convex in U, with h(0)=1.

Suppose that we have differential equation:

h(z) = q(z)+ e ;(2)1 zeU

with the univalent solution q(z)= 1+AZ, q(0)=1 and q(z)<h(z). If feAand Zf (Z)

1-A4z f(2)

. F'(z)
univalent, ———e 7 [L1]N @ and:
z
h(z) < j{(i))’ zeU,then q(z)=< }f(g) zeU,
where:
F(z)=2 [ r@ar. (111.7.10)
790

Corollary II1.7.1 [55]: Let A€ (-1,0)0(0,1). If f,f, €A, ff((z)) foZ—('(Z)) are univalent,

ZFl2) 2F)
R FG)
z f(z) - 1+Az N Az - z f,(2)
fiz) 1-4Az 1-4Az  f,(2)

Where:

eHlal]lN @ and:

, zeU, then ZFI(Z)—<1+AZ<ZF2(Z),ZGU,
F() 1-4z  F(2)
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E(z)=3jzﬁ(t)dr, i=1,2. IL.7.11)
Z 0
Theorem I11.7.3 [58]: Let ae€ A,, where A, =(-0,—4.5115...) U (0.7571...,+00). The function:

hz)=z+a+ ,zeU

z+a+1
Is convex.
Theorem II1.7.4 [58]: Let a <€ A, and let h is convex function in U, with h(0)=a . Suppose that

differential equation:

h(z)=q(z)+ Z(q)(z)l zeU

has univalent solution q(z)=z+a, q(0)=a and q(z)<h(z). If e Aand —— 2/ is univalent,
z
L(Z)e A [a,1]N @ and
F(z2)

zF'(2)

F(z)
where the function F is defined by the relationship (111.5.10).

Corollary IIL.7.2 [58]: Let acA,. If f.f,eA, ERAC) and 22 are univalent,

n(zy< 2L zeU
f(z ’ ’

) zeU, then q(z) <

L(2) £,(2)
zF(z) zF)(2)
F () , () e A a,1]Nn &€ and
M-<Z+a+ z -<Zf2(z),zeU,thenL(z)-<z+a-<i(z),zeU,
£(2) z+a+l  f,(2) F(z2) F,(z)

where F,, i=1,2, is defined by the relationship (111.5.11).

II1.8. Applications of differential subordinations and superordinations,
sandwich theorems

In paragraph were determined applications of differential subordination and
superordination. The results are original and are contained in [63], [65], [66].

Theorem I11.8.1 [63]: Let be the convex function q in U and suppose that Req(z)> . Let fe A
(k,n) , keN and a >0. Suppose that the function q satisfies the relation:

Re[ qz( ))+q(z) /3+1}>0 (II1.8.1)

if

l(LkZ)j —(a k+,8)(f( )j af,k(_zl)(f(kz)j () -Bq(2)+z4'(2),
2 z z z

then

22



z a
(f(k )J <q(2).
z
The function q is the best dominant.
Theorem I11.8.2 [63]: Let be the convex function q in U and suppose that Req(z)> . Let f €A

(k,n) , keN, (L}f)ja e [q(0),11N G, a >0 and let

%(&) (a,ﬁﬂ)(f( )j fk(zl)(f(kZ)j

z
is univalent function in U . Suppose that the function q satisfies the relation:

Re[q(z)q'(z) - ﬂq'(z)] >0. (I11.8.4)
If
LO_pyiorsqier< (f( )) (,Hﬂ)(f( )j f;lle)(fz(f)j
then
() <[f(kZ)j
z

and q is the best subordinant.
Theorem 1I1.8.3 [63]: Let the functions q,is convex and q, is univalent in U and suppose that

Reqg(z)>p. Let feA (k,n), keN , (f(kz)]“ e Z [q(0),11Nn @, a>0and let

%(&) (a,ﬁﬂ)(f( )j fk(zl)(f(kZ)j

z
is univalent in U . Suppose that the function q, satisfies the relation (111.8.4) and the function q,
satisfies the relation (111.8.1). If

9O gy )+ 2qi(2)< 2 (@j ks p L2] 1o LE( LD

2 z
< %T(Z)—ﬂqz(Z)HqQ(Z),

then

ql(z><[fz(f)j <,(2)

and q, is the best subordinant, iar q, is the best dominant.
Theorem II1.8 [65]: Let f e A(k,n), keN, y>0 and a>0. Let be the convex function q in U

and suppose that the function q satisfies the relation:
Re{zq (2), @ +1} >0. (I11.8.7)
g@ 7
If:
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y(f(kz )ja_ [ +(1—7k)(&kz))a < g0+ L21E)
4 z z a
then:

z a
(f (k)j <42
z
and q is the best dominant.
Theorem II1.8.5 [65]: Let feA(k,n), keN, let be the convex function q in U and let

(f(f)j e Z [q(0),1]1nQ, >0 and a >0 . Let
4

(ﬂz)j“ L@, k)(f(@)

is univalent in U . Suppose that the function q satisfies the relation

Re[m} - 0. (I11.8.10)
If: ’
q(z)+7zg(z) (fz(z))alj;( ) - 7k)(f(z)j
then:
q(z){f(f)ja
-

and q is the best subordinant.

Theorem II1.8.6 [65]: Let f e A(k,n) , (f(kz)) e [q(0),1]NnQ, keN y>0 and a>0 .
4

Let

7(f(z))a ), k)(f(z)j

z
is univalent in U . Let the functions q, is convex and q, is univalent in U. Suppose that the

function q, satisfies the relation (111.8.10), and q, satisfies the relation (111.8.7). If
4 a-1 ’ a ,
ainc z z z zqi(z
s P (1 (O] v
a z z z a

then

f(2)

%(Z)'<( ] < 4,(2)

and q, is the best subordinant, iar q, is the best dominant.

Theorem II1.8.7 [66]: Let f e A(k,n), keN, y>0 and a>0. Let be the univalent function g

in U and suppose that satisfies the relation:
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Re{zq”(z) _z4@), 1} >0. (I1.8.13)

g q(z)
If:
1+a7—zf,(z)—aky<l+—7/qu(z),
f(2) q(z)
then:
(f (kZ)j < 4(2)
z

and q is the best dominant.

Theorem I11.8.8 [66]: Let [ € A(k,n) , (f(z)] e Zq(0),1]1nQ, keN y>0 and a>0 . Let

k

z
I+« 7—Z /@)
univalent in U . Let be q convex function in U and suppose that satisfies the relation (111.7.13). If
rzq'@) Itay zf'(z)
q(z) f(2)

1+ aky,

then:

()= (f(kZ)j“
z

and q is the best subordinant.

k

Theorem I11.8.9 [66]: Let f € A(k,n) , (f(z)j e Zq(0),1]1nQ, keN, y>0 and a>0 . Let

z

1+a7/%—ak}/ is univalent in U . Let the functions q,is convex and q, is univalent in U
z
and suppose that satisfies the relation (111.8.13). If
AL NS <1+ay2f(2)_aky<1+7zqz(2)’
4,(2) f(2) 7,(2)
then :
Z a
0= L2] <a)

and q, is the best subordinant, iar q, is the best dominant.
Theorem II1.810 [66]: Let f e A(k,n) , keN and a>0. Let be the univalent function q in U

and suppose that satisfies the relations:

Reg(z)> 0 (I11.8.18)
and
R{Z‘{"(z) _zd@), 1} >0. (111.8.19)
g g

If
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fOY . z2f@) 24(2)
(z" j BT AT e
then
(f(kz)j <q(z),
Z

and q is the best dominant.

Theorem I11.8.11 [66]: Let [ € A (k,n), (f( )j eHA[q0),11NnQ, keN and a>0 . Let

(Lkz)j +ay f() —aky
z f(2)

is univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the
relations (111.8.19) and

Re[q(2)g'(2)]> 0. (111.8.22)
If:
9(2) + zq'(2) <(f(Z)]‘ZJFOKZf'(Z)_
q(z) z* f(2) ’
then:
a(2) < (f (kZ)]
z

and q is the best subordinant.

z

Theorem I11.8.12 [66]: Let f € A (k,n) , (f(kz)j e Z[q(0),1]nQ, keN and aa >0 . Let

(f(?j LG
z f(2)

is univalent in U . Let the functions q, is convex and q,is wunivalent in U. Suppose that the
function gq, satisfies the relations (111.8.19) and (111.8.22), and the function gq, satisfies the
relations (111.8.18) and (111.8.19). If

(2D [ SOV 10y Oy < g0+ ZE0)
then
ql(z><(f( )] <a,(2),

and q, is the best subordinant, iar q, is the best dominant.

Theorem I11.8.13 [65]: Let f €A (k,n), keN,A1>0 and a>0. Let be the convex function q in
u i

z Z

az(f(f)j f(z)+(1 A- a/ik)(f( )j <(1-)q(2)+Az4'(z),
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then

(f(kz)f <q(2),
z

and q is the best dominant.

k
z

Theorem I11.8.14 [65]: Let f € A (k,n), (f(Z)J e [q(0),1]NnQ, keN,1>0 and >0 .

Let:

a-1 a
(f(Z)J HCTI M)(ﬂkz)j
z z* z
is univalent a function in U. Let be the convex function q in U. Suppose that q satisfies the relation:

Re %} >0. (I11.8.27)
It )
(1-Aq(z)+Azq'(z)< al f(z)ja]f( ) r(-a- zk)(f(f)ja,
then: ) ) )
q(z){fz(f)ja

and q is the best subordinant.
Theorem I11.8.15 [65]: Let f € A (k,n), Z [q(0),1]NQ, keN,A1>0 and >0 . Let

ﬂ(ﬂkz)] HCIN Mk)(f(Z)]

z

is univalent in U . Let the functions q, is convex and q, is univalent in U and suppose that the
function q, satisfies the relation (111.8.27). If

(l—ﬂ)ql(z)+/12ql'(z)-<aﬂ,(f(kz)j f(z)+(1 Q- aﬂ,k)(f( )j < (1=2)q,(2)+ A2 ¢,(2),
z Z

then:

q&z){fz(f)j <,(2)

and q, is the best subordinant, iar q, is the best dominant.

I11.9. Differential subordinations and superordinations for analytic functions
defined by the Ruscheweyh linear operator

In [59] and [67] the author obtained differential subordination and superordination
using Ruscheweyh linear operator. These results are original.

We define the operator Ruscheweyh R" : A, > A,, neN, me NuU{0},
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R f(2)=f(2)
R'f(2)=zf'(2)

(m+DR™ f(2)=z[R"f(2)| +mR" f(2), zeU.
If f e A, then we have:
R"f(z)=z+ i Coijo @, z’.

Jj=n+1
Theorem II1.9.1 [59]: Let feA,, me NU{0} and a >0. Let q is univalent function in U and
suppose that:

Reg(z)>0 (11L9.1)
and
Re{z q,"(z) _zd@), 1} >0. (111.9.2)
gz q(2)
If:
(R’”f(z)j“ @ UDRS @) 1y )+ 226
z R" f(2) q(z)
then:

R/
( . ]«1()

and q is the best dominant.

Theorem I11.9.2 [59]: Let f € A, (m] e A [q(0),1]1NnQ, meNU{0} and a>0 . Let
z

a(m+1) is univalent in U. Let be the convex function q in U

z R"/(2)
and suppose that satisfies the relations (111.9.2) and
Re[q(z)g'(z)] >0 (I11.9.5)

(R"’f(Z)T L, MEDR™ S (2)

If:

WENELLC (R'”f(Z)T DR gy

q(2) z R"f(2)

then:
§(2)< [—Rmf (Z)j
V4

and q is the best subordinant.
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Theorem IIL9.3 [59]: Let f €A, , (m} e 7 [q(0),1]n Q, meNU{0} and a>0. Let
zZ

a(m+1) is univalent in U. Let the functions gq, is convex and

R" f(z2)
q, is univalent in U. Suppose that the function q, satisfies the relations (I111.9.2) and (I111.9.5), and
the function q, satisfies the relations (111.9.1) and (111.9.2). If

z

(R’"f(Z)T L m+DR™f(2)

z2q)(2) (R"f(2Y) (m+DR™'f(z) 2g;(2)
q,(2) + P <( . j +a G a(m+1)<q2(z)+—qz(z) ,
then
ql(z){RmZ (Z)j <a(2),

and q, is the best subordinant, iar q, is the best dominant.

Theorem 111.9.4 [59]: Let feA,, me NU{0} and a >0. Let q is univalent function in U and
suppose that satisface relations (111.9.1) and (111.9.2). If

R™f(2) ( z J +(m+2) {—ijf (2)_ 1} +a(m+ 1){1 R/ (2)} <q(n)+ 242 ()
z R" f(z) R" f(2) R" f(2) q(z)
then:
R™ f(2) z ¢
- (R’" f(z)j <4,

and q is the best dominant.

m+1 a
Theorem IIL9.5 [S9]: Let feA, S/ (Z)( z j e 7 [¢(0),1]1nQ, meNU{0} and

z R" f(z2)
a>0 . Let R™f(2) ( — z j +(m+2) {%— 1} +a(m+ l){l —%} is univalent in
z R" f(2) R™ f(2) R" f(2)
U. Let be the convex function q in U and suppose that satisfies the relations (111.9.2) and (111.9.5).
If
NEZIO0 R’”“f(z)( z j et 2){R_fU _1}05(%1)[1_%}
q(z) z R" f(2) R™ f(2) R" f(2)
Then:
R f) =z
9(z) < — (Rmf(z)]

and q is the best subordinant.
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m+1 a
Theorem IIL9.6 [59]: Let feA, ~F (Z)( z j e 7 [¢(0),1]1nQ , me NU{0} and

z R" f(z2)
a>0. Let Rmﬂf(z)[ z j +(m+2){w—l}+a(m+l) {l—w} is univalent in
z R" f(2) R"f(2) R" f(2)

U. Let the functions q, is convex and q, is univalent in U. Suppose that the function q, satisfies
the relations (111.9.2) and (111.9.5), and the function q, satisfies the relations (111.9.1) and (111.9.2).

If
ql(z)+zq;<z><zem+lf(z>[ z ) .\ (m+2)[1€"’ff(z)_1}
q,(2) z  \R"f(z) R"f(2)
R f(2) 2g,(2)
+a(m+1){1 —R’”f(z) }<q2(2)+—q2(z) ,
then
O PEaAC) [ = (Z)] <4,(2)

and q, is the best subordinant, iar q, is the best dominant.
Theorem I11.9.7 [59]: Let f € A,, me NU{0} and a >0. Let q is univalent function in U and
suppose that satisface relation (111.9.1) and (111.9.2). If
m+2 m+1 '
e K@ R@ L zde)
R™f(z)  R"f(2) q(2)

then
Rm+1f(z)
Rmf(z) = q(Z)

and q is the best dominant.

m+1
Theorem II1.9.8 [59]: Let f € A, IjeTf((Z))e 7 [q0),1]nQ, meNuU{0} and a>0 . Let
z
m+2 m+1
(m+2)Rm+lf(Z)—mR — f(Z)—l is univalent in U. Let be the convex function q in U and
R™f(z)  R"f(2)

suppose that satisfies the relations (111.9.2) and (111.9.5). If

2 20D e RS Q) R
4(2) R T RG)
then
R™f(2)
T

and q is the best subordinant.
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m+1
Theorem I11.9.9 [59]: Let feA,, R—f(z)e H[q(0),1]nQ, meNU{0} and a>0 . Let

R'f(2)
e BTG R

— - —1 is univalent in U. Let the functions q, is convex and q, is
R™f(z)  R"f(2)

univalent in U. Suppose that the function q, satisfies the relations (111.9.2) and (II1.9.5), and the
function q, satisfies the relations (111.9.1) and (111.9.2). If

24)(2) R R™f() 24.(2)
WO o e T R O
then
ql(z)<1;Tf((ZZ))<qz<z)

and q, is the best subordinant, iar q, is the best dominant.

Theorem I11.9.10 [67]: Let f € A(k,n), k,ne N, meNU{0} and a >0 . Let be the univalent
function q in U and suppose that satisfies the relations:
Reg(z)>0 (IT1.9.13)
and

R{Z‘{"(z) _24@), 1} >0. (I11.9.14)
gz 4q()

If:
zq'(2)
q(z)

2 R"/(2)

then:

R"f(2)Y
( A )j <4()
z
and q is the best dominant.

Theorem I11.9.11 [67]: Let f e A(k,n), k,neN, [R’”Lk(z)j e Z [q(0),1]1nQ, meNuU{0}

and o >0 . Let:

m @ m+1
R | DR @)
z R"/(2)

is univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the
relations (111.9.14) and

Re[q(z)q'(z)]>0. (111.9.17)
1f:
g+ 24O _(RI@V 0t DRG) g
4(2) z R"f(2) ’
then:
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z

g(2)< [Rmf (Z)ja

and q is the best subordinant.
Theorem I11.9.12 [67]: Let f e A(k,n), k,neN, (&k(z)j e [q(0),1]nQ, meNuU{0}
z

and o >0 . Let

m a m+1
R ];(Z) +0((m+1)R f(z)—a(m+k)
z R" f(2)

is univalent in U . Let the functions q, is convex and q, is univalent in U. Suppose that q, satisfies
the relations (111.9.14) and (111.9.17), and q, satisfies the relations (111.9.13) and (111.9.14). If

o (2)+ 200G [R’"f(Z)ja L mHDR™S(2)
1 ‘ R"f(2)

2q;(2)
q,(2) ’

a(m+k)=<q,(z)+

9,z z

then
0,(2) < (m] <0,(2)

and q, is the best subordinant, iar q, is the best dominant.

Theorem I11.9.13 [67]: Let f e A(k,n), k,neN, me NU{0} and a>0. Let be the univalent
function q in U and suppose that satisfies the relations (111.9.13) and (111.9.14). If

R’”“kf(z)( z* } +(m+2)w—(m+k+l)+a(m+k)
z R" f(2) R™f(2)
a(m+)=s I <q(z)+ )
then
Rm+1f(z) Zk @
= (Rmf(z)J e

and q is the best dominant.

z

m+l k @
Theorem I11.9.14 [67]: Let feA(k,n), k,neN, R {(Z)(Rmzf( )j € 77 [¢q(0),1]n Q,
z
meNuU{0} and >0 . Let

m+1 a m+2 m+l
R f(z)( z j +(m+2)Rl—f(Z)—(m+k+l)+a(m+k)—a(m+1)R—f(Z)
z R" f(2) R" f(2) R" f(2)
is univalent in U . Let be the convex function g in U. Suppose that the function q satisfies the
relations (111.9.14) and (111.9.17). If
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METELAC (2)( ° J S LS O R

q(2) z  \R'f(2) R" [(2)
R™[(2)
R"f(2)

+a(m+k)—a(m+1)

then

R™ f(2) z* ‘
q(z) < zk (R'"f(z)]

Theorem II1.9.15 [67]: Let feA(k,n), k,neN, R™ { (Z)[Rmzf( )j e 7 [¢(0),1]1n Q,
z

z

and q is the best subordinant.

meNuU{0} and >0 . Let

Rmf(z)( z ]+(m+2)w—(m+k+1)+a(m+k)—a(m+1)w
z R"f(2) R™ f(2) R"f(2)

is univalent in U . Let the functions q, is convex and q, is univalent in U. Suppose that q,
satisfies the relations (111.9.14) and (111.9.17), and q, satisfies the relations (111.9.13) and
(I11.9.14). If -

zgi(z) R f)( =z Y R"™f(2)
q,(2)+ ) =< . (R’"f(z)] +(m+2)—R’”“f(z) (m+k+1)

RUS@) e 260)

R"f(2) q,(2)

ql<z)<RmZ{ (2){ z sz(z)

+a(m+k)—a(m+1)

then:

R"f(2)

and q, is the best subordinant, iar q, is the best dominant.

I11.10. Differential subordinations and superordinations for
analytic functions defined by a class of multiplier transformations

The results of this paragraph are original and are contained in [60], [68].
Definition 1I1.10.1: Let fe.4 (k,n), k,neN. Let the operator I ,(r,A): A(k,n) > A(k,n),
defined by:

0 ) r )
I(r,A AN A ] A0,
(A f(z)=z j;(lw”i az

(k+ DI (r+ LA f(2)=2[1L,(r, A f ()] + A1, (r, 1) f(2).
Theorem I11.10.4 [60]: Let f e A(k,n), k,neN andA>0. Let q is univalent function in U and

suppose that satisfies the relations:
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Reg(z)>0 (111.10.4)

and
Re{“{"(z) _24@), 1} >0. (I1.10.5)
g q(2)
If:
ey UH2DIE) e, LOHLADSE) oy, 202 (I11.10.6)
[,(r+1,2)f(2) L(r,A) f(2) q(2)
then:

Lo+LAfE)
L(nA)f(2)

q(z)
and q is the best dominant.

Theorem II1.10.5 [60]: Let f e A(k,n), k,neN, L+ L A7) e 7 [q(0),1]nQ and 1>0 .
I (r,A)f(z)

Let
(k+ ) 1, (r+2,4)f(2) _(k+A-1) I, (r+1LA)f(2)
L(r+1L,4)f(2) I(r,A) f(2)

is univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the
relations (111.10.5) and:

Re[¢(2)g'(2)] >0 (I11.10.8)
If:
g()+2LD L (4 W2 ADIE) o LU HLAIE) (I11.10.9)
q(2) Li(r+1,2)f(2) 1 (r,A) f(2)
then:
sy < LA )

1(r,A) f(2)

and q is the best subordinant.

Theorem II1.10.6 [60]: Let f e A(k,n), k,neN, L (r+LA)/(2) e Z [q(0),1]1NnQ and 1>0.

I (r,A)f(2)
Lr+2,) /() (k+21-1) Lr+L A7) is univalent in U. Let the functions gq, is
I, (r+1,2)f(2) I(r,2) f(2)
convex and q, is univalent in U. Suppose that q, satisfies the relations (111.10.5) and (111.10.8),
and q, satisfies the relations (111.10.4) and (111.10.5). If
ZQI(Z) < (k+ﬂ/) Ik(r+27ﬂ’)f(z) —(k+ﬂ,_1) Ik(r+15ﬂ’)f(z) < qz(z)+ Zqz(z) ,
4(2) L (r+1,4)f(2) I, (r,A) f(2) 7,(2)

Let (k+A)

q,(2)+
then
I, (r+LA)f(2) -
1,(r,A)f(z)

and q, is the best subordinant, iar q, is the best dominant.

q,(z) < q,(2)
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Theorem I11.10.7 [60]: Let fe A (k,n), k,neN and 1>0. Let g be univalent function in U
and suppose that satisfies the relations (111.10.4) and (111.10.5). If

(w,zk)f(z)j“ e DI s 2d )
z LA/ () 4(2)

then:

LA @)Y
(—zk ) <q(2),

and q is the best dominant.

Theorem I11.10.8 [60]: Let f € A(k,n), k,neN, (Mj e Z [q(0),11NnQ and 1>0.
z

a(k+A) is univalent in U. Let be the convex

Let [Ik(raﬂ’k)f(z)j +Of(k+ﬂ) Ik(l"-f-l,ﬂ,)f(Z) _
z L (r,A)f(2)
function q in U. Suppose that the function q satisfies the relations (111.10.5) and (111.10.8). If

g(z) + Zq(z()z) {Ik(’”’jk)f (Z)J ralk+2) Ikl(r(j 1/1;1}{ Z()Z) —alk+ 1),
then:
Q(Z)'< (lk(’/"jk)f(z)j

and q is the best subordinant.

Theorem I11.10.9 [60]: Let f € A(k,n), k,neN, L(r+LA) /() e [q(0),11N"Q and 1>0.
I, (r,A)f(2)

a(k+A) is univalent in U . Let the functions gq,

Let (Ik(raﬂ”k)f(z)j +a(k—|—ﬂ)]k(r+l’i)f(z) _
z L(r,A)f(2)

be convex and q, be univalent in U. Suppose that q, satisfies the relations (111.10.5) and (111.10.8),

and q, satisfies the relations (111.10.4) and (111.10.5). If

2q/2) (LY LO+LASG) 2¢(2)
L { z ] re A AR eE o
then:
0,(2) < (Mj <(2)

and q, is the best subordinant, iar q, is the best dominant.

Theorem I11.10.10 [68]: Let feA,, neN and A>0. Let q is univalent function in U and
suppose that satisfies the relations (111.10.4) and (I111.10.5). If
G F2DIE) LG o 2q()
I(r+1L,4)1(z) I(r,2)f(2) q(2)

then:
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I(r+1,1)f(2)
1rafe 1

and q is the best dominant.

Theorem IIL10.11 [68]: Let fe A, neN, LUFEEDIG) 500 11~ 0 and 130 . Let
I(r,A)f(2)
e 2D L)
I(r+1,2)1(z) I(r,2)f(2)
be univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the

relations (111.10.5) and (111.10.8). If:
a(2)+ zq'(2) <(A+]) I1(r+2,4)f(2) _Zl(r+1,/1)f(z)
q(2) I(r+1,2)f(2) I(r,A) f(2)

then:
I(r+1,41)f(2)
1 e @

and q is the best subordinant.

Theorem IIL10.12 [68]: Let f e Ay, neN, LUHEEDICG) 500 11~ 0 and 40 Let
I(r,A)f(2)

(/1+1)[(r+2,ﬂ)f(z)_/1I(r+1,/1)f(z)
I(r+1,A)f(2) I(r,A)f(2)

be univalent in U . Let the functions q, be convex and q, is univalent in U. Suppose that gq,

satisfies the relations (111.10.5) and (111.10.8), and q, satisfies the relations (111.10.4) and

(III.10.5). If

20/() () LA I0HLDIG) L 2aE)
4,() 10/ 160G T a@)

q,(2)+

then
I1(r+1L,A)f(2)
I(r,2)f(2)
and q, is the best subordinant, iar q, is the best dominant.
Theorem II1.10.13 [68]: Let fe€A,, neN and 1>0. Let q is univalent function in U and
suppose that satisfies the relations (111.10.4) and (111.10.5). If
(I(F,ﬂ)f(Z)j +a(/1+1)1(7”+1,/1)f(2) —a(ﬂ,+l)<q(z)+ZQ(Z) ,
z 1, )/ ) 4(2)

q,(2) < <q,(2)

then:

1(r,A) f(2)Y
(—Z j <q(z)

and q is the best dominant.

Theorem I11.10.14 [68]: Let f €A, neN, (wj e 7 [q(0),11nQ and 1>0. Let

z
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(l(r,/”t)f(Z)] s OHAE) o

z I(r,A)f(2)

be univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the
relations (111.10.5) and (111.10.8). If

24/(2) <(z(r,ﬂ,)f(z)j”‘HMH)1(r+1,/1)f(2) _a(A+D),
q(2) z I(r,A) f(2)

q(z)+

then

o)< (m, /”t)f(Z)J“

and q is the best subordinant.

Theorem I11.10.15 [68]: Let f € A,, neN, (Mj e 7 [q(0),1]nQ and 1>0. Let
z

(I(:f,ﬂ)f(z)j RO ((ea W VI NP
z I(r,A)f(2)
be univalent in U . Let the functions q, be convex and q, be univalent in U. Suppose that q,

satisfies the relations (111.10.5) and (111.10.8), and gq, satisfies the relations (111.10.4) and
(II1.10.5). If -

zq/(2) (1, ) f (@)Y Ir+L, ) f(2) 2q;(2)
q,(z)+ (2 <( . ] +a(A+1) 1A f(2) a(A+1)<q,(2)+ 4. ,
then:
q&z){%j <4,(2)

and q, is the best subordinant, iar q, is the best dominant.

IV. SUBCLASSES OF UNIVALENT FUNCTIONS

The chapter is presenting subclasses of univalent functions defined with the
convolution, subclasses of normalized starlike and convex functions, subclasses of normalized
univalent functions defined with the convolution, subclasses of normalized starlike and convex
functions of ordera and subclass univalent functions with negative coefficients. The results
presented in this chapter are original and are contained in [62], [69], [70], [71], [72].

IV.1. Subclasses of univalent functions defined by convolution

Using the definition of convolution have obtained new subclass of univalent functions.
The results of this subparagraph are original and are contained in [62].

Definition 1V.1.2: Let f, g € A, defined as f(z)=z+2aj z/, zeU and g(z)zz—i—ij z/,

=2 j=2

zeU, with (g*f)(O)zO and we denote:
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S =1f€es: Re—Z(g*f)'(Z)

) (g*f)()
z(g*f) (@)
(g*f) (2

Theorem IV.1.1 [62]: If f €S" and the function g is convex, then f e Sg*.

Theorem IV.1.2 [62]: If f € Sg* and the function h is convex, then h* f € Sg*.

Theorem IV.1.3 [62]: Let be the convex function h, with h(0)=h'(0)—1=0. Then Sg* c Sh*g*.

Definition IV.1.3: Let 0 <a <1. We denote:

z(g*f) (2
(g 1))

>0,zeU, (g*f) (0)=0},

K, =1feS: Re +1>0,zeU, (g*f)'(O);tO.

S (@) ={feS: Re >a,zeU, (gxf) (0)#0¢,
z(g+/) ()
(g*/) (2)

Theorem IV.1.4 [62]: Let be the convex function q. Then K, Sg*
Theorem IV.1.5 [62]: Let be the convex function q. The function f € K, if and only if he Sg*,
where h(z)=z f'(z), zeU or feK, < z f’(z)eSg*.

K, (a) =41/€S: Re +1>a,zeUs.

Definition IV.1.6: Let f(z)= z+iaj z/, g(z)= z+ibj z/, zeU, with (g* f)(0)=0 and
J=2 J=2
z(g*/) (2)
(g*9)(2)

Theorem 1V.1.6 [62]: Let be the convex function q. Then Sg* cC,

Theorem 1V.1.7 [62]: Let be the convex function q. If f € C, and the function h is convex, then
hxfeC,.

Theorem 1V.1.8 [62]: Let be the convex function q . Let [ € C, and let be the convex function h,
with h(0)=h'(0)-1=0. Then C, = C,

", We denote: C,=1/eS: Re >0,zeU;.

pesS

g

*g*

(g%f) (2)

Definition IV.1.7: Let 0<a <1. Wedenote: C, () ={f€S: ReZ >a,zeUy;.
(g*9)(2)

IV.2. Subclasses of normalized starlike and convex functions

In [42] S. Kanas and F. Ronning introduce classes S (¢)and K(¢) starlike and
convex functions using the normalization /({) = f'({)—1=0, where ¢ €U is a fixed point. In this
section we present relations between these classes of functions and are contained in [69].
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Definition IV.2.1: Let fixed point { € U . We denote P (<) the class functions

p(2)=1+p,(z=8)" +p,, (=) +..
holomorphic in U and satisfy conditions p({)=1 and Rep(z)>0. P () called class of
normalized in { Caratheodory functions.
Definition 1V.2.2: Let fixed point { €U, let f(z)=(z=¢)+a, (z=&)"" +a,,,(z=&)"? +...and

we denote: .An(é'):{fe HU) : f(é’):f'(é')—I:O},
and for n=1, A(&)=A($) ={fe HU) : f({)=1"()-1=0}.
Definition IV.2.3: We denote: S (¢ )={f¢e A(S): fis univalent in U}. S (&) called class of

normalized in ( univalent functions.

Definition 1V.2.4: We denote: S*(cf) Z{feS(g): Re(z_?(%l(z)>0,zeU, f’(cj);tO}.
z

S™(&) called class of normalized in ¢ starlike functions.
Definition 1V.2.5: We denote: K(() feS): Re o) +1>0,zeU, f'({)#0;.
z

K(&) called class of normalized in { convex functions.
Lemma IV.2.1 [42]: Let fixed point £ e U and let be the function w : C’ xU — C, which satisfies

the condition: Rey(pi,o,u+iv;z) <0, when p,o,u,velR, O'S—g(l—i-pz), o+ 1 <0, where

zeU, n21.1lf pe Z[1,n] and
Rey (p(2).(z=¢) p'(2).(z=¢) p'(2);2) >0, z€U, then Rep(z)>0,z€U.
Theorem IV.2.2 [69]: Let fixed point & €U . The function f € K(¢) if and only if g€ S (),
where g(2)=(z-¢) f'(2), zeU or feK({) & (z-¢) f'(2)eS(£).
Theorem 1V.2.3 [69]: Let fixed point €U . If pe P (),
p(2)=1+p,(z=8)' +p,,(z=¢)"" +..,
(z-9)p'(2)

pp(2)+y
Definition IV.2.7: Let fixed point { € U, let be the function

f()=(z-)+a,(z=¢) +a,(z=¢) +....
We define the integrals L: 7 [0,n] > 7 [0,n] defined by L(f) = F, where

then we have: Re[p(z)+ :|>O,Z€U = Rep(z)>0,zeU.

2 z
F(z)= e j S0y, (IV.2.5)
Theorem IV.2.4 [69]: If L: A(¢) > A(S) is integral operator defined by (IV.2.5), then:
a) LIS (] S"(), b) LIK({)] < K(S).

Definition IV.2.8 [69]: Let be fixed point ¢ €U, let be the function
f@)=cz-O+a,(z=-¢)  +a,(z=¢) +....
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We define the integrals L, : 7/[0,n] — 7/ [0,n] defined by L,(f) = F, where
y+1
(z=¢)
Theorem IV.2.5 [69]: Let be fixed point {eU. If L,: A(L)—>A(S) is integral operator

defined by (IV.2.7) and Rey >0, then:
a) L[S"(]cS (D), b) L[K(S)]<K ().
Definition IV.2.9: Let be fixed point £ €U and let be the function
f(@)=(z-)+a,(z=¢) +a(z=¢) +...
We define the differential operator D! : A ({) - A (), neN, by:
D;f(z)=f(2),
D.f(2)=D,f(2)=(z=¢) f'(2),

D!f(z)=D(D}"f(2)).

Observatia IV.2.1: If functionf e A (), f(z)=(z—-¢)+ iaj (z=¢), zeU, then:

F(z)=

j ; F(O@=CY " dt, where y eN". (IV.2.7)

Dif(2)=(z-)+2 j" a,(z=¢) , zeU.
=2
Definition 1V.2.10: Let be fixed point  eU. We say that function [ € A () is n-starlike
D" f(2)

normalized in {, neN, if it’s check inequality: Re———>0, zeU. We denote with S,

D:f(z)

(&) class of these functions.

IV.3. Subclasses of normalized univalent functions defined by convolution

The results of this paragraph are original, were obtained using the normalization
f(&)=f"(¢)-1=0, where ¢ €U is a fixed point and definition of convolution. These results are
contained in [70].

Definition IV.3.1 [70]: Let be fixed point €U and let f, g € A (), defined as:

f@)=-O)+Da,(z=¢) ., zeU and g(z2)=(z={)+D.b,(z=¢) ., zeU. We denote with
Jj=2 j=2

f *g convolution or Hadamard product of two functions given by the relation:

(/&) ) =(-0)+ Y a b (z=¢), zeU.
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Definition IV.3.2 [70]: Let be fixed point {eU, let f(z)=(z—-¢)+ Z a;(z— &)Y and
j=2

g(z)z(z—é’)+ibj(z—§)*’, zeU, with (g*f)({):O and we denote:

=g/ @) _,
(g /)@

S;(?){fGS(C)Z Re ,ZGU,(g*f)'(C)io}-
(z=)(g*f) )
(g*/) )

Theorem IV.3.1 [70]: Let be fixed point & €U . Then K (&) < S;({).

Theorem 1V.3.2 [70]: Let be fixed point £ €U . If f €S () and the function g is convex, then
fe8, ().

Theorem IV.3.3 [70]: Let be fixed point & €U . The function f € K, () if and only if he Sg*(é'),
where h(z)=(z-¢) f'(z), zeU or feK, ({) < (z—é’)f’(z)eSg*(é’).

Theorem 1V.3.4 [70]: Let be fixed point €U . If f eS8 g*(cf ) and the function h is convex, then
hxfes, ().

Theorem 1V.3.5 [70]: Let be fixed point { €U . Let €S g*(g” ) and let be the convex function h,
with (&) =h'({)~1=0. Then S, (¢) < S,., (£)-

Theorem IV.3.6 [70]: If f € K, () and the function h is convex, then h* f € K (<) .

Theorem IV.3.7 [70]: Let f € K,({) and let be the convex function h, with h(¢)=h'()—1=0.

Then K () € K, (£).
Definition 1V.3.4 [70]: We denote:

K, ($) {feS(g”): Re +1>o,zeU,(g*f)'(§)¢o}.

-0 )6,
(g*0)(2)

Theorem 1V.3.8 [70]: Let be fixed point { €U . Then S, ({) < C, ().

Theorem IV.3.9 [70]: Let be fixed point £ eU. If feC,({) and let be the convex function h,

then h* f € C,({).

Theorem 1V.3.10 [70]: Let fixed point {eU. Let f e C,(¢) and let be the convex function h,

with h(¢)=h'()=1. Then C (&) < C,,,(£).

Definition 1V.3.5 [70]: We denote:
_ (-9 E* )2 (z-0)(g*f)'(2)
M = S():Re(1- 1 0,zeU

Theorem IV.3.11 [70]: Let be fixed point & €U . For any a € R we have M, ,(¢) < Sg*(g“).

Cg(g){feS(g): Re ,zeU,(g*f)’(é’);tO}.
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Theorem IV.3.12 [70]: Let be fixed point €U . Whatever o, f R, with 0< s <1, we have

a
M, ()M, ().
Definition 1V.3.6 [70]: We denote:

S,(0)= { £eSE) R{ew (z —é ) :gf :(Z))'(Z)} >0,z¢ U}, where 7 € (—%%) .

Definition IV.3.7 [70]: We denote S,($)= | S,4(().

/4
€ ==
7[22)

(=O(g*/) @)
(g /)@

Definition 1V.3.8 [70]: We denote:

S ((a) = {feS({): Re a,zeU,(g*f)'(g);to}

z-O)(g*f) (2)

K (¢ @) {feS(g): Re +1>a,zeU,(g*f)'(g)¢o}

(g*/) (@)
C,(L @) =1/ eSC): ReC=E @l
(g*9)(2)
(z=¢)(g*f)(2) (z-¢)(g*f)'(2)
M, (C.7)=4feSE):Re(l- 1 zeUl,
we(E57) {fe (¢&):Re(l-a) 2* N2) +06(+ @* 1) ]>7 ze }

§y,g(§,a)={ feS): R{ezy (z—§)(g*f)’(z)}>a,zeU}, where ye(_g gj ‘

(g*/)2) 272
Definition IV.3.13 [70]: Let be fixed point § €U . We define operator R : A (&) —=>.A (¢),
neN, by:
()
i @O 00" )
R(D) = )= - , zeU.

Observatia IV.3.5: If functionfe A4 (), f(z)=(z-¢)+ iaj (z—¢), zeU, then

Rgf(z):(z—é')+iC:H1 a; (z=¢) , zeU.

Definition 1V.3.14 [70]: We say that function f € A ({) is n-convex, neN, If it’s check

inequality:
RIVf(2) 1 : .

Re————>—, zeU. We denote with K,({) class of these functions.
RIf(z) 2
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IV.4. Subclasses of normalized starlike and convex functions of order &

The results of this paragraph are original, were obtained using the normalization
f(&)=f"(¢)-1=0, where ¢ €U is a fixed point and are contained in [71].

Definition 1V.4.1: Let be fixed point { €U and let be the function
f(@)=(=)+a,(z=¢) +a,(z=¢) +...

Let 0<a <. Then we denote:
S*(a;o:{ fed ©) :Re%m,zeU,(g*f)' (:)¢0},
S*(@:&) called class starlike functions of order . normalized in ¢ .
K(a;g“):{ fed ©): Re%ﬂ >a,zeU,(g*f) (g)io}.

K(a;<) called class convex functions of order « normalized in .

Theorem IV.4.1 [71]: Let be fixed point £ €U and let 0<a <1. Then S (a,&) =S (&) and
K(a,8) c K(S).
Theorem 1V.4.2 [71]: Let be fixed point £ €U and let 0<a <1. The function f €S (a,{) if
and only if g € S'($), where:

f(2)

2(2) =<z—§>{z}l‘“,

2=¢

1 1
I-a —a
where {f(z)} is holomorphic determination for which {&} =1.
Z —

7=¢
Corolarul IV.4.1 [71]: Let be fixed point €U . If 0<a <1, then f € K(a;¢) if and only if the

1
function g €S (a;C), where g(z)=(z— é’)[f'(z)]g
IV.5. Subclasses of normalized alpha-convex functions

The results of this paragraph are original, were obtained using the normalization
f(&)=f"(¢)-1=0, where ¢ €U is a fixed point and are contained in [72].

Definition IV.5.1 [72]: Let be fixed point ¢ € U and the be function

J(“»f;Z,C)Z(1—0!)%)2];(2)+a(1+%25)"(2)], zevU

We denote M ()= { feX (U) : f(&)=f'()-1=0, GG ReJ(a, f;2,8)>0,

zeU}. M () called class alpha-convex functions of normalized in ¢ .

Theorem 1V.5.1 [72]: Let be fixed point { €U .
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a) Forany a € R we have M ({) <= S (£),
b) Whatever a, € R with OSE<1 we have M (&) = M ,(£).
a
Theorem 1V.5.2 [72]: Let be fixed point { €U and let a >20. Then feM, ({) if and only if

FES*(Q’)’ where F(z):f(z){%)zj:(z)} , with {(z_j;(%?@)} the point z=¢ be 1.

Definition IV.5.2 [72]: Let be fixed point { €U, a, R andlet f e 4,(¢) with
f@I@ o fC-OrG o Loy

%0,
z=¢ f(2)
We say that function f € M (&) if the function F :U — C, defined by
F(z)= f(z){l ol SFAC)) (2)}
f(2)
is a starlike function in U.
Theorem 1V.5.3 [72]: Let fixed point £ €U . For any a <0, we have M"({) < S (£).

Definition 1V.5.3 [72]: Let fixed point { €U, a,f R andlet [ € A4S ) with
FOLG Lo e aE=OSD Lo oy

a+a

z=¢ f(2)
We say that function f € M, ,(&) if the function F :U — C, defined by:

(= ;)f’(z)rm {1 g+ BT '(Z)T

F(z)=
=)=7 (2){ 1) 1)

is a starlike function in U.
Theorem IV.5.4 [72]: Let be fixed point {eU. For any a,feR, af(l1-a)=>0, we have

M} () cS(£).
Definition 1V.5.4 [72]: Let be fixed point { €U, a, R andlet € 4, ) with:
M;to, 1—a+aL)f'(Z)¢0, zeU.
z f(2)

We say that function f € M, ,(&) if the function F:U — C, defined by:

(=0 f’(z)rﬂ) {a (=0 f'(Z)T

F(z)=
=)=7 (2){ 1) 1)

is a starlike function in U.
Theorem IV.5.5 [72]: For any o, € R, we have M, ,(J) S

IV. 6. Subclasses of univalent functions with negative coefficients

The results of this paragraph are original and are contained in [73].
H. M. Srivastava and A. A. Attiya in his [137], introduce operator J,,: A — A

defined as:
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=(A+1Y

J =z+ , U. IV.6.3

S (2)=z2 k_z(/ij Gz, zZ€ ( )

A+ 2,0 (2)=2(J,,f(2)) + 4], f(2). (IV.6.4)

We denote S, ,(a) class of functions f €S satisfying the condition:
z(J z ’
ReM>a,0Sa<l,zeU. (IV.6.5)
Jn,/lf(z)

From relations (IV.6.4) and (IV.6.5) that the function f €S belongs to class S, , () if
and only if

Re Jn+1,ﬂ.f(z) > /1 +a
Jf(z2) A+l
Definition 1V.6.1 [73]: We say that function f € 7 is in the class TS, ,(a),neC, AeC/Z

if the function f satisfy the condition (IV.6.6).
Theorem 1V.6.1 [73]: Let be neN*, 1eC/Z,, 0<a <] and let be [ € 7. Then function

f(2) is in the class TS, ,(a) if and only if:

,05a<l1, zelU. (IV.6.6)

o0 2 n
Z(/l+l) (ﬂ+k)(/1+a)(}t+1] 0 <l-a. (IV.6.7)
pay A+k A+k
The result is sharp.
The result (IV.6.7) is sharp for the function:
f(2)=z-—UZDCEHE) (’1 - kj 2t (IV.6.9)
A+D)" —-(A+b)(A+a)\ A1+1

Corollary IV.6.1 [73]: Let neN", A€ C/Z,, 0<a <1 andlet f € 7. Then function f(z) is
in the class TS, () If:

g, s— LA +H) (’”kjn. (1V.6.10)
A+ —(A+ k) A+ a)\ A+1

We have equality in relation (IV.6.10) if the function f(z) is given by (IV.6.9).
Theorem IV.6.2 [73]: Letbe neN", 1€ C/Z,, 0<a <1 andlet f € 7. Then

TS () S TS., (). (IV.6.11)
Theorem IV.6.3 [73]: Letbe neN*, 1eC/Z,, 0<a,<a, <1 andlet f €7 Then
TS (a,) < TS, (a,). (IV.6.12)

Theorem 1V.6.4 [73]: Let be ne N, AeC/Z, , 0<a<l andlet f €7 Iff TS, ,(a) and

|z| =r <1, then:

- (12_0[)(/“2) (l+2jnr2£|f(z)|3r+ (lz—a)(/1+2) [/1+2)"r2 (IV.6.16)
A+D)" —-(1+2)A+a)\ A +1 A+D)" —-(A+2)A+a)\ 1 +1

and

45



1_[ 2(A+a) _a}/1+2[/1+2

SRS s - /1+ljnr£|f’(z)|s1+{ 2(A+a) _a}/1+2(/1+2)"r
- a a

A+’ =(A+2)(A+a) A+al A1+1

(Iv.6.17)
The bounds (IV.6.16) and (IV.6.17) are attained for the function f(z) given by:

f()=z-—1z@)(A+2) (’sz 22, (z=+r). (1V.6.20)
A+D)" -1 +2)(A+a)\ A+1
Corollary IV.6.2 [73]: Let be neN", AeC/Z, , 0<a<l andlet feZ If feTS,,(a),
then the unit disc U is mapped onto a domain that contains the disc
| <1- (=a)(4+2) (’sz . (IV.6.21)
A+D)" =1 +2)(A+a)\ A+1
The result is sharp with extremal function f(z) given by (IV.6.20).
Let be the functions f,(z) , i= I,_m , defined as:

fi(z)=z —Zaki 2, 4,20, zeU. (Iv.6.22)
k=2

Theorem 1V.6.5 [73]: Let be neN", e C/Z, , 0<a <1 and let be f/(z)eTS, ,(a), where

i=1,m. Then function h(z) defined by the relationship:
h(z)= ZCi f.(z), where c, 20, Zci =1, (I1v.6.23)
i=1 i=1

is in the class TS, ,(c).
Theorem 1V.6.6 [73]: Let be neN", e C/Z, , 0<a <1 and let be f(z)eTS, ,(a), where

i=1,m. Then function h(z) defined by the relationship:
h(z)=yf(2)+(=y)f,(z), where 0<y <1. (IV.6.26)

is in the class TS, , ().

Theorem 1V.6.7 [73]: Let be functions
(1-a)(A+k) (mzcj” i

= d =Z—
K@=z and JE) = G e @)\ A+1
where k22, neN", AeC/Z,, 0<a <]1. Then function f(z) is in the class TS, ,(a) if and

only if can be expressed in the form:
f(2)=>v, fi(2), where v, 20,> v, =1. (IV.6.29)
k=1 P

Definition IV.6.1 [73]: Let functions f,(z), i=12, be defined (IV.6.22). The modified
convolution or the modified Hadamard product of the functions f,(z) and f,(z) is defined by:

(£®4)(2) ZZ—Zw:ak,]ak,z z*. (IV.6.30)

Theorem 1V.6.8 [73]: Let be neN", AeC/Z, , 0<a<l. Let be f(z)€TS, (), i=1,2.
Then (f,® f,)(2) € TS, ,(B), where
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1_[,1+2j” A+2)A+1Y (1-a) - A(A+2)>(1-a)

A+1 2_ ?
5 ,, [(A+D) (/1;2)(1 2—1—05)] | (1V.631)
1_(/“2) (A+2)7 (1-a)
[

A1) [+ -+ (A +a) |

The result is sharp for the functions:

f()=zo— UZ)(A+2) (’“2)122 i=12 (IV.6.32)
: A+ =(A+2)A+a) 1+1 T o

Corollary 1V.6.4 [73]: Let be neN", 1eC/Z, , 0<a<l. Let f(z)eTS,,(a), where

i=1,2. Then the function h(z)= Z—Z1 la,, a,, z" isin the class TS, ,(a).
k=2

Theorem 1V.6.9 [73]: Let be neN*, 1eC/Z, , 0<a<l, 0<f<1, 0<y<l1 and let
K eTS, (o) and f,(2)eTS, ,(B). Then (f,® f,)(z)€TS, ,(7), where

A+ (1-a)(1- B[ (A+1 = A(4+2)] (mzj”
A+’ =(A+2)(A+a) [(A+1 = (A+2)(A+ ) [\ A+1

1- (A+2)'(1-a)(1-p) (mzj”'
A+ =(A+)(A+a) [ (A+1) = (A+2)(A+ ) |\ 2+1

The result is sharp for the functions

f@)=z-

(IV.6.37)

(I-a)(A1+2) (mzj”zz
A+’ =(A+2)(A+a)\ 1 +1
and:

f(e)=zm (1-4)(A+2) (sz"Zz.

A+ =(A+2)(A+ B\ 1+1
Theorem 1V.6.10 [73]: Let be neN", AeC/Z, , 0<a <1 and let f,(z)€TS, (a), i=12.
Then the function h(z) defined as:

h(z)= Z—i(a,i] +a;,)z, (1V.6.49)

k=2
is in the class TS, ,(v), where:
| 2(/1+2)(1—a)2[(ﬂ+1)2 —z(mz)](“zj"

2_ 2 A+1
. [((A+1) = (A+2)(A+a) | + | (1V.6.50)
. (A+2)*(1-a)’ (mzj

(24D~ +2)(A+a)] LA+
The result is sharp for the functions f,(z) TS, ,(a), i=1,2 defined by (IV.6.32) of theorem
IV.6.8.
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Theorem 1V.6.12 [73]: Let be n;,n,eN", 1eC/Z, , 0<a <1 and let be f(z)€TS, ,(a),
i=12. Then (f,® f,)(z) TS, ,()NTS, ,(a).
Theorem 1V.6.12 [73]: Let be neN', 1eC/Z, , 0<a<l and let be feZ If

f€TS, ,(a), then f(z) is close-to-convex of ordery, where 0<y <1, in |Z| <n(n,Aa,y),

where:
1

_ 2 n k-1
(A a,y) = inf| =L 4FD (“k)(’”“)(’“lj with k>2.  (IV.6.60)
ok (—a)(A+k) Atk

The result is sharp for the extremal function f(z) defined by (IV.6.9).
Theorem 1V.6.13 [73]: Let be neN', 1€C/Z, , 0<a<l and let be feZ If
f€TS, ,(a), then f(2) is starlike of ordery, where 0<y <1, in |z| <r(n,A,a,y), where:

1

n k-1
] } L with k>2.  (1V.6.63)

r(n,A,a,y)= iIl}f

l:l—}/ (A+1) —(/1+k)(,1+a)( A+1
k—y (1-a)(1+k) A+k
The result is sharp for the extremal function f(z) defined by (1V.6.9).

Theorem 1V.6.14 [73]: Let be neN", 1eC/Z, , 0<a<l andlet feZ If f€eIS,, (a),
then f(z) is convex of ordery, where 0 <y <1, in |z| <n(n,A,a,y), where

1

n et
j} ,with k>22. (IV.6.66)

r(n,A,a,y)=1nf

k

-y (/1+1)2—(/1+k)(/1+a)(/1+1
kk—y)  (-a)(A+k) Atk

The result is sharp for the extremal function f(z) defined by (IV.6.9).
Theorem IV.6.15 [73]: Let be neN", 21 eC/Z,, 0<a <1, let bet f € 7 and let the function
F(z) be defined by:

F(z) =7/—t1rﬂ‘l f(t)dt. (IV.6.69)
z 0

If feTS, ,(a), then F €TS, (a), forany y, —-1<y.
Corollary 1V.6.5 [73]: Let be neN", 1€ C/Z, , 0<a <], let be f € 7 and let the function
F(z) be defined by:

F(z)= jo @dz . (IV.6.70)

If feTS, ,(a), thenF €15, ,(a) .
Theorem IV.6.16 [73]: Le bet neN", AeC/Z, , 0<a<l, let fe€Z, let be y a real
number, such that —1<y and let the function F(z) defined by (IV.6.69). If f TS, (a), then

F(z) is univalent in |z| <r, where:
1
inf| TR (/1+1)2—(/1+k)(/1+a)(/1+1j" -
| k(y+1) (1-a)(A+k) A+k '

(IV.6.71)
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