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PREFACE 
  

Geometrical theory of univalent functions, is one of the areas of complex analysis the 
analytical rigor of reasoning is closely intertwined with the geometric intuition and the first 
concepts were introduced in the early twentieth century when they appeared first major works such 
as written by P. Koebe, T. H. Gronwall, I. W. Alexander, L. Bieberbach. 

Is noteworthy that in developing this area of mathematics, Romanian mathematicians had 
distinguished merit. Creator of Romanian school univalent functions theory is G. Călugareanu who 
obtained necessary and sufficient conditions for univalention. Continuer it is Academician P.T. 
Mocanu who has imposed worldwide with outstanding results and we mention a few, has 
introduced new classes of univalent functions, alpha-convex functions or functions Mocanu, has 
addressed the issue of nonanalytic function injectivity and has created together with S.S. Miller a 
new method of study of specific classes of univalent functions and namely "admissible functions 
method" or "method of differential subordination". Later, Academician P.T. Mocanu and S.S. 
Miller introduced the dual concept of differential subordination called “differential 
superordontion”. Under the leadership of Academician Mr P.T. Mocanu has been formed a strong 
school of geometric functions theory in Cluj. Among his numerous collaborators at the national 
level we mention: N.N. Pascu, G.Ş. Sălăgean, T. Bulboacă, G. Kohr, P. Curt, Gheorghe Oros, M. 
Acu and others, and internationally, S.S. Miller, M.O. Reade, S. Ruscheweyh, S. Owa, R. Fourier, 
M.K. Aouf and others. 
 In this PhD thesis have been obtained new results regarding the differential subordinations and 
superordinations and some subclasses of univalent functions. 
 The paper contains four chapters, an introduction and a bibliography, containing 138 titles, 
among which 21 are signed by the author. 

In the first chapter, entitled "General on the concept of univalent function" and structured in 
four paragraphs, are presented general problems concerning the theory of univalent functions, their 
special family, analytic functions with positive real part and the concept of subordination. 

The second chapter entitled "Special classes of univalent functions" is divided into nine 
sections. Here are the important results on the class of starlike functions, convex, close-to-convex, 
alpha-convex, alpha-convex p-symmetric type, starlike of α  type, spirallike, stellate and convex of 
order α  and analytical with negative coefficients, being exposed definitions, lemmas and 
fundamental theorems. These notions and results are necessary to confirm the original results 
contained in Chapter IV. 
 The next two chapters contain original results, already published or under publication. 
"Differential subordination and superordination" is the third chapter and is divided into ten 
paragraphs. In the first two paragraphs are definitions, lemmas and fundamental theorems for 
differential subordination and Briot-Bouque differential subordination. These notions and results 
are necessary to confirm the original results contained in the following paragraphs of this chapter. 
In paragraphs III.3 and III.4 were determined applications of differential subordination and Briot-
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Bouque differential subordination and are contained in [57], [61], [64]. In the following two 
paragraphs are the basic definitions and theorems for superordination differential and Briot-
Bouque differential superordination, necessary to confirm the original results contained in the 
following paragraphs of this chapter. Some of these results are contained in [56]. In paragraph III.7 
were determined applications of Briot-Bouque differential superordination obtained by using 
integral operators, and [54], [55], [58] containing the results. III.8 paragraph contains applications 
of differential subordination and superordination and theorems sandwich. These results are 
contained in [63], [65], [66]. Using the Ruscheweyh operator in paragraph III.9 were determined  
and subordination and differential superordination for analytical functions. The results of this 
paragraph are contained in [67]. In the last paragraph of this chapter are presented using 
subordination and superordination differential  operator ( , ) ( )kI r f zλ  are contained in [60], [68]. 
 The last chapter entitled "Subclasses of univalent functions" is structured in six sections. All 
results of this chapter are original. In paragraph IV.1 are shown subclasses of univalent  functions 
defined by convolution, denoted, *

gS , gK , gC , and are contained in [62]. Paragraph IV.2 entitled 

"Subclasses of normalized starlike and convex functions" show the subclasses denoted *( )S ζ , 
( )K ζ , contained in [69]. The following paragraph is an intermingling of the previous paragraphs, 

within the meaning that we determined subclasses of normalized univalent functions defined by 
convolution, denoted, *( )gS ζ , (g )K ζ , ( )gC ζ , , ( )gMα ζ , � , ( )gS γ ζ . These results are contained in 
[70]. Subclasses of normalized starlike and convex functions of order α  are presented in 
paragraph IV.4, are denoted *( ; )S α ζ , ( ; )K α ζ , and are contained in [71]. Results of paragraph 
IV.5, subclasses of normalized alpha-convex functions, denoted ( )Mα ζ , are contained in [72]. 
The last paragraph of this chapter is entitled "Subclasses of univalent functions with negative 
coefficients" presents a new class of functions denoted TS , ( )n λ α

∗  and these results are contained in 
[73]. 
 On this way I want to bring sincere thanks and to express my feelings of esteem and respect for 
scientific leader of the work, academician Mr. Petru T. Mocanu for the way he direct the 
development of this work, for the support and confidence that inspired me and permanent 
encouraging . Also, my thanks goes to prof. dr. Grigore Şt. Sălăgean whose results in field of 
functions with negative  coefficients have been very helpful, Mrs. prof. dr. Gabriela Kohr, and 
other professor of the Department of Theory of Functions. And last but not least I would like to 
thanks my children, parents and husband for support, understanding, encouragement and support. 
 In what follows, I have selected the most important results of each chapter. 
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I. GENERAL ON THE CONCEPT OF  
UNIVALENT FUNCTION 

 
  In this chapter are presented the basic concepts and results on theory univalent 
functions, their special family, analytic functions with positive real part and the notion of 
subordination. 
 

I.1. General issues concerning the theory  
of univalent functions  

 
Definition I.1.1 [38]: Let the domain  D ⊆   and let the function  f : D → . We say that 
function f is  univalent function, if  f 

^ ^
∈H (D) and f is  injective on D. 

Definition I.1.2 [38]: We denote with: Hu (D) = { f ∈H (D): f is univalent on D }. Hu (D)  denote 
the classes of univalent functions. 
Theorem I.1.1 [20,38]: If the function  f ∈ Hu (D),  then ( ) 0f z′ ≠ , for any  z∈D.  
Corollary I.1.2 [38]: Let D be a convex domain in the plane ,  f ∈ H (D) such that 

, for any  z∈D,  then f ∈ Hu (D).  
^

Re ( ) 0f z′ >
 

I.2. Special families of univalent functions in U 
 

We denote the open unit disc in complex plan: { }: 1U z z= ∈ <^ . 

  The set of functions  holomorphic in the unit disc is denoted by H (U). :f U →^
For a  and , we denote ∈^ *n∈`

H  H (U) :  {[ , ]a n f= ∈ }1
1( ) ...n n

n nf z a a z a z +
+= + + + , 

∈ H (U) :  }1 2
1 2( ) ...n n

n nf z z a z a z+ +
+ += + + + , An { f=

and for , A1 = A. 1n =
An important place they occupy in the theory of univalent functions of class S of 

functions of the form: 
2 3

2 3( ) ... ...n
nf z z a z a z a z= + + + + + , z U∈ , 

holomorphic and univalent in the unit disc U. 
We denote:  S = { f ∈ Hu (D): (0) (0) 1 0f f ′= − = }. 

Theorem I.2.4 [7]: If f S∈ , , 2 3
2 3( ) ... ...n

nf z z a z a z a z= + + + + + z U∈ , then a2 satisfie the 
relation 2 2a ≤ . Equality holds 2 2a =  if and only if f is a Koebe function, 

if
( )2ie zτ

( ) ( )
1

zf z K zτ= =
+

, , z U∈ τ ∈\ . 

Conjectura I.2.1 [9]: If f S∈ , 2 3
2 3( ) ... ...n

nf z z a z a z a z= + + + + + , z U∈ , then na ≤ n  for any 
, n≥ 2. n∈`

 4



Corollary I.2.3 [95]: Class S is compact. 
 

I.3. Analytic functions with positive real part 
 
Definition I.3.1 [95]:  We introduce a class of functions P  = { p ∈H (U) : p (0) = 1, , 

 } called class of Caratheodory functions.  
Re ( ) 0p z >

z U∈
Definition I.3.2 [95]:  We introduce a class of functions B = { ϕ ∈H (U) : ϕ (0) = 0, ( ) 1zϕ < , 

 } called class of  Schwarz functions.  z U∈
Theorem I.3.4 [18]: If p∈P, 2

1 2( ) 1 ...p z p z p z= + + + , z U∈ , then 2np ≤  for any . 
Equality holds if and only if:  

*n∈`

1( )
1

zp z
z

λ
λ

+
=

−
, z U∈ , λ ∈^ , 1λ = . 

 
I.4. Subordination 

 
Definition I.4.1 [95]: Let the functions f, F ∈ H (U). We say that function f is subordinated to the 
function F and we note f F≺  or ( ) ( )zzf F≺ , z U∈  if there is a function H (U), with 

 and  

w∈

( )0w = 0 ( ) 1w z < ,  such that z U∈ ( ) ( )f z F w z= ⎡ ⎤⎣ ⎦ , z U∈ . 

Theorem I.4.1 [95]: Let the functions  f, F ∈H (U) and suppose that F is univalent in U. Then 
,  if and only if ( ) ( )zFzf ≺ z U∈ ( ) ( )00 Ff =  and ( ) ( )f U F U⊆ . 

Corollary I.4.1 [49]: Let the functions  f, F ∈ H (U)  such that F is univalent  in U.  

a) If  and ( ) ( )00 Ff = ( ) ( )f U F U⊆ ,  then ( ) ( )r rf U F U⊆ , 0 1r< < .  

b) The equality ( ) (r )rf U F U=  there is a 1r <  if and only if ( ) ( )f U F U=  or ( ) ( )f z F zλ= , 

1λ = . 
 

II. SPECIAL CLASSES OF  UNIVALENT FUNCTIONS 
 
  In this chapter are presented the important results on starlike functions, convex 
functions, close-to-convex functions, alpha-convex functions, p-fold symmetric alpha-convex 
functions, starlike functions type α , spirallike functions, starlike and convex functions of order α , 
analytic functions with negative coefficients, being exposed to definitions, lemmas and 
fundamental theorems.  
 

II.1. Starlike functions 
 

The starlike functions are first introduced in 1920 by J. W. Alexander. 
Theorem II.1.1 [95]:  Let the functin   f ∈H (U), f (0) = 0. Then function  f  is starlike in U if and 
only if  and  (0) 0f ′ ≠
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( )Re 0
( )

z f z
f z
′

> , z U∈ . 

Definition II.1.6 [95]:  Let  S* = { f ∈A : ( )Re 0
( )

z f z
f z
′

> , z U∈ }.  S*  denote the class of  starlike 

function. 
Theorem II.1.3 [95]: Class S* is compact. 
Theorem II.1.5 [50,101]: If *f S∈ , where 2 3

2 3( ) ... ...n
nf z z a z a z a z= + + + + + , z U∈ , then  

na ≤ n  for any , n 2. Equality holds if and only if n∈` ≥ ( ) ( )f z K zτ= , z U∈ , τ ∈\ . 
 

II.2. Convex functions 
 

The convex functions were introduced in 1913 by E. Study [138], and their study was 
continued T. H. Gronwall [35] and K. Lowner [50]. 
Lemma II.2.2 [123]: Let the function  p ∈H (U), such that  and let Re (0) 0p > α ∈\ . Then: 

( )Re ( ) 0
( )

z p zp z
p z

α
′⎡ ⎤

+ >⎢ ⎥ z U
⎣ ⎦

, ∈   , ⇒ Re ( ) 0p z > z U∈ . 

Theorem II.2.1 [95]:  Let the function   f ∈H (U). Then function  f  is convex in U if and only if 
 and (0) 0f ′ ≠

( )Re 1 0
( )

z f z
f z
′′

+ >
′

, z U∈ . 

Definition II.1.4 [95]:  Let K = { f ∈A : ( )Re 1 0
( )

z f z
f z
′′

+ >
′

, z U∈ }, K denote the class of  convex 

function. 
Theorem II.2.2 [95]: The function f K∈  if and only if *g S∈ , where , ( ) ( )g z z f z′= z U∈  or 
f K∈   . ⇔ *( )z f z S′ ∈

Theorem II.2.5 [95]:  Class K is compact. 
Theorem II.2.6 [50]: If f K∈ , 2

2( ) ... ...n
nf z z a z a z= + + + + , z U∈ , then 1na ≤  for any 

, . Equality holds if and only if: n∈` 2n ≥ ( )
1 i

zf z
e zτ=

+
, z U∈ , τ ∈\ .      

G. S. Sălăgean and S. Ruscheweyh introduce two differential operators which allow, in 
certain situations, study the stars and convex functions simultaneously and of their subclasses. 
Definition II.2.8 [125]:  Let Dn  be the Sălăgean differential operator, Dn : A A ,  → n∈` , 
defined as: 

( )

0

1

1

( ) ( ),
( ) ( ) ( ),

...........................................

( ) ( ) .n n

D f z f z
D f z Df z z f z

D f z D D f z−

=

′= =

=
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 Observation II.2.10: If function  f ∈  A,  
2

( ) j
j

j

f z z a z
∞

=

= +∑ , z U∈ , then: 

2

( )n
j

j

D f z z j a z
∞

=

= +∑ n j z U, ∈ . 

Definition II.2.9 [125]: We say that function f ∈  A  is  n-starlike, n∈` , if verify inequality:  
1 ( )Re 0

( )

n

n

D f z
D f z

+

> , z U∈ . 

We note Sn
*  class of these functions. 

Theorem II.2.10 [5] Let φ ∈A  is convex, *g S∈  and F ∈H (U) such that , Re ( ) 0F z > z U∈ . 

Then Fg
g

φ
φ
∗
∗

 is convex. 

Definition II.2.11 [121]: Let Rn  be the Ruscheweyh  differential operator, Rn : A A ,  → n∈` , 
defined as: 

( )( )1

1

( )
( ) ( )

(1 ) !

nn
n

n

z z f zzR f z f z
z n

−

+= ∗ =
−

, z U∈ . 

Observaţia II.2.12 [121]: If the function f ∈  A,  
2

( ) j
j

j

f z z a z
∞

=

= +∑ , z U∈ , then 

1
2

( )n n
n j j

j

jR f z z C a z
∞

+ −
=

= +∑ , z U∈ . 

 
II.3. Close-to-convex functions 

 
Definition II.3.1 [95]: A function f : U → ,  f ^ ∈H (U)  is called close-to-convex if  there a 
convex function ϕ  in U such that: 

( )Re 0
( )

f z
zϕ

′
>

′
, z U∈ . 

We say that function f  is  close-to-convex against with the function ϕ . 

Definition II.3.2 [95]: We denote C = { f ∈A : ( ) Kϕ∃ ∈ , ( )Re 0
( )

f z
zϕ

′
>

′
,  }, C denote the 

class of close-to-convex function. 

z U∈

Theorem II.3.1 [43,106]: Let the domain  and let the function D ⊂ ^ f ∈H (D). Suppose that 

there a function ϕ∈Hu (D) such that ( )Dϕ = Δ  is a convex domain. Then ( )Re 0
( )

f z
zϕ

′
>

′
, z D∈  (ie 

function  f  is close-to-convex against with ϕ ) involving the function  f  is univalent in D. 
Theorem II.3.3 [116,117]: If f C∈ , 2

2( ) ... ...n
nf z z a z a z= + + + + , z U∈ , then na ≤ n  for any 

. Equality holds if and only if 2n ≥
( )2( ) ( )
1 i

zf z K z
e z

τ τ
= =

+
, z U∈ , τ ∈\ . 
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II.4. Alpha-convex functions (Mocanu functions) 
 

In order to establish a link between the notions of convexity and the star, in 1969, P. T. 
Mocanu [92] introduces the concept of alpha-convexity. Later their various properties were 
obtained by P. T. Mocanu, S. S. Miller and  M. O. Reade [88,89]. 
Theorem II.4.1 [92]: Let the function f alpha-convex on the circle { }:z z r∈ =^  if and only if 

Re ( , ; ) 0J f zα >  for z r= , where: 

( ) ( )( , ; ) (1 ) 1
( ) ( )

z f z z f zJ f z
f z f

α α α
′ ′⎛ ⎞

= − + +⎜ ⎟′⎝ ⎠z
′

. 

Definition II.4.3 [92]: We denote Mα = { f ∈H (U) : , (0) (0) 1 0f f ′= − =
( ) ( ) 0f z f z

z
′

≠ , Re ( , ; ) 0J f zα > , }, z U∈ Mα  denote the class of alpha-convex functions or 

Mocanu functions. 
 

II.5. p-fold symmetric alpha-convex functions 
 
Definition II.5.1 [26]: Let α ∈\  and p∈` , 1p ≥ . We denote 

{ }1 2p p 1
, 1 2 1: ( ) ...,p p pM f M f z z a z a z Uα α= ∈ = + + + ∈z+ +

+ + ,  denote the class of p-fold 
symmetric alpha-convex functions. 

, pMα

Theorem II.5.2 [26]: If the function , pf Mα∈ , where 0α >  and z U∈ is a fixed point, then: 
1 1

( , ) ( ) ( , )p pp pM r p f z M r pα α⎡ ⎤ ⎡− − ≤ ≤⎣ ⎦ ⎣ ⎤⎦ , 

where 

1 1

20

1( , )
(1 )

r
M r d

α

α

α

ρα ρ
α

ρ

−⎡ ⎤
⎢= ⎢

−⎢ ⎥⎣ ⎦
∫ ⎥

⎥ . Equality is achieved (both sides) if the function  f  is form 

1

( ) ( , )p pf z K z pτ α⎡ ⎤= ⎣ ⎦ . 
 

II.6. Starlike functions type α  
 
Definition II.6.1 : Let the function *f S∈ . We say that function f  is starlike type α , and note 

*[ ]f S α∈ , If ( ) sup{ : }f f M βα α β= = ∈ . 
Definition II.6.2: Let α ∈\  and p∈` , 1p ≥ . We denote 

{ }* 1
1[ ] *[ ]: ( ) ...,p p

p pS f S f z z a zα α + +
+ += ∈ = + +2 1 *[pS1 2a z + p z U∈ , ]α  denote the class of 

starlike function type α p- symmetric. 
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Theorem II.6.1 [26]: The function *[ ]pf S α∈  if and only if *[ ]g S pα∈ , 0α ≥ , where 
1

( ) ( )p pf z g z⎡ ⎤= ⎣ ⎦ , . 2, 3, ...p =
 

II.7. Spirallike functions 
 

In 1932, L. Spacek [136] presents a generalization of specific functions and class 
spirallike functions. 
Theorem II.7.1 [8]: Let the function f ∈H (U), with (0) 0f = , (0) 0f ′ ≠  and , ( ) 0f z ≠ z U∈  

and  let ,
2 2
π πγ ⎛∈ −⎜

⎝ ⎠
⎞
⎟ . Then function  f  is  spirallike type γ  if and only if: 

( )Re 0
( )

i z f ze
f z

γ− ′⎡ ⎤
>⎢ ⎥

⎣ ⎦
, z U∈ . 

Definition II.7.7 [8]:  We denote �S fγ
⎧

= ∈⎨
⎩

 A  : ( )Re 0,
( )

i z f ze
f z

γ− ⎫′⎡ ⎤
> ∈ ⎬⎢ ⎥

⎣ ⎦ ⎭
z U , where 

,
2 2
π πγ ⎛ ⎞

⎟ �S∈ −⎜
⎝ ⎠

, γ  denote the class of type γ  spirallike functions. 

 
II.8. Starlike and convex functions of order α  

 

Definition II.8.1 [95]: Let 0 1α≤ < . We denote *( )S fα
⎧

= ∈⎨
⎩

A ( ):Re ,
( )

z f z z U
f z

α
′ ⎫

> ∈ ⎬
⎭

, *( )S α   

denote the class  starlike functions of order α . 

Definition II.8.2 [95]: Let 0 1α≤ < . We denote: ( )K fα
⎧

= ∈⎨
⎩

A 
( ): Re 1 ,

( )
z f z z U

f z
α

′′ ⎫
+ > ∈ ⎬′ ⎭

, 

( )K α  denote the class convex functions of order α . 
 

II.9. Analytic functions with negative coefficients 
 

Definition II.9.1: We denote: 
2

: ( ) , 0, \{0,1},n
n n

n

T f S f z z a z a n z U
∞

=

⎧ ⎫= ∈ = − ≥ ∈ ∈⎨ ⎬
⎩ ⎭

∑ `

* *( )T T

 and 

,  denote the class  starlike functions  with negative coefficients, *T T S= ∩ * *T ( )Sα α= ∩ , 
*( )T α   denote the class  starlike functions of order α  with negative coefficients,  cT T K= ∩ , 
  denote the class  convex functions with negative coefficients and cT ( ) ( )cT T Kα α= ∩ , with 

0 1α≤ <  denote the class convex functions of order α   with negative coefficients. 

Definition II.9.2: We denote: * ( ): 1 1,
( )d

z f zT f T z U
f z

⎧ ⎫′
= ∈ − < ∈⎨ ⎬
⎩ ⎭

. 
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Theorem II.9.2 [134]: Let the  function  f  defined by the relation  (II.9.1). Then *( )f T α∈  if and 

only if:  
2

1
1 n

n

n aα
α

∞

=

−
≤

−∑  and ( )cf T α∈  if and only if: 
2

( ) 1
1 n

n

n n aα
α

∞

=

−
≤

−∑ . 

 
III. DIFFERENTIAL SUBORDINATIONS AND 

SUPERORDINATIONS  
 
  In this are presented chapter the definitions, lemmas and the fundamental theorem on 
differential subordinations and superordinations, Briot-Bouque differential subordinations and 
superordinations, and their applications and using various functions and linear operator. 
 

III.1. Differential subordinations 
 

The method of differential subordination, known as the method admissible functions is 
one of the latest methods used in the geometric theory of analytic functions and was introduced by 
S. S.  Miller and P. T.  Mocanu in [76,77] and then developed in many other work. 
Definition III.1.1:  Let 3: Uψ × →^ ^  and let the univalent function h in unit disc U. If the 
function p∈H [ ],a n   satiesfies the differential subordination: 

( )2( ), '( ), "( ); ( ) ,p z z p z z p z z h z z Uψ ∈≺ ,                        (III.1.4) 
then function p is called  an (a, n) solution of the differential subordination (III.1.4). 
Definition III.1.2: Subordination of the relation (III.1.4) is called  a second-order differential 
subordination, and the univalent function q in U, is called  (a, n) dominant  solution of the 
differential subordination (III.1.4).  
Definition III.1.3: A dominant q~  that satisfies ( ) ( )zqzq ≺~  for all dominants q of relaţia (III.1.4) 
is said to be the best  (a, n) dominant. 
Definition III.1.4:  Let 3: Uψ × →^ ^  and let the univalent function h in unit disc U. If p is a 
function analytic in unit disc U and  satiesfies the differential subordination of relation (III. 1.4),  
then function  p is called  solution of the differential subordination. 
Definition III.1.5: The univalent function  q  is called a dominant the differential subordinationn 
of relation (III.1.4), If , for any  p  care satisfies the relation (III.1.4). p q≺
Lemma III.1.1 [76]: Let 0

0 0
iz r e θ= ,  with 10 0 << r  and let ( ) 1

1 ...n n
n nf z a z a z +

+= + +  a function 

be continuous on U (0; r0) and analytic on ( ) { }0z ( )f z ≡0;0 r ∪U  with 0  and . If 1≥n

( ) ( ) ( ){ 00 ;0:max rUzzfzf ∈= }, then there a real number m, , such that: n≥m

a) 0 0

0

'( )
( )

z f z m
f z

= ;                                            b) 0 0

0

''( )Re 1
'( )

z f z m
f z

+ ≥ . 

Definition III.1.6: We denote by Q the set of functions q that are analytic and injective on 
( )qEU \ , where  

( ) ( ){ }∞=∂∈=
→

zqUqE
z ζ

ζ lim: , 
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and are such that ( ) 0' ≠ζq  for ( )qEU \∂∈ζ . Let  E(q) is called exception set. Denote by Q (a) 
the subclass Q  for which . (0)q a=

Definition III.1.6 [76, 77]: Let the set of  Ω⊂ ^ , let the function q∈Q  and . We note 
with  class functions 

,n n∈ ≥` 1
][ qn ,ΩΨ 3: Uψ × →^ ^  that satisfy the condition ( ) Ω∉zt;,sr,ψ , whenever:  

( ), '( ),r q s m qζ ζ ζ= =
"( )Re 1 Re 1
'( )

t q
s q

ζ ζ
ζ

⎡ ⎤⎡ ⎤+ ≥ +⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦
,                (III.1.5) 

where , Uz∈ ( )qEU \∂∈ζ  and . The set of nm ≥ [ ]qn ,ΩΨ  is called class of admissibile 
functions, and the condition ( ) Ω∉zt;sr ,,ψ  is called the admissibility condition. 
Theorem III.1.3 [82]:  Let [ ],n h qψ ∈Ψ , where  q(0) = a and ( ,0,0;0) (0)a hψ = . If the function 

, ( ) ...n
np z a p z= + + p∈H [ ],a n , and the function ( )2'( ), "( );( ),p z z p z z p z zψ ∈ H (U), then we 

have:  
( ) ( )2( ), '( ), "( );p z z p z z p z z h zψ ≺ ⇒ ( ) ( )zqzp ≺  . 

Theorem III.1.4 [76,77]:  Let the univalent functions ,h q∈Hu(U),  with  q(0) = a and we note 
)()( zhzh ρρ = , )()( zqzq ρρ = . Let the function 3 U:ψ × →^ ^ , with ( ,0,0;0) (0)a hψ = satisfy 

one of the following conditions: 
a) [ ]ρψ qn ,ΩΨ∈ , for some ( )1,0∈ρ , or 
b) there exists ( )1,00 ∈ρ  such that [ ]ρρψ qhn ,Ψ∈  ,  for any ( )1,0ρρ ∈ . 

If the function , ( ) ...n
np z a p z= + + p∈H [ ],a n , and the function 

( 2( ), '( ), "( ); )p z z p z z p z zψ ∈ H (U), then we have: 

( ) ( )2( ), '( ), "( );p z z p z z p z z h zψ ≺ ⇒ ( ) ( )zqzp ≺  . 

Theorem III.1.7 [53]:  Let the function ( ) ...n
np z a p z= + + , p∈H [ ],a n . 

a) If [ ],n aψ ∈Ψ Ω , then we have: 

( )2( ), '( ), "( );p z z p z z p z zψ ∈Ω , Uz∈ ⇒  ( ) 1p z < , . Uz∈

b) If [ ]n aψ ∈Ψ , then we have: 

( )2( ), '( ), "( ); 1p z z p z z p z zψ < , Uz∈ ⇒  ( ) 1p z < , Uz∈ . 

Theorem III.1.9  [95]:  Let the function ( ) ...n
np z a p z= + + , p∈H [ ],a n . 

a) If { an ,ΩΨ∈ }ψ , then we have: 

( )2( ), '( ), "( );p z z p z z p z zψ ∈Ω , Uz∈ ⇒  , . 0)(Re >zp Uz∈

b) If { }anΨ∈ψ , then we have: 

( )2( ), '( ), "( ); 0p z z p z z p z zψ > , Uz∈ ⇒  , . 0)(Re >zp Uz∈

Theorem III.1.11 [53]:  Let the function ( ) ...n
np z a p z= + + , p∈H [ ],a n , where 1a <  and let 

the function , with :P U →^ ( ) 1P z < , Uz∈ . Then we have: 

( ) ( ) '( ) 1p z P z z p z+ < ,  Uz∈ ⇒  ( ) 1p z < , Uz∈ . 
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Theorem III.1.12 [53]:  Let the function ( ) ...n
np z a p z= + + , p∈H [ ],a n , where a M< , 

 and let the function , with 0M > :P U →^ ( )P z M< , Uz∈ . Then we have: 

( ) ( ) '( )p z P z z p z M+ < ,  Uz∈ ⇒  ( )p z M< , Uz∈ . 
Definition III.1.7: Let c , with , let ∈^ 0Re >c *n∈`  and let 

⎥
⎦

⎤
⎢
⎣

⎡
++== c

n
cc

c
ncCC nn ImRe21

Re
)( . 

If the univalent function R is defined in U by 21
2)(

z
zCzR n

−
= , then we note with Rc,n  the „Open 

Door”function  defined by  the  relation: 

22, )()1(
)1()(2

1
)(

bzzb
zbbzC

zb
bzRzR nnc +−+

++
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+
+

= , where . )(1 cRb −=

Lemma III.1.7 ( lema „Open Door” ) [85]: Let c∈^ , with , let  and Rc,n  

the„Open Door” function and let the function 
0Re >c *n∈`

P∈H satisfy the differential subordination 

. If the function 

[ ,c n]

)()( , zRzP nc≺ p∈H 1 ,n
c
⎡ ⎤
⎢ ⎥⎣ ⎦

 satisfies the differential eqution 

, then , 1)( =z)()(' + pzPzpz 0 z)(Re >zp U∈ . 
Theorem III.1.14 [83,84]: Let the functions ,φ ϕ ∈H , with [1, ]n 0)()( ≠zz ϕφ , Uz∈ . Let 

, , ,α β γ δ ∈^ , with 0≠β , γβδα +=+ and 0)Re( >+δα . Let the function f ∈An  and suppose 
that 

)(
)(
)('

)(
)(')( zR

z
zz

zf
zfzzP δαδ

ϕ
ϕα +++≡ ≺ , 

where Rc,n is the „Open Door” function. If )(, fIF γβ=  is defined by 
1

1 1
10

( ) ( ) ( ) ...
( )

z n
nF z f t t t dt z A z

z z

β
α δ

γ

β γ ϕ
φ

− +
+

⎡ ⎤+
= =⎢ ⎥
⎣ ⎦

∫ + + , 

then An , F ∈ 0)(
≠

z
zF , , and  Uz∈

0
)(
)('

)(
)('Re >⎥

⎦

⎤
⎢
⎣

⎡
++ γ

φ
φβ

z
zz

zF
zFz , Uz∈ . 

 
III.2. Briot-Bouquet differential subordinations 

 
Definition III.2.1: By Briot–Bouquet differential operator means an operator of the form: 

( )( ), '( )p z z p zΦ ,  where 
γβ +

+=Φ
r
srsr ),( . 

Definition III.2.2: Let ,β γ ∈^ , let the function h∈H(U) and let the function p∈H(U), 
, with . By Briot–Bouquet differential subordination understand 

form: 
1( ) (0) ...p z h p z= + + )0(h)0(p =

 12



'( )( ) ( )
( )

z p zp z h
p zβ γ

+
+

≺ z . 

Lemma III.2.1 [95]: The function 2 3
1 2 3( , ) ( ) ( ) ( ) ...L z t a t z a t z a t z= + + + , with  for  

and 
0)(1 ≠ta 0≥t

∞=
∞→

)(lim 1 ta
t

, is a subordination chain if and only if there exist constants  and  

such that: 

]1,0(∈r 0>M

a) L(z,t) is analytic in rz <  for each 0≥t , is measurable in ),0[ ∞  for each  rz <  , and 

satisfies )(),( 1 taMtzL ≤  for rz <  and 0≥t . 
b) There a function p(z,t) analytic in U for any ),0[ ∞∈t  and measurable in ),0[ ∞  for each 

Uz∈ , such that 0),( , Uz∈ , 0≥t  and Re >tzp ),(),(),(
t

tzL tzpt
z
zLz
∂

∂
=

∂
∂  for rz <  and for 

almost all ),0[ ∞∈t . 
Theorem III.2.1 [78,79]:  Let ,β γ ∈^ , with 0≠β  and let be the convex function h which 
satisfies: 

[ ] 0)(Re >+ γβ zh , Uz∈ . 
If the function p∈H [ , then we have: (0), ]h n

'( )( ) ( ) ( ) ( )
( )

z p zp z h z p z
p zβ γ

+ ⇒
+

≺ ≺ h z . 

Theorem III.2.4 [85]: Let ,β γ ∈^ , with 0≠β  and let be the univalent function  q∈ Hu(U),  
with  q(0) = a, such that 0)( ≠+ γβ zq , Uz∈ and [ ] 0)0(Re >+ γβ q . We denote:  

γβ +
=

)(
)(')(

zq
zqzzQ  and 

γβ +
+=+=

)(
)(')()()()(

zq
zqznzqzQnzqzh . 

Suppose that:  

a) 0
)(
)(')(Re

)(
)('Re >⎥

⎦

⎤
⎢
⎣

⎡
++=

zQ
zQznzq

zQ
zhz

β
γβ , Uz∈  

and 
b) h is convex or 
b’) ]log[ γβ +q is convex (or Q is starlike). 

If p∈H   satiesfies the Briot – Bouquet differential subordination [ , ]a n

)(
)(

)(')( zh
zp

zpzzp ≺
γβ +

+ ,                                         (III.2.10) 

then  and the function q is  (a, n) dominant  solution of the differential subordination 
(III.2.10). The extremal function is , and the function q is solution of Briot – Bouquet 
differential equation. 

)()( zqzp ≺
)()( nzqzp =

Theorem III.2.13 [78]: Let be the univalent function q∈ Hu(U) and let ,θ φ ∈H(D), where 
, such that )(UqD ⊃ 0)( ≠wφ , .  )(Uqw∈

Să note ( ))()(')( zqzqzzQ φ= , ( )( ) ( ) ( )h z q z Q zθ= +  and suppose that:  
a) h is convex or  Q is starlike inU, 
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b) ( )
( ) 0

)(
)('

)(
)('Re

)(
)('Re >⎥

⎦

⎤
⎢
⎣

⎡
+=

zQ
zQz

zq
zq

zQ
zhz

φ
θ , Uz∈ . 

If  function p∈ H(U),  with  p(0) = q(0) and , then we have: DUp ⊂)(
( ) ( ) ( ) ( ) )()()(')()()(')( zhzqzqzzqzpzpzzp =++ φθφθ ≺          (III.2.31) 

implică , and the function q is the best dominant of the subordination (III.2.31). )()( zqzp ≺
 

III.3. Applications of differential subordinations  
 

In paragraph were determined applications of differential subordinations, using 

function 1( )
1

A zq z
A z

+
=

−
. The results are original and are contained in [57], [61]. 

Theorem III.3.1 [61]: Let  Hu(U), q∈ 1( )
1

A zq z
A z

+
=

−
, with ( 1,0) (0,1)A∈ − ∪  and let (0,1]α ∈ , 

such that 1 1 0
1

A
A

α
α
− +

+ >
−

. If p∈ H(U),  with  p(0) = q(0) = 1 and 

2

1 2(1 ) ( ) '( ) (1 )
1 (1

A z A zp z z p z
A z A z

α α α α
)

+
− + − +

− −
≺ , then . )()( zqzp ≺

Theorem III.3.2 [61]: Let  and let( 1,0) (0,1)A∈ − ∪ (0,1]α ∈ , such that 1 1 0
1

A
A

α
α
− +

+ >
−

. If 

p∈ H(U), with  p(0) = 1 and 

2

1 2(1 ) ( ) '( ) (1 )
1 (1

A z A zp z z p z
A z A z

α α α α
)

+
− + − +

− −
≺  ,  then  . Re ( ) 0p z >

Theorem III.3.3 [61]: Let  Hu(U), q∈ 1( )
1

A zq z
A z

+
=

−
, with ( 1,0) (0,1)A∈ − ∪  and let , 0α β > , 

(0,1]γ ∈ , such that    
2 1 1 0

1 1
A A
A A

α β
γ γ

+ +
+ + >

− −
.                                              (III.3.9) 

If p∈ H(U), with  p(0) = q(0) = 1 and 
2

2
2

1 1 2( ) ( ) '( )
1 1 (1

A z A z A zp z p z z p z
A z A z A z

α β γ α β γ
⎛ ⎞+ +

+ + + +⎜ ⎟− − −⎝ ⎠
≺

)
, then . )()( zqzp ≺

Theorem III.3.4 [61]: Let  and let ( 1,0) (0,1)A∈ − ∪ , 0α β > , (0,1]γ ∈ , suppose that satisfies the 
relation (III.3.9). If p∈ H(U),  with  p(0) = 1 and 

2
2

2

1 1 2( ) ( ) '( )
1 1 (1

A z A z A zp z p z z p z
A z A z A z

α β γ α β γ
⎛ ⎞+ +

+ + + +⎜ ⎟− − −⎝ ⎠
≺

)
,  then  . Re ( ) 0p z >

Theorem III.3.5 [61]: Let  Hu(U), q∈ 1( )
1

A zq z
A z

+
=

−
, with ( 1,0) (0,1)A∈ − ∪  and let 0α >  

and (0,1]β ∈ , such that: 
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2 3

2 2

1 2 2( 1)
1 2 1 2

A A A
A A A A

β− −
4 0t

+ −
− + − +

> ,                                       (III.3.16) 

2

(1 ) 1 1 21 ( 1)
1 1

A
A A

α β β β
α α
− + ⎛ ⎞+ + + + −⎜ ⎟− −⎝ ⎠

0A
> .                            (III.3.17) 

 If p∈ H(U),  with  p(0) = q(0) = 1 and 

( ) [ ] ( )
1

1
2

1 1 2 1( ) (1 ) ( ) '( ) ( ) (1 )
1 1 (1 ) 1

A z A z A z A zp z p z z p z p z
A z A z A z A z

β β
β βα α α α α α

−
− ⎛ ⎞ ⎡ ⎤ ⎛ ⎞+ +

− + + − + +⎜ ⎟ ⎜ ⎟⎢ ⎥− − −⎝ ⎠ ⎣ ⎦ ⎝ ⎠
≺ +

−
then . )()( zqzp ≺
Theorem III.3.6 [61]: Let , let ( 1,0) (0,1)A∈ − ∪ 0α >  and (0,1]β ∈ , suppose that satisfies the 
relations  (III.3.16) and  (III.3.17). If p∈ H(U),  with  p(0) = 1 and 

( ) [ ] ( )
1

1
2

1 1 2 1( ) (1 ) ( ) '( ) ( ) (1 )
1 1 (1 ) 1

A z A z A z A zp z p z z p z p z
A z A z A z A z

β β
β βα α α α α α

−
− ⎛ ⎞ ⎡ ⎤ ⎛ ⎞+ +

− + + − + +⎜ ⎟ ⎜ ⎟⎢ ⎥− − −⎝ ⎠ ⎣ ⎦ ⎝ ⎠
≺ +

−
then  Re . ( ) 0p z >
Theorem III.3.7 [57]: If the function f ∈A  ,  then: 

( ) ( )''( ) 1 '( ) 1 ( ) 11
'( ) 1 ( ) 1 1

a bz f z z z f z f z
f z z f z z z z

+
+ ⇒ ⇒

− − −
≺ ≺ ≺ . 

Theorem III.3.8 [57]: If the function f ∈A   and 0 1A< ≤  ,  then: 
( ) ( )''( ) 1 '( ) 1 ( ) 11

'( ) 1 ( ) 1 1

a bz f z A z z f z f z
f z A z f z A z z

+
+ ⇒ ⇒

− −
≺ ≺

A z−
≺ . 

Theorem III.3.9 [57]: If the function f ∈A  ,  then: 
( ) ( )

2

''( ) 1 1 ( ) 11 '( )
'( ) 1 (1 ) 1

a bz f z z f zf z
f z z z z z

+
+ ⇒ ⇒

− − −
≺ ≺ ≺ . 

Theorem III.3.10 [57]: If the function f ∈A   and 0 1A< ≤  ,  then: 
( ) ( )

2

''( ) 1 1 ( ) 11 '( )
'( ) 1 (1 ) 1

a bz f z A z f zf z
f z A z A z z

+
+ ⇒ ⇒

− −
≺ ≺ ≺

A z−
. 

 
III.4. Applications of Briot-Bouquet differential subordinations  

 
In paragraph were determined applications of Briot-Bouquet differential subordination, 

using the function 1( )
1

A zq z
A z

+
=

−
. The results are original and are contained in [64]. 

Theorem III.4.1 [64]: Let  Hu(U), q∈ 1( )
1

A zq z
A z

+
=

−
, where ( 1,0) (0,1)A∈ − ∪ . If p∈ H(U),  

with  p(0) = q(0) = 1 and 

2 2

'( ) 1 2( )
( ) 1 1

z p z A z A zp z
p z A z A z

+
+ +

− −
≺ ,  then . )()( zqzp ≺
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Theorem III.4.2 [64]: Let  Hu(U), q∈ 1( )
1

A zq z
A z

+
=

−
, where ( 1,0) (0,1)A∈ − ∪ . If p∈ H(U),  

with  p(0) = q(0) = 1 and 

2 2

'( ) 1 2( )
( ) 1 1

z p z A z A zp z
p z A z A z

+
+ +

− −
≺ ,  then  . Re ( ) 0p z >

Theorem III.4.3 [64]: Let  and let be the convex function h  in U, with ( 1,0) (0,1)A∈ − ∪ (0) 1h = . 
Suppose that satisfies differential eqution: 

( )( ) ( )
( )

z q zh z q z
q z
′

= + , z U∈ .                                                (III.4.9) 

has the univalent solution 1( )
1

A zq z
A z

+
=

−
 satisfies (0) 1q =  and .  ( ) ( )h z q z≺

If f ∈A and ( )
( )

z f z
f z
′

 is univalent, ( )
( )

z F z
F z
′

∈H[1,1]∩Q and 

( ) ( )
( )

z f z h z
f z
′

≺ , z U∈ , then ( ) ( )
( )

z F z q z
F z
′

≺ , z U∈ ,       

where 

0

( )( )
z f tF z dt

t
= ∫ .                                                     (III.4.12) 

Theorem III.4.4 [64]: Let  and let the function h defined by (III.4.9). If ( 1,0) (0,1)A∈ − ∪ f ∈A 

and ( )
( )

z f z
f z
′

 is  univalent, ( )
( )

z F z
F z
′

∈ [1,1]H ∩Q and 

( ) ( )
( )

z f z h z
f z
′

≺ , z U∈ , then ( )Re 0
( )

z F z
F z
′

> , z U∈ , 

where the function  F is defined by (III.4.12). 

Theorem III.4.5 [64]: Let  Hu(U), q∈ 1( )
1

A zq z
A z

+
=

−
, with ( 1,0) (0,1)A∈ − ∪ , such that: 

(1 )1
1 1

A A
A A A

0γ
γ γ

−
+ −

− + + −
> ,                                    (III.4.19) 

1 0
(1 ) (1 )A A Aγ γ

>
− + + −

,                                     (III.4.20) 

2 3 4(1 ) 2 (1 ) 2 ( 1) ( 1) 0A A Aγ γ γ γ γ γ+ − + + − − − >2 .                 (III.4.21) 
 If p∈ H(U),  with  p(0) = q(0) = 1 and 

'( ) 1 2( )
( ) 1 (1 )(1 )

z p z A z A zp z
p z A z A z A z A zγ γ γ

+
+ +

+ − − + + −
≺ ,  then  . )()( zqzp ≺

Theorem III.4.6 [64]: Let  Hu(U), q∈ 1( )
1

A zq z
A z

+
=

−
, with ( 1,0) (0,1)A∈ − ∪  and suppose that 

satisfies the relations (III.4.19), (III.4.20) and (III.4.21). If p∈ H(U),  with p(0) = q(0) = 1 and 
'( ) 1 2( )

( ) 1 1 (1 ) (1 )
z p z A z A zp z
p z A z A z A z A zγ γ

+
+ +

+ − − + + −
≺  , then  . Re ( ) 0p z >
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Theorem III.4.7 [64]:  Let  and let be the convex function in U, with ( 1,0) (0,1)A∈ − ∪ (0) 1h = . 
Suppose that satisfies differential eqution: 

'( )( ) ( )
( )
z q zh z q z

q z γ
= +

+
, z U∈ .                                          (III.4.29) 

has the univalent solution 1( )
1

A zq z
A z

+
=

−
 satisfies (0) 1q =  and . If ( ) ( )h z q z≺ f ∈A and ( )

( )
z f z

f z
′

 

is univalent, ( )
( )

z F z
F z
′

∈H Q and [1,1]∩

( ) ( )
( )

z f z h z
f z
′

≺ , z U∈ , then ( ) ( )
( )

z F z q z
F z
′

≺ , z U∈ , 

where 
1

0

1( ) ( )
z

F z f t t dt
z

γ
γ

γ −+
= ∫ .                                          (III.4.32) 

Theorem III.4.8 [64]: Let  and let the function h defined by (III.4.29). If ( 1,0) (0,1)A∈ − ∪ f ∈A 

and ( )
( )

z f z
f z
′

 is univalent, ( )
( )

z F z
F z
′

∈ [1,1]H ∩Q and 

( ) ( )
( )

z f z h z
f z
′

≺ , z U∈ , then ( )Re 0
( )

z F z
F z
′

> , z U∈ , 

Where the function  F is defined by (III.4.32). 
 

III.5. Differential superordination 
 

Differential superordination method was introduced by S. S.  Miller and P. T. Mocanu 
in article „Subordinants of Differential Superordinations” [86]. Using these methods allowed to 
obtain new results in the geometric theory of analytic functions. 
Definition III.5.1:  Let  f  and  F  be members of H (U).  The function f is said to be subordinate to  
F, or  F  is said to be superordinate  to f,  if there exists a function  w analytic in  U, with (0) 0w =  
and ( ) 1w z < , such that (( ) ( ))f z F w z= . In such a case we write f F≺  or ( ) ( )f z F≺ z . If the 
function  F  is univalent, then f F≺  if and only if (0) (0)f F=  and ( ) ( )f U F U⊂ .  
Definition III.5.2:  Let  and let be the univalent function h in unit disc U. If the 
function 

3: Uϕ × →^ ^
p∈H [ ],a n  satiesfies the differential subordination: 

( )2( ) ( ), '( ), "( ); ,h z p z z p z z p z z z Uϕ ∈≺ ,                        (III.5.4) 
then function p is called  (a, n) solution  of the differential superordination (III.5.4). 
Definition III.5.3: The superordination (III.5.4) is called  the second-order differential 
superordination, and the function q univalent in U, is called  (a, n) subordinant solution of the  
differential superordination (III.5.4).  
Definition III.5.4:  Let  and let be the univalent function h in unit disc U. If p is a 
function analytic in unit disc U and  satisfy the differential superordination (III.5.4),  then function  
p is called  solution of the  differential superordination. 

3: Uϕ × →^ ^
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Definition III.5.5: The univalent function  q  is called a subordinant of the  differential 
superordination  (III.5.4), If q , for any  p  which satisfies the relation (III.5.4). p≺
Definition III.5.6: A subordinant q~  such that ( ) ( )q z q z�≺  for all subordinants q of (III.5.4) is 
said to be the best subordinant. 
Definition III.5.7 [77, 81]: Let  the set of  Ω⊂ ^ , let the function q∈H [ ,   and ]a n , 1n n∈ ≥` . 
Denote with [ ],n qΦ Ω  the class functions  that satisfy the condition   3: Uϕ × →^ ^

( ), , ;r s tϕ ζ ∈Ω , whenever:  

'( )( ), ,z q zr q z s
m

= =
1 "( )Re 1 Re 1

'( )
t z q z
s m q z

⎡ ⎤
+ ≤ +⎢ ⎥

⎣ ⎦
, 

where , Uz∈ Uζ ∈∂  and . The set of nm ≥ [ ],n qΦ Ω  is called class of admissible functions, iar 

the condition  is called the admissible condition . ( , , ;r s tϕ )∈Ωz

Theorem III.5.1 [85]:  Let , qΩ⊂ ^ ∈H [ ],a n  and let [ ],n qϕ∈Φ Ω , where q(0) = a. If the 

function p∈Q (a)  and ( 2( ), )( ), ' "( );p z z p z z p z zϕ  is is univalent function in  unit disc U, then 

( ){ }2( ), '( ), "( ); ,p z z p z z p z z z UϕΩ ⊂ ∈ ⇒ ( ) ( )q z p z≺ . 

Theorem III.5.2 [56]:  Let , let qΩ⊂^ ∈H , with  q(0) = a  and let [ , ]a n ,n qρϕ ⎡∈Φ Ω⎣ ⎤⎦ , for 

some 1ρ ≥ , where )( zq)(zq ρρ = . If the function p∈Q (a) and ( )2'( ), "( );( ),p z z pϕ z z p z z  is is 
univalent function in  unit disc U, then 

( ){ }2( ), '( ), "( ); ;p z z p z z p z z z UϕΩ ⊂ ∈ ⇒ ( ) ( )q z p z≺  . 

Theorem III.5.3 [86]:  Let H  and let be h analytic in U and let q∈ [ , ]a n [ ],n h qϕ∈Φ . If the 

function p∈Q (a) and  the function ( )2( ), '( ), "( );p z z p z z p z zϕ  is is univalent function in  unit 
disc U, then 

( ) ( )2( ), '( ), "( );h z p z z p z z p z zϕ≺ ⇒ ( ) ( )q z p z≺  . 

Theorem III.5.4 [56]:  Let , let the functions Ω⊂ ^ ,h q∈H ,  with  q(0) = a and note [ , ]a n
)()( zhzh ρρ = , )z()( qzq ρρ = . Let the function 3:ϕ U× →^ ,̂  with ( ,0,0;0) (0)a hϕ = satisfy one 

of the following conditions: 
a) ,n qρϕ ⎡∈Φ Ω⎣ ⎤⎦ , for some 1ρ ≥ , 
or  
b) there un 0 1ρ ≥  such that ,n h qρ ρϕ ⎡ ⎤∈Φ ⎣ ⎦  for any ( )01,ρ ρ∈ . 

If the function p∈Q (a) and the  function ( )2( ), '( ), "( );p z z p z z p z zϕ  is univalent in unit disc U, 
then 

( ) ( )2( ), '( ), "( );h z p z z p z z p z zϕ≺ ⇒ ( ) ( )q z p z≺  . 

Theorem III.5.5 [86]:  Let be  h a analytic function in U and let  . Suppose that the 
differential equation: 

3: Uϕ × →^ ^

( ) ( )2( ), '( ), "( );q z z q z z q z z h zϕ =  
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has solution Q (a). If q∈ [ ],h qϕ∈Φ , p∈Q (a) and ( )2( ), '( ), "( );p z z p z z p z zϕ  is univalent in  
U, then:  

( ) ( )2( ), '( ), "( );h z p z z p z z p z zϕ≺ ⇒ ( ) ( )q z p z≺  . 
and the function q is the best subordinant . 
Theorem III.5.6 [56]:  Let be the univalent function h∈Hu(U)  and let 3: Uϕ × →^ .̂ Suppose 
that differential equation: 

( ) ( )2( ), '( ), "( );q z z q z z q z z h zϕ =  
has solution q, with q(0) = a, and one of the following conditions is verified: 

a) Q  and q∈ [ ],h qϕ∈Φ , 

b) q is univalent in U and ,h qρϕ ⎡ ⎤∈Φ ⎣ ⎦ ,for some 1ρ ≥ , 

c) q is univalent in U and there un 0 1ρ ≥ , such that ,h qρ ρϕ ⎡∈Φ ⎣ ⎤⎦  for any 

( )01,ρ ρ∈ . 

If the function p∈Q (a) and the function ( )2( ), '( ), "( );p z z p z z p z zϕ  is univalent in unit disc U, 
then: 

( ) ( )2( ), '( ), "( );h z p z z p z z p z zϕ≺ ⇒ ( ) ( )q z p z≺  . 
and the function q is the best subordinant. 
Theorem III.5.7 [56]:  Let be the univalent function h∈Hu(U)  and let 3: Uϕ × →^ .̂ Suppose 
that differential equation: 

( )( ) ( )2 2( ), '( ), 1 '( ) "( );q z n z q z n n z q z n z q z z h zϕ − + =  
has solution q, with q(0) = a, and one of the following conditions is verified: 

a) Q  and q∈ [ ],n h qϕ∈Φ , 

b) q is univalent  in U and ,n h qρϕ ⎡ ⎤∈Φ ⎣ ⎦ , for some 1ρ ≥ , 

c) q is univalent in U and there 0 1ρ ≥ , such that ,n h qρ ρϕ ⎡∈Φ ⎣ ⎤⎦  for any 

( )01,ρ ρ∈ . 

If the function p∈Q (a) and the function ( )2( ), '( ), "( );p z z p z z p z zϕ  is univalent in the unit disc 
U, then 

( ) ( )2( ), '( ), "( );h z p z z p z z p z zϕ≺ ⇒ ( ) ( )q z p z≺   
and the function q is the best subordinant. 
Theorem III.5.15 [13,15]:  Let be q a convex ( univalent) function in unit disc U, let be the 
functions ϑ  and ϕ  analytic in a domain D⊃ ( )q U  and let μ∈H . Suppose that: ( )^

( ) ( ) ( )
( ) ( )

' ( ) ( ) ( )
Re 0

( ) ( )
q z q z t z q z

q z t z q z
ϑ ϕ μ

ϕ μ
′ ′+

>
′ ′

, Uz∈ , . 0t ≥

If p∈ H [ ( Q, with p(0) = q(0),  and 0),1]q ∩ DUp ⊂)( ( ) ( ) ( )( ) ( ) ( )p z z p z pϑ μ ϕ′+ z  is 
univalent in U,  and 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )q z t z q z q z p z z p z p zϑ μ ϕ ϑ μ ϕ′ ′+ +≺  
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then . The function  q  is the best subordinant. ( ) ( )q z p z≺
Corolarul III.5.6 [13]: Let be q a convex ( univalent) function in unit disc U, let be the function ϕ   
analytic in a domain D  and let ⊃ ( )q U ϕ∈H . Suppose that: ( )^

a)  is starlike inU, (( ) '( ) ( )z z q z q zξ ϕ= )

b) ( )
( )
' ( )

Re 0
( )

q z
q z

ϑ
ϕ

> , Uz∈ . 

If p∈ H [ ( Q,  with  p(0) = q(0),  and 0),1]q ∩ DUp ⊂)( ( ) (( ) '( ) ( ))p z z p z p zϑ ϕ+  is univalent 
in U,  and 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) '( ) ( )q z z g z z q z p z z p z p zϑ ϕ ϑ ϕ′ ′+ +≺  
then . The function  q  is the best subordinant. ( ) ( )q z p z≺
Teorema III.5.16: Let  Hu(U) and let be the functions q∈ ϑ  and ϕ  analytic in a domain 
D⊃ , with ( )q U ( )w 0ϕ ≠ , where . Let )(Uqw∈ ( )( ) '( ) ( )z z q z q zξ ϕ= , ( )( ) ( ) ( )q z zl z ϑ ξ= +  and 
suppose that:  

a) ξ  is starlike, 

b) ( )
( )
' ( )'( ) '( )Re Re 0

( ) ( ) ( )
q zz l z z z

z q z z
ϑ ξ

ξ ϕ ξ
⎡ ⎤

= + > Uz⎢ ⎥
⎣ ⎦

, ∈ . 

If  p∈ H [ ( Q, with  p(0) = q(0), and 0),1]q ∩ DUp ⊂)( ( ) (( ) '( ) ( ))p z z p z p zϑ ϕ+  is univalent 
in U  and 

( ) ( ) ( ) ( )( ) '( ) ( ) ( ) '( ) ( )q z z q z q z p z z p z p zϑ ϕ ϑ ϕ+ +≺ , 
then . The function  q is is the best subordinant. ( ) ( )q z p z≺
 

III.6. Briot-Bouquet differential superordination  
 
Definition III.6.1: Let ,β γ ∈^ , let h∈H(U) and let p∈H(U), , with 
property . By Briot–Bouquet differential superordination understand form: 

1( ) (0) ...p z h p z= + +
)0()0( hp =

'( )( ) ( )
( )

z p zh z p z
p zβ γ

+
+

≺ . 

Theorem III.6.1 [87]:  Let be h a convex function in U, with (0)h a= , and let be the functions Θ  
and  analytic in a domain D. Let Φ p∈ H [ ,1]a ∩Q  and suppose that 

( )( ) (( ) ( ))p z z p z p z′ ΦΘ +  is univalent in U. If differential equation: 

( ) ( )( ) ( ) ( ) ( )q z z q z q z h z′Θ + Φ =  
it has univalent solution q, ,  and:  (0)q a= ( )q U D⊂

( )( ) ( )q z h zΘ ≺ , 
Then:  

( ) ( )( ) ( ) ( ) ( )h z p z z p z p z′Θ + Φ≺   . ⇒ ( ) ( )q z p z≺
The function q is the best subordinant. 
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Theorem III.6.3 [87]:  Let be the functions Θ  and Φ  analytic in a domain D and let be q, where 
q is univalent function in U, with (0)q a= , . Let ( )q U D⊂ ( )( ) ( ) ( )Q z z q z q z′= Φ , 

 and suppose that: (( ) ( ) ( )h z Q z q z= +Θ )
a)  is starlike, ( )Q z

b) ( )
( )

( )
Re 0

( )
q z
q z

′Θ
>

Φ
. 

If p∈ H Q , [ ,1]a ∩ ( )p U ⊂ D  and suppose that ( ) ( )( ) ( ) ( )p z z p z p z′Θ + Φ  is univalent in U,  
then  

( ) ( )( ) ( ) ( ) ( )h z p z z p z p z′Θ + Φ≺   . ⇒ ( ) ( )q z p z≺
The function q is the best subordinant. 
 

III.7. Applications of Briot-Bouquet differential superordination using an 
integral operator  

 
In paragraph were determined applications of Briot-Bouquet differential 

superordination with the help of integral operators. The results are original and are contained in 
[54], [55], [58]. 

Theorem III.7.1 [54]:  Let . The function ( 1,0) (0,1)A∈ − ∪
1( )
1 1

A z A zh z
A z A z

+
= +

− −
, z U∈  is 

convex. 
Theorem III.7.2 [55]:  Let  and the function h is convex in U, with ( 1,0) (0,1)A∈ − ∪ (0) 1h = . 
Suppose that we have differential equation: 

'( )( ) ( )
( ) 1

z q zh z q z
q z

= +
+

, z U∈  

with the univalent solution 1( )
1

A zq z
A z

+
=

−
, (0) 1q =  and . If ( ) ( )q z h z≺ f ∈A and ( )

( )
z f z

f z
′

 is 

univalent, ( )
( )

z F z
F z
′

∈H Q   and: [1,1]∩

( )( )
( )

z f zh z
f z
′

≺ , z U∈ , then ( )( )
( )

z F zq z
F z
′

≺ , z U∈ , 

where: 

0

2( ) ( )
z

F z f t dt
z

= ∫ .                                                (III.7.10) 

Corollary III.7.1 [55]: Let . If ( 1,0) (0,1)A∈ − ∪ 1 2,f f ∈A, 1

1

( )
( )

z f z
f z
′

 and 2

2

( )
( )

z f z
f z
′

 are univalent, 

1 2

1 2

( ) ( ),
( ) ( )

z F z z F z
F z F z
′ ′

∈H[ , Q  and: 1]a ∩

1 2

1 2

( ) ( )1
( ) 1 1 ( )

z f z z f zA z A z
f z A z A z f z

z U
′ ′+

+
− −

≺ ≺ , ∈ , then 1 2

1 2

( ) ( )1
( ) 1 ( )

z F z z F zA z
F z A z F z
′ ′+

−
≺ ≺ , , z U∈

Where: 
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0

2( ) ( )
z

i iF z f t dt
z

= ∫ , 1, 2i = .                                        (III.7.11)   

Theorem III.7.3 [58]:  Let  , where 0a A∈ 0 ( , 4.5115...) (0.7571..., )A = −∞ − ∪ +∞ . The function: 

( )
1

zh z z a
z a

= + +
+ +

, z U∈  

is convex. 
Theorem III.7.4 [58]:  Let  and let  h is convex function  in U, with . Suppose that 
differential equation: 

0a A∈ (0)h = a

'( )( ) ( )
( ) 1

z q zh z q z
q z

= +
+

, z U∈  

has univalent solution , ( )q z z a= + (0)q a=  and . If ( ) ( )q z h z≺ f ∈A and ( )
( )

z f z
f z
′

 is univalent, 

( )
( )

z F z
F z
′

∈H Q and [ ,1]a ∩

( )( )
( )

z f zh z
f z
′

≺ , z U∈ , then ( )( )
( )

z F zq z
F z
′

≺ , z U∈ , 

where the function  F is defined by the relationship (III.5.10). 

Corollary III.7.2 [58]:   Let . If 0a A∈ 1 2,f f ∈A , 1

1

( )
( )

z f z
f z
′

 and 2

2

( )
( )

z f z
f z
′

 are univalent, 

1 2

1 2

( ) ( ),
( ) ( )

z F z z F z
F z F z
′ ′

∈H Q and [ ,1]a ∩

1 2

1 2

( ) ( )
( ) 1 ( )

z f z z f zzz a
f z z a f z

z U
′ ′

+ +
+ +

≺ ≺ , ∈ , then 1 2

1 2

( ) ( )
( ) ( )

z F z z F zz a
F z F z
′ ′

+≺ ≺ , , z U∈

where , iF 1,2i = ,  is defined by the relationship (III.5.11). 
 

III.8. Applications of differential subordinations and superordinations, 
sandwich theorems  

 
In paragraph were determined applications of differential subordination and 

superordination. The results are original and are contained in [63], [65], [66]. 
Theorem III.8.1 [63]: Let be the convex function q in U and suppose that  Re ( )q z β> . Let f ∈A 

 ,  and ( , )k n k ∈` 0α > . Suppose that the function  q satisfies the relation: 
( )Re ( ) 1 0

( )
z q z q z
g z

β
′′⎡ ⎤

+ − + >⎢ ′⎣ ⎦
⎥ .                                          (III.8.1)            

If  
2 1 2

1

1 ( ) ( ) ( ) ( ) ( )( ) ( ) ( )
2 2k k k k

f z f z f z f z q zk q
z z z z

α α α

α β α β
−

−

′⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ′− + + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

≺ z z q z , 

then 
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( ) ( )k

f z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ . 

The function  q is the best dominant. 
Theorem III.8.2 [63]: Let be the convex function q in U and suppose that Re ( )q z β> . Let f ∈A 

 , , ( , )k n k ∈` ( )
k

f z
z

α
⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H [ (0),1]q ∩Q, 0α >  and let 

2 1

1

1 ( ) ( ) ( ) ( )( )
2 k k k

f z f z f z f zk
z z z

α α

α β α kz

α−

−

′⎛ ⎞ ⎛ ⎞ ⎛ ⎞− + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

is univalent function in U . Suppose that the function  q satisfies the relation: 
[ ]Re ( ) ( ) ( ) 0q z q z q zβ′ ′− > .                                    (III.8.4) 

If  
2 12

1

( ) 1 ( ) ( ) ( ) ( )( ) ( ) ( )
2 2 k k k

q z f z f z f z f zq z z q z k
z z z

α α

β α β α
−

−

′⎛ ⎞ ⎛ ⎞ ⎛ ⎞′− + − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

≺ kz

α

, 

then 
( )( ) k

f zq z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 
Theorem III.8.3 [63]: Let the functions is convex and  is univalent in U and suppose that 1q 2q

Re ( )q z β> . Let f ∈A (  ,  , , )k n k ∈` ( )
k

f z
z

⎛
α
⎞ ∈⎜ ⎟

⎝ ⎠
H [ ( ]q 0),1 ∩Q , 0α > and let 

2 1

1

1 ( ) ( ) ( ) ( )( )
2 k k k

f z f z f z f zk
z z z

α α

α β α kz

α−

−

′⎛ ⎞ ⎛ ⎞ ⎛ ⎞− + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

is univalent in U . Suppose that the function   satisfies the relation (III.8.4) and the function 
satisfies the relation (III.8.1). If  

1q 2q  

2 12
1

1 1 1

2
2

2 2

( ) 1 ( ) ( ) ( ) ( )( ) ( ) ( )
2 2

( ) ( ) ( ),
2

k k k

q z f z f z f z f zq z z q z k
z z z

q z q z z q z

kz

α α α

β α β α

β

−

−

′⎛ ⎞ ⎛ ⎞ ⎛ ⎞′− + − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

′− +

≺

≺

 

then 

       1 2
( )( ) ( )k

f zq z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
Theorem III.8 [65]: Let f ∈A , ( , )k n k ∈` , 0γ >  and 0α > . Let be the convex function q in U  
and suppose that the function q satisfies the relation:  

( )Re 1 0
( )

z q z
g z

α
γ

′′⎡ ⎤
+ + >⎢ ′⎣ ⎦

⎥ .                                           (III.8.7) 

If: 
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1

1

( ) ( ) ( ) ( )(1 ) ( )k k k

f z f z f z z qk q z
z z z

α α γγ γ
α

−

−

′ ′⎛ ⎞ ⎛ ⎞+ − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

≺ z , 

then: 
( ) ( )k

f z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best dominant. 
Theorem III.8.5 [65]: Let f ∈A ( , , )k n k ∈` , let be the convex function q in U and let 

( )
k

f z
z

α
⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H Q , [ (0),1]q ∩ 0γ >  and 0α >  . Let 

1

1

( ) ( ) ( )(1 )k k k

f z f z f zk
z z z

α α

γ γ
−

−

′⎛ ⎞ ⎛ ⎞+ −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

is univalent in U . Suppose that the function  q satisfies the relation 
( )Re 0q zγ
α
′⎡ ⎤ >⎢ ⎥⎣ ⎦

.                                                    (III.8.10) 

If : 
1

1

( ) ( ) ( ) ( )( ) (1 )k k k

z q z f z f z f zq z k
z z z

α αγ γ γ
α

−

−

′ ′⎛ ⎞ ⎛ ⎞+ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

≺ − , 

then: 
( )( ) k

f zq z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 

Theorem III.8.6  [65]: Let f ∈A  , ( , )k n ( )
k

f z
z

α
⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H [ (0),1]q Q∩ , k∈`  0γ >  and 0α >  . 

Let 
1

1

( ) ( ) ( )(1 )k k k

f z f z f zk
z z z

α α

γ γ
−

−

′⎛ ⎞ ⎛ ⎞+ −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

is univalent in U . Let the functions  is convex and  is univalent in U. Suppose that the 
function  satisfies the relation (III.8.10), and   satisfies the relation (III.8.7). If  

1q 2q

1q 2q
1

1 2
1 21

( ) ( )( ) ( ) ( )( ) (1 ) ( )k k k

z q z z q zf z f z f zq z k q z
z z z

α αγ γγ γ
α α

−

−

′ ′′⎛ ⎞ ⎛ ⎞+ + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

≺ ≺ + , 

then 

1 2
( )( ) ( )k

f zq z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺    

and  is the best subordinant, iar  is the best dominant. 1q 2q
Theorem III.8.7 [66]: Let f ∈A , ( , )k n k∈` , 0γ >  and 0α > . Let be the univalent function q 
in U and suppose that satisfies the relation: 
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( ) ( )Re 1 0
( ) ( )

z q z z q z
g z q z
′′ ′⎡ ⎤

− + >⎢ ′⎣ ⎦
⎥ .                                         (III.8.13) 

If : 
( ) ( )1 1

( ) ( )
z f z z q zk

f z q z
γα γ α γ

′ ′
+ − +≺ , 

then: 
( ) ( )k

f z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best dominant. 

Theorem III.8.8 [66]: Let f ∈A  , ( , )k n ( )
k

f z
z

α
⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H[ (0),1]q ∩Q, k∈`  0γ >  and 0α >  . Let 

( )1
( )

z f z k
f z

α γ α γ
′

+ −  

univalent in U . Let be q convex function in U and suppose that satisfies the relation (III.7.13). If  
( ) ( )1 1

( ) ( )
z q z z f z k
q z f z

γ α γ α γ
′ ′

+ + −≺ , 

then: 
( )( ) k

f zq z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 

Theorem III.8.9 [66]: Let f ∈A ( ,  , )k n ( )
k

f z
z

α
⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H[ (0),1]q ∩Q, k ∈` , 0γ >  and 0α >  . Let 

( )1
( )

z f z k
f z

α γ
′

+ −α γ

. If  

 is univalent in U . Let the function 1q is  convex and 2q  is univalent in U 

and suppose that satisfies the relation (III.8.13)

s 

1 2

1 2

( ) ( )( )1 1 1
( ) ( ) ( )

z q z z q zz f z k
q z f z q z

γ γα γ α γ
′ ′′

+ + − +≺ ≺ , 

then : 

1 2
( )( ) ( )k

f zq z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺ , 

and  is the best subordinant, iar  is the best dominant. 1q 2q
Theorem III.810 [66]: Let f ∈A  , ( , )k n k ∈`  and 0α > . Let be the univalent function q in U 
and suppose that satisfies the relations: 

Re ( ) 0q z >                                                         (III.8.18) 
and  

( ) ( )Re 1 0
( ) ( )

z q z z q z
g z q z
′′ ′⎡ ⎤

− + >⎢ ′⎣ ⎦
⎥ .                                         (III.8.19) 

If  
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( ) ( ) ( )( )
( ) ( )k

f z z f z z qk q z
z f z

α

α γ α γ z
q z

′ ′⎛ ⎞ + − +⎜ ⎟
⎝ ⎠

≺ , 

then 
( ) ( )k

f z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ , 

and q is the best dominant. 

Theorem III.8.11 [66]: Let f ∈A , ( , )k n ( )
k

f z
z

α
⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H [ (0),1]q ∩Q , k ∈`  and 0α >  . Let 

( ) ( )
( )k

f z z f z k
z f z

α

α γ α
′⎛ ⎞ + −⎜ ⎟

⎝ ⎠
γ  

is univalent in U . Let be the convex function q in U. Suppose that the function  q satisfies the 
relations (III.8.19) and 

[ ]Re ( ) ( ) 0q z g z′ > .                                                (III.8.22) 
If:  

( ) ( ) ( )( )
( ) ( )k

z q z f z z f zq z k
q z z f z

α

α α
′ ′⎛ ⎞+ +⎜ ⎟

⎝ ⎠
≺ − , 

then: 
( )( ) k

f zq z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 

Theorem III.8.12 [66]: Let f ∈A  , ( , )k n ( )
k

f z
z

α
⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H[ (0),1]q ∩Q, k∈`  and 0α >  . Let  

( ) ( )
( )k

f z z f z k
z f z

α

α α
′⎛ ⎞ + −⎜ ⎟

⎝ ⎠
 

is univalent in U . Let the functions  is convex and is  univalent in U. Suppose that the 
function  1  satisfies the relations (III.8.19) and  (III.8.22), and the function  satisfies the 
relations (III.8.18) and  (III.8.19). If  

1q 2q
q 2q

1 2
1 2

1 2

( ) ( )( ) ( )( ) ( )
( ) ( ) ( )k

z q z z q zf z z f zq z k q z
q z z f z q z

α

α γ α γ
′ ′′⎛ ⎞+ + − +⎜ ⎟

⎝ ⎠
≺ ≺ ,  

then 

1 2
( )( ) ( )k

f zq z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺ , 

and  is the best subordinant, iar  is the best dominant. 1q 2q
Theorem III.8.13 [65]: Let f ∈A , ( , )k n k ∈` , 0λ >  and 0α > . Let be the convex function q in 
U. If  

1

1

( ) ( ) ( )(1 ) (1 ) ( ) ( )k k k

f z f z f zk q z
z z z

α α

α λ λ α λ λ λ
−

−

′⎛ ⎞ ⎛ ⎞ ′+ − − − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

≺ z q z , 
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then 
( ) ( )k

f z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ , 

and q is the best dominant. 

Theorem III.8.14 [65]: Let f ∈A , ( , )k n ( )
k

f z
z

α
⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H [ (0),1]q ∩Q, k ∈` , 0λ >  and 0α >  . 

Let: 
1

1

( ) ( ) ( )(1 )k k k

f z f z f zk
z z z

α α

α λ λ α λ
−

−

′⎛ ⎞ ⎛ ⎞+ − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

is univalent a function in U. Let be the convex function q in U. Suppose that q satisfies the relation: 
(1 ) ( )Re 0q zλ

λ
′−⎡ >⎢⎣ ⎦

⎤
⎥ .                                              (III.8.27) 

If : 
1

1

( ) ( ) ( )(1 ) ( ) ( ) (1 )k k k

f z f z f zq z z q z k
z z z

α α

λ λ α λ λ α λ
−

−

′⎛ ⎞ ⎛ ⎞′− + + − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

≺ , 

then: 
( )( ) k

f zq z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 
Theorem III.8.15 [65]: Let f ∈A ,  H [ (( , )k n 0),1]q ∩Q, k∈` , 0λ >  and 0α >  . Let 

1

1

( ) ( ) ( )(1 )k k k

f z f z f zk
z z z

α α

α λ λ α λ
−

−

′⎛ ⎞ ⎛ ⎞+ − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

is univalent in U . Let the functions  is convex and  is univalent in U and suppose that the 
function  satisfies the relation (III.8.27). If  

1q 2q

1q
1

1 1 2 21

( ) ( ) ( )(1 ) ( ) ( ) (1 ) (1 ) ( ) ( )k k k

f z f z f zq z z q z k q z z q z
z z z

α α

λ λ α λ λ α λ λ λ
−

−

′⎛ ⎞ ⎛ ⎞′ ′− + + − − − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

≺ ≺ , 

then: 

1 2
( )( ) ( )k

f zq z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
 

III.9. Differential subordinations and superordinations for analytic functions 
defined by the Ruscheweyh linear operator  

 
  In [59] and [67] the author obtained differential subordination and superordination 
using Ruscheweyh linear operator. These results are original. 

We define the operator Ruscheweyh :mR An →  An , n∈` , {0}m∈ ∪` , 
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0

1

1

( ) ( )
( ) ( )

( 1) ( ) ( ) ( ),m m m

R f z f z
R f z z f z

m R f z z R f z m R f z z U+

=

′=

′⎡ ⎤+ = +⎣ ⎦ .∈

 

If f ∈ An, then we have: 

1
1

( )m m
m j j

j n

jR f z z C a z
∞

+ −
= +

= + ∑ . 

Theorem III.9.1 [59]: Let f ∈An , {0}m∈ ∪`  and 0α > . Let q  is univalent function in U  and 
suppose that: 

Re ( ) 0q z >                                                           (III.9.1) 
and 

 ( ) ( )Re 1 0
( ) ( )

z q z z q z
g z q z
′′ ′⎡ ⎤

− + >⎢ ′⎣ ⎦
⎥ .                                           (III.9.2) 

If : 

( )
1( ) ( 1) ( ) ( )1 ( )

( ) ( )

m m

m

R f z m R f z z q zm q z
z R f z

α

α α
+

q z
′⎛ ⎞ +

+ − +⎜ ⎟
⎝ ⎠

≺ + , 

then: 
( ) ( )

mR f z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best dominant. 

Theorem III.9.2 [59]: Let f ∈An , ( )mR f z
z

α
⎛ ⎞

∈⎜ ⎟
⎝ ⎠

H [ (0),1]q ∩Q,  {0}m∈ ∪`  and 0α >  . Let 

( )( ) ( 1) 1
m m

m

R f z m R m
z R z

α

α α
+⎛ ⎞ +

+ − +⎜ ⎟
⎝ ⎠

1 ( )
( )

f z
f

 is univalent in U. Let be the convex function q in U 

and suppose that satisfies the relations  (III.9.2) and 
[ ]Re ( ) ( ) 0q z g z′ >                                                      (III.9.5) 

If: 

( )
1( ) ( ) ( 1) ( )( ) 1

( ) ( )

m m

m

z q z R f z m R f zq z m
q z z R f z

α

α α
+′ ⎛ ⎞ +

+ +⎜ ⎟
⎝ ⎠

≺ − +  , 

then: 
( )( )

mR f zq z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 
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Theorem III.9.3 [59]: Let f ∈An , ( )mR f z
z

α
⎛ ⎞

∈⎜ ⎟
⎝ ⎠

H [ (0),1]q ∩Q, {0}m∈ ∪`  and 0α > . Let 

(
1( ) ( 1) )1

( )

m m

m

R f z m R m
z R z

α

α α
+⎛ ⎞ +

+ − +⎜ ⎟
⎝ ⎠

( )f z
f

 is univalent in U. Let the functions  is convex and 

 is univalent in U.  Suppose that the function  satisfies the relations (III.9.2) and (III.9.5), and 
the function  satisfies the relations  (III.9.1) and (III.9.2). If 

1q

2q 1q

2q

( )
1

1 2
1 2

1 2

( ) ( )( ) ( 1) ( )( ) 1 ( )
( ) ( ) ( )

m m

m

z q z z q zR f z m R f zq z m q z
q z z R f z q z

α

α α
+′ ′⎛ ⎞ +

+ + − +⎜ ⎟
⎝ ⎠

≺ ≺ + ,  

then 

1 2
( )( ) ( )

mR f zq z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺ , 

and  is the best subordinant, iar  is the best dominant. 1q 2q
Theorem III.9.4 [59]: Let f ∈An , {0}m∈ ∪`  and 0α > . Let q  is univalent function in U  and 
suppose that satisface relations (III.9.1) and  (III.9.2). If  

1 2 1

1

( ) ( ) ( ) ( )( 2) 1 ( 1) 1 ( )
( ) ( ) ( ) ( )

m m m

m m m

R f z z R f z R f z z q zm m q
z R f z R f z R f z q z

α

α
+ + +

+ z
′⎡ ⎤ ⎡ ⎤⎛ ⎞

+ + − + + − +⎜ ⎟ ⎢ ⎥ ⎢ ⎥
⎝ ⎠ ⎣ ⎦ ⎣ ⎦

≺ , 

then: 
1 ( ) ( )

( )

m

m

R f z z q z
z R f z

α+ ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ , 

and q is the best dominant. 

Theorem III.9.5 [59]: Let f ∈An, 
1 ( )

( )

m

m

R f z z
z R f z

α+ ⎛ ⎞
∈⎜ ⎟

⎝ ⎠
H [ (0),1]q Q∩ ,  and {0}m∈ ∪`

0α >  . Let 
1 2 1 ( )

( )

m

m1

( ) ( )( 2) 1 (
( )

m m

m m 1) 1
( )

f z z R f zm
z R R f z f z

α
+ +

+

R fm
R

z+

f z

α
⎡ ⎤ ⎡

+ −
⎤⎛ ⎞

⎜ ⎟
R

+ + − +⎢ ⎥ ⎢ ⎥
⎝ ⎠ ⎣ ⎦ ⎣ ⎦

 is univalent in 

U. Let be the convex function q in U and suppose that satisfies the relations (III.9.2) and  (III.9.5). 
If 

1 2

1

( ) ( ) ( ) ( )( ) ( 2) 1 ( 1) 1
( ) ( ) ( ) ( )

m m

m m

z q z R f z z R f z R f zq z m m
q z z R f z R f z R f z

α

α
+ +

+

′ 1m

m

+⎡ ⎤ ⎡⎛ ⎞
+ + + − + +⎜ ⎟

⎤
−⎢ ⎥ ⎢

⎝ ⎠
⎥

⎣ ⎦ ⎣
≺

⎦
 

Then: 
1 ( )( )

( )

m

m

R f z zq z
z R f z

α+ ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 
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Theorem III.9.6 [59]: Let f ∈An, 
1 ( )

( )

m

m

R f z z
z R f z

α+ ⎛ ⎞
∈⎜ ⎟

⎝ ⎠
H [ (0),1]q ∩Q ,  and {0}m∈ ∪`

0α > . Let 
1 2 1 ( )m

m1

( ) ( )( 2) 1 (
( ) ( )

m m

m m 1) 1
( )

f z z R f z fm
z R f z R f z f z

α
+ +

+

Rm
R

z+α
⎡ ⎤ ⎡

+ −
⎤⎛ ⎞

⎜ ⎟
R

+ + − +⎢ ⎥ ⎢ ⎥
⎝ ⎠ ⎣ ⎦ ⎣ ⎦

1q

 is univalent in 

U. Let the functions  is convex and  is univalent in U.  Suppose that the function  satisfies 
the relations (III.9.2) and (III.9.5), and the function  satisfies the relations (III.9.1) and (III.9.2). 
If 

1q 2q

2q

1 2
1

1 1
1

1
2

2
2

( ) ( ) ( )( ) ( 2) 1
( ) ( ) ( )

( )( )( 1) 1 ( ) ,
( ) ( )

m m

m m

m

m

z q z R f z z R f zq z m
q z z R f z R f z

z q zR f zm q z
R f z q z

α

α

+ +

+

+

′ ⎡ ⎤⎛ ⎞
+ + +⎜ ⎟ − +⎢ ⎥

⎝ ⎠ ⎣ ⎦
′⎡ ⎤

+ + − +⎢ ⎥
⎣ ⎦

≺

≺

 

then 
1

1 2
( )( ) ( )

( )

m

m

R f z zq z q z
z R f z

α+ ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
Theorem III.9.7 [59]: Let f ∈An , {0}m∈ ∪`  and 0α > . Let q  is  univalent function  in U  and 
suppose that satisface relation  (III.9.1) and  (III.9.2). If 

2 1

1

( ) ( ) ( )( 2) 1 ( )
( ) ( ) ( )

m m

m m

R f z R f z z q zm m q z
R f z R f z q z

+ +

+

′
+ − − +≺ , 

then 
1 ( ) ( )

( )

m

m

R f z q z
R f z

+

≺  

and q is the best dominant. 

Theorem III.9.8 [59]: Let f ∈An, 
1 ( )

( )

m

m

R f z
R f z

+

∈H [ (0),1]q ∩Q ,  {0}m∈ ∪`  and 0α >  . Let 

2 1

1

( ) ( )
( )m

f zm
f z

( 2) 1
( )

m m

m

R f z Rm
R f z R

+ +

++ − −  is  univalent in U. Let be the convex function q in U and 

suppose that satisfies the relations (III.9.2) and  (III.9.5). If 
2 1

1

( ) ( ) ( )( ) ( 2) 1
( ) ( ) ( )

m m

m m

z q z R f z R f zq z m m
q z R f z R f z

+ +

+

′
+ + −≺ − , 

then 
1 ( )( )

( )

m

m

R f zq z
R f z

+

≺  

and q is the best subordinant. 
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Theorem III.9.9 [59]: Let f ∈An , 
1 ( )

( )

m

m

R f z
R f z

+

∈H [ (0),1]q ∩Q , {0}m∈ ∪`  and 0α >  . Let 

2 1

1

( ) ( )
( )m

f zm
z

( 2) 1
( )

m m

m

R f z Rm
R f z R f

+ +

++ − −  is univalent in U. Let the functions  is convex and  is 

univalent in U.  Suppose that the function  satisfies the relations (III.9.2) and (III.9.5), and the 
function  satisfies the relations (III.9.1) and (III.9.2). If 

1q 2q

1q

2q
2 1

1 2
1 21

1 2

( ) ( ) ( ) ( )( ) ( 2) 1 ( )
( ) ( ) ( ) ( )

m m

m m

z q z R f z R f z z q zq z m m q z
q z R f z R f z q z

+ +

+

′ ′
+ + − − +≺ ≺ ,  

then 
1

1 2
( )( ) ( )

( )

m

m

R f zq z q z
R f z

+

≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
Theorem III.9.10 [67]: Let f ∈A ( , , )k n ,k n∈` , {0}m∈ ∪`  and 0α >  . Let be the univalent 
function q in U and suppose that satisfies the relations: 

Re ( ) 0q z >                                                         (III.9.13) 
and  

( ) ( )Re 1 0
( ) ( )

z q z z q z
g z q z
′′ ′⎡ ⎤

− + >⎢ ′⎣ ⎦
⎥ .                                         (III.9.14) 

If:  

( )
1( ) ( 1) ( ) ( )( )

( ) ( )

m m

k m

R f z m R f z z q zm k q z
z R f z

α

α α
+

q z
′⎛ ⎞ +

+ − +⎜ ⎟
⎝ ⎠

≺ + , 

then: 
( ) ( )

m

k

R f z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best dominant. 

Theorem III.9.11 [67]: Let f ∈A ( , , )k n ,k n∈` , ( )m

k

R f z
z

α
⎛ ⎞

∈⎜ ⎟
⎝ ⎠

H ,  [ (0),1]q Q∩ {0}m∈ ∪`  

and 0α >  . Let: 

( )
1( ) ( 1) ( )

( )

m m

k m

R f z m R f z m k
z R f z

α

α α
+⎛ ⎞ +

+ − +⎜ ⎟
⎝ ⎠

 

is univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the 
relations (III.9.14) and  

[ ]Re ( ) ( ) 0q z q z′ > .                                                  (III.9.17) 
If : 

( )
1( ) ( ) ( 1) ( )( )

( ) ( )

m m

k m

z q z R f z m R f zq z m k
q z z R f z

α

α α
+′ ⎛ ⎞ +

+ +⎜ ⎟
⎝ ⎠

≺ − + , 

then: 
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( )( )
m

k

R f zq z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 

Theorem III.9.12 [67]: Let f ∈A ( , , )k n ,k n∈` , ( )m

k

R f z
z

α
⎛ ⎞

∈⎜ ⎟
⎝ ⎠

H ,  [ (0),1]q Q∩ {0}m∈ ∪`  

and 0α >  . Let 

( )
1( ) ( 1) ( )

( )

m m

k m

R f z m R f z m k
z R f z

α

α α
+⎛ ⎞ +

+ − +⎜ ⎟
⎝ ⎠

 

is univalent in U . Let the functions  is convex and  is univalent in U. Suppose that  satisfies 
the relations (III.9.14) and (III.9.17), and  satisfies the relations (III.9.13) and (III.9.14). If  

1q 2q 1q

2q

( )
1

1 2
1 2

1 2

( ) ( )( ) ( 1) ( )( ) ( )
( ) ( ) ( )

m m

k m

z q z z q zR f z m R f zq z m k q z
q z z R f z q z

α

α α
+′ ′⎛ ⎞ +

+ + − +⎜ ⎟
⎝ ⎠

≺ ≺ + , 

then 

1 2
( )( ) ( )

m

k

R f zq z q z
z

α
⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
 
Theorem III.9.13 [67]: Let f ∈A , ( , )k n ,k n∈` , {0}m∈ ∪`  and 0α > . Let be the univalent 
function q in U and suppose that satisfies the relations (III.9.13) and  (III.9.14). If  

1 2

1

1

( ) ( )( 2) ( 1) (
( ) ( )

( ) ( )( 1) ( ) ,
( ) ( )

m k m

k m m

m

m

R f z z R f zm m k
z R f z R f z

R f z z q zm q z
R f z q z

α

α

α

+ +

+

+

⎛ ⎞
)m k+ + − + + +⎜ ⎟

⎝ ⎠
′

− + +≺

+
 

then 
1 ( ) ( )

( )

m k

k m

R f z z q z
z R f z

α+ ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best dominant. 

Theorem III.9.14 [67]: Let f ∈A , ( , )k n ,k n∈` , 
1 ( )

( )

m k

k m

R f z z
z R f z

α+ ⎛ ⎞
∈⎜ ⎟

⎝ ⎠
H [ (0),1]q ∩Q,  

 and {0}m∈ ∪` 0α >  . Let 
1 2

1

( ) ( ) ( )( 2) ( 1) ( ) ( 1)
( ) ( ) ( )

m m

m m

1m

m

R f z z R f z R f zm m k m k m
z R f z R f z R f z

α

α α
+ +

+

⎛ ⎞
+ + − + + + + − +⎜ ⎟

⎝ ⎠

+

 

is univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the 
relations (III.9.14) and  (III.9.17). If  
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1 2

1

1

( ) ( ) ( )( ) ( 2) ( 1)
( ) ( ) ( )

( )( ) ( 1) ,
( )

m m

m m

m

m

z q z R f z z R f zq z m m k
q z z R f z R f z

R f zm k m
R f z

α

α α

+ +

+

+

′ ⎛ ⎞
+ + +⎜ ⎟

⎝ ⎠

+ + − +

≺ − + +
 

then 
1 ( )( )

( )

m k

k m

R f z zq z
z R f z

α+ ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 

Theorem III.9.15 [67]: Let f ∈A , ( , )k n ,k n∈` , 
1 ( )

( )

m k

k m

R f z z
z R f z

α+ ⎛ ⎞
∈⎜ ⎟

⎝ ⎠
H [ (0),1]q ∩Q,  

 and {0}m∈ ∪` 0α >  . Let 
1 2

1

( ) ( ) ( )( 2) ( 1) ( ) ( 1)
( ) ( ) ( )

m m

m m

1m

m

R f z z R f z R f zm m k m k m
z R f z R f z R f z

α

α α
+ +

+

⎛ ⎞
+ + − + + + + − +⎜ ⎟

⎝ ⎠

+

 

is univalent in U . Let the functions  is  convex and  is univalent in U. Suppose that 
satisfies the relations (III.9.14) and (III.9.17), and  satisfies the relations (III.9.13) and 
(III.9.14). If : 

1q 2q 1q  

2q

1 2
1

1 1
1

1
2

2
2

( ) ( ) ( )( ) ( 2) ( 1)
( ) ( ) ( )

( )( )( ) ( 1) ( ) ,
( ) ( )

m m

m m

m

m

z q z R f z z R f zq z m m k
q z z R f z R f z

z q zR f zm k m q z
R f z q z

α

α α

+ +

+

+

′ ⎛ ⎞
+ + +⎜ ⎟

⎝ ⎠
′

+ + − + +

≺

≺

− + +
 

then: 
1

1 2
( )( ) ( )

( )

m k

k m

R f z zq z q z
z R f z

α+ ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
 

III.10. Differential subordinations and superordinations for  
analytic functions defined by a class of multiplier transformations  

 
The results of this paragraph are original and are contained in [60], [68]. 

Definition III.10.1: Let f ∈A , ( , )k n ,k n∈` . Let the operator ( , ) :kI r λ A A , 
defined by: 

( , )k n → ( , )k n

1

( , ) ( )
r

k j
k j

j k

jI r f z z a z
k

λλ
λ

∞

= +

+⎛ ⎞= + ⎜ ⎟+⎝ ⎠
∑ , 0λ ≥ , 

[ ]( ) ( 1, ) ( ) ( , ) ( ) ( , ) ( )k k kk I r f z z I r f z I r f zλ λ λ λ λ′+ + = + . 

Theorem III.10.4 [60]: Let f ∈A ( , , )k n ,k n∈`  and 0λ ≥ . Let q is univalent function in U and 
suppose that satisfies the relations: 
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Re ( ) 0q z >                                                         (III.10.4) 
and  

( ) ( )Re 1 0
( ) ( )

z q z z q z
g z q z
′′ ′⎡ ⎤

− + >⎢ ′⎣ ⎦
⎥ .                                          (III.10.5) 

If : 
( 2, ) ( ) ( 1, ) ( ) ( )( ) ( 1) ( )
( 1, ) ( ) ( , ) ( ) ( )

k k

k k

I r f z I r f z z q zk k q z
I r f z I r f z q z

λ λλ λ
λ λ

′+ +
+ − + −

+
≺ +              (III.10.6) 

then: 
( 1, ) ( ) ( )

( , ) ( )
k

k

I r f z q z
I r f z

λ
λ

+ ≺  

and q is the best dominant. 

Theorem III.10.5 [60]: Let f ∈A , ( , )k n ,k n∈` , ( 1, ) ( )
( , ) ( )

k

k

I r f z
I r f z

λ
λ

+
∈H Q  and [ (0),1]q ∩ 0λ ≥  . 

Let 
( 2, ) ( ) ( 1, ) ( )( ) ( 1)
( 1, ) ( ) ( , ) ( )

k k

k k

I r f z I r fk k z
I r f z I r f z

λ λλ λ
λ λ

+ +
+ − + −

+
 

is univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the 
relations (III.10.5) and: 

[ ]Re ( ) ( ) 0q z g z′ >                                                  (III.10.8) 
If : 

( 2, ) ( ) ( 1, ) ( )( )( ) ( ) ( 1)
( ) ( 1, ) ( ) ( , ) ( )

k k

k k

I r f z I r fz q zq z k k
q z I r f z I r f z

zλ λλ λ
λ λ

′ + +
+ + − + −

+
≺                (III.10.9) 

then: 
( 1, ) ( )( )

( , ) ( )
k

k

I r fq z z
I r f z

λ
λ

+≺  

and q is the best subordinant. 

Theorem III.10.6 [60]: Let f ∈A , ( , )k n ,k n∈` , ( 1, ) ( )
( , ) ( )

k

k

I r f z
I r f z

λ
λ

+
∈H Q and [ (0),1]q ∩ 0λ ≥ . 

Let ( 2, ) ( ) ( 1, )
( , ) (

( )( )
( 1, ) ( ) )

k k( 1)
k k

I r f f zzk k I r
I r f f zz I r

λ λλ
λ λ

−

1q

λ +
+ − +

+
+  is univalent in U. Let the functions  is 

convex and  is univalent in U. Suppose that  satisfies the relations (III.10.5) and (III.10.8), 
and  satisfies the relations (III.10.4) and (III.10.5). If  

1q

2q

2q

1 2
1 2

1 2

( 2, ) ( ) ( 1, ) ( )( ) ( )( ) ( ) ( 1) ( )
( ) ( 1, ) ( ) ( , ) ( ) ( )

k k

k k

I r f z I r f zz q z z q zq z k k q z
q z I r f z I r f z q z

λ λλ λ
λ λ

′ ′+ +
+ + − + − +

+
≺ ≺ , 

then 

1 2
( 1, ) ( )( ) ( )

( , ) ( )
k

k

I r f zq z q z
I r f z

λ
λ

+≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
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Theorem III.10.7 [60]: Let f ∈A , ( , )k n ,k n∈`  and 0λ ≥ . Let q be univalent function in U 
and suppose that satisfies the relations (III.10.4) and (III.10.5). If  

( , ) ( ) ( 1, ) ( ) ( )( ) ( ) ( )
( , ) ( ) ( )

k k
k

k

I r f z I r f z z q zk k q
z I r f z

αλ λα λ α λ
λ

′+⎛ ⎞ + + − + +⎜ ⎟
⎝ ⎠

≺ z
q z

 , 

then: 
( , ) ( ) ( )k

k

I r f z q z
z

αλ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ , 

and q is the best dominant. 

Theorem III.10.8 [60]: Let f ∈A , ( , )k n ,k n∈` , ( , ) ( )k
k

I r f z
z

αλ⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H Q  and [ (0),1]q ∩ 0λ ≥ . 

Let  ( , ) ( ) ( 1,
( ,k

I rk
z I

) ( )
) ( )

f z
r

( ) ( )k k
k

I r f z k
f z

αλ λα λ
λ

+ α λ⎛ ⎞ + + − +⎜ ⎟
⎝ ⎠

 is univalent in U. Let be the convex 

function q in U. Suppose that the function  q satisfies the relations (III.10.5) and  (III.10.8). If  
( , ) ( ) ( 1, ) ( )( )( ) ( ) ( )

( ) ( , ) ( )
k k

k
k

I r f z I r f zz q zq z k k
q z z I r f z

αλ λα λ α
λ

′ +⎛ ⎞+ + +⎜ ⎟
⎝ ⎠

≺ λ− + , 

then: 
( , ) ( )( ) k

k

I r f zq z
z

αλ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 

Theorem III.10.9 [60]: Let f ∈A , ( , )k n ,k n∈` , ( 1, ) ( )
( , ) ( )

k

k

I r f z
I r f z

λ
λ

+
∈H Q  and [ (0),1]q ∩ 0λ ≥ . 

Let ( , ) ( ) ( 1,
( , )k

I rk ) ( )
( )
f z

r
( )k k

z I
( )k

I r f z k
f z

αλ λα λ
λ

+ α λ⎛ ⎞ + + +⎜ ⎟
⎝ ⎠

−

1q

 is  univalent in U . Let the functions 

be convex and  be univalent in U. Suppose that  satisfies the relations (III.10.5) and (III.10.8), 
and  satisfies the relations (III.10.4) and (III.10.5). If  

1q  

2q

2q

1 2
1 2

1 2

( , ) ( ) ( 1, ) ( )( ) ( )( ) ( ) ( ) ( )
( ) ( , ) ( ) ( )

k k
k

k

I r f z I r f zz q z z q zq z k k q z
q z z I r f z q z

αλ λα λ α λ
λ

′ ′+⎛ ⎞+ + + − +⎜ ⎟
⎝ ⎠

≺ ≺ + , 

then: 

1 2
( , ) ( )( ) ( )k

k

I r f zq z q z
z

αλ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
Theorem III.10.10 [68]: Let f ∈An , n∈`  and 0λ ≥ . Let q is univalent function in U and 
suppose that satisfies the relations (III.10.4) and  (III.10.5). If  

( 2, ) ( ) ( 1, ) ( ) ( )( 1) ( )
( 1, ) ( ) ( , ) ( ) ( )

I r f z I r f z z qq z z
I r f z I r f z q z

λ λλ λ
λ λ

′+ +
+ −

+
≺ +  

then: 
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( 1, ) ( ) ( )
( , ) ( )

I r f z q z
I r f z

λ
λ

+ ≺  

and q is the best dominant. 

Theorem III.10.11 [68]: Let f ∈An , n∈` , ( 1, ) ( )
( , ) ( )

I r f z
I r f z

λ
λ

+
∈H [ (0),1]q ∩Q  and 0λ ≥  . Let 

( 2, ) ( ) ( 1, ) ( )( 1)
( 1, ) ( ) ( , ) ( )

I r f z I r f z
I r f z I r f z

λ λλ λ
λ λ

+ +
+ −

+
 

be univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the 
relations (III.10.5) and (III.10.8). If:  

( ) ( 2, ) ( ) ( 1, ) ( )( ) ( 1)
( ) ( 1, ) ( ) ( , ) ( )

z q z I r f z I r f zq z
q z I r f z I r f z

λ λλ λ
λ λ

′ + +
+ + −

+
≺  

then: 
( 1, ) (( )

( , ) ( )
)I r fq z z

I r f z
λ

λ
+≺  

and q is the best subordinant. 

Theorem III.10.12 [68]: Let f ∈An , n∈` , ( 1, ) ( )
( , ) ( )

I r f z
I r f z

λ
λ

+
∈H [ (0),1]q ∩Q and 0λ ≥ . Let 

( 2, ) ( ) ( 1, ) ( )( 1)
( 1, ) ( ) ( , ) ( )

I r f z I r f z
I r f z I r f z

λ λλ λ
λ λ

+ +
+ −

+
 

be univalent in U . Let the functions  be convex and  is univalent in U. Suppose that 
satisfies the relations (III.10.5) and (III.10.8), and  satisfies the relations (III.10.4) and 
(III.10.5). If  

1q 2q 1q  

2q

1 2
1 2

1 2

( ) ( )( 2, ) ( ) ( 1, ) ( )( ) ( 1) ( )
( ) ( 1, ) ( ) ( , ) ( ) ( )

z q z z q zI r f z I r f zq z q z
q z I r f z I r f z q z

λ λλ λ
λ λ

′ ′+ +
+ + − +

+
≺ ≺ , 

then 

1 2
( 1, ) ( )( ) ( )

( , ) ( )
I r f zq z q z

I r f z
λ

λ
+≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
Theorem III.10.13 [68]: Let f ∈An , n∈`  and 0λ ≥ . Let  q is univalent function in U and 
suppose that satisfies the relations (III.10.4) and (III.10.5). If  

( , ) ( ) ( 1, ) ( ) ( )( 1) ( 1) ( )
( , ) ( ) ( )

I r f z I r f z z q zq z
z I r f z

αλ λα λ α λ
λ

′+⎛ ⎞ + + − + +⎜ ⎟
⎝ ⎠

≺
q z

 , 

then: 
( , ) ( ) ( )I r f z q z

z

αλ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best dominant. 

Theorem III.10.14 [68]: Let f ∈An , n∈` , ( , ) ( )I r f z
z

αλ⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H [ (0),1]q ∩Q  and 0λ ≥ . Let  
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( , ) ( ) ( 1, ) ( )( 1) ( 1
( , ) ( )

I r f z I r f z
z I r f z

αλ λα λ α λ
λ

+⎛ ⎞ )+ + −⎜ ⎟
⎝ ⎠

+  

be univalent in U . Let be the convex function q in U. Suppose that the function q satisfies the 
relations (III.10.5) and  (III.10.8). If  

( ) ( , ) ( ) ( 1, ) ( )( ) ( 1) ( 1)
( ) ( , ) ( )

z q z I r f z I r f zq z
q z z I r f z

αλ λα λ α λ
λ

′ +⎛ ⎞+ + +⎜ ⎟
⎝ ⎠

≺ − + , 

then 
( , ) ( )( ) I r f zq z

z

αλ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺  

and q is the best subordinant. 

Theorem III.10.15 [68]: Let f ∈An , n∈` , ( , ) ( )I r f z
z

αλ⎛ ⎞ ∈⎜ ⎟
⎝ ⎠

H [ (0),1]q ∩Q  and 0λ ≥ . Let 

( , ) ( ) ( 1, ) ( )( 1) ( 1
( , ) ( )

I r f z I r f z
z I r f z

αλ λα λ α λ
λ

+⎛ ⎞ )+ + −⎜ ⎟
⎝ ⎠

+  

be  univalent in U . Let the functions  be convex and  be univalent in U. Suppose that 
satisfies the relations (III.10.5) and (III.10.8), and  satisfies the relations (III.10.4) and 
(III.10.5). If : 

1q 2q 1q  

2q

1 2
1 2

1 2

( ) ( )( , ) ( ) ( 1, ) ( )( ) ( 1) ( 1) ( )
( ) ( , ) ( ) ( )

z q z z q zI r f z I r f zq z q z
q z z I r f z q z

αλ λα λ α λ
λ

′ ′+⎛ ⎞+ + + − +⎜ ⎟
⎝ ⎠

≺ ≺ + , 

then: 

1 2
( , ) ( )( ) ( )I r f zq z q z

z

αλ⎛ ⎞
⎜ ⎟
⎝ ⎠

≺ ≺  

and  is the best subordinant, iar  is the best dominant. 1q 2q
 

IV. SUBCLASSES OF UNIVALENT FUNCTIONS 
 
  The chapter is presenting subclasses of univalent functions defined with the 
convolution, subclasses of normalized starlike and convex functions, subclasses of normalized 
univalent functions defined with the convolution, subclasses of normalized starlike and convex 
functions of orderα  and subclass univalent functions with negative coefficients. The results 
presented in this chapter are original and are contained in [62], [69], [70], [71], [72]. 
 

IV.1. Subclasses of univalent functions defined by convolution 
 

Using the definition of convolution have obtained new subclass of univalent functions. 
The results of this subparagraph are original and are contained in [62]. 

Definition IV.1.2:  Let f, g ∈A , defined as 
2

( ) j
j

j

f z z a z
∞

=

= +∑ , z U∈  and , 

, with ( )   and we denote: 
2

( ) j
j

j

g z z b z
∞

=

= +∑
z U∈ (0) 0g f∗ =
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*
gS  = ( )

( ) ( )( )
: Re 0, , (0) 0

( )
z g f z

f S z U g f
g f z

⎧ ⎫′∗⎪ ⎪′∈ > ∈ ∗⎨ ⎬∗⎪ ⎪⎩ ⎭
≠ , 

gK  = ( )
( )

( )( )
: Re 1 0, , (0) 0

( )

z g f z
f S z U g f

g f z

⎧ ⎫′′∗⎪ ⎪′∈ + > ∈ ∗⎨ ⎬
′⎪ ⎪∗⎩ ⎭

≠ . 

Theorem IV.1.1 [62]: If *f S∈  and the function g is convex, then *
gf S∈ . 

Theorem IV.1.2 [62]: If *
gf S∈  and the function h  is convex,  then *

gh f S∗ ∈ . 

Theorem IV.1.3 [62]: Let be the convex function h, with (0) (0) 1 0h h′= − = . Then * *
g h gS S ∗⊆ . 

Definition IV.1.3:  Let 0 1α≤ < . We denote: 

*( )gS α  = ( )
( ) ( )( )

: Re , , (0) 0
( )

z g f z
f S z U g f

g f z
α

⎧ ⎫′∗⎪ ⎪′∈ > ∈ ∗⎨ ⎬∗⎪ ⎪⎩ ⎭
≠ , 

( )gK α  = ( )
( )

( )
: Re 1 ,

( )

z g f z
f S z

g f z
α

⎧ ⎫′′∗⎪ ⎪∈ + >⎨ ⎬
′⎪ ⎪∗⎩ ⎭

U∈ . 

Theorem IV.1.4 [62]:  Let be the convex function q. Then gK ⊆ *
gS  

Theorem IV.1.5 [62]: Let be the convex function q. The function gf K∈  if and only if *
gh S∈ , 

where ,  or ( ) ( )h z z f z′= z U∈ gf K∈  ⇔  *( ) gz f z S′ ∈ . 

Definition IV.1.6:  Let 
2

( ) j
j

j
f z z a z

=

= +∑
∞

, , 
2

( ) j
j

j
g z z b z

=

= +∑
∞

z U∈ , with   and ( )(0)g f∗ = 0

*
gSϕ∈ .  We denote:  gC  = ( )

( )
( )

0,
( )

f z
: Re

z g
f S z

g zϕ

′∗
∈ >

∗

*

U
⎧ ⎫⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭

∈ . 

Theorem IV.1.6 [62]:  Let be the convex function q. Then gS ⊆ gC  
Theorem IV.1.7 [62]: Let be the convex function q. If gf C∈  and the function h  is convex,  then 

gh f C∗ ∈ . 
Theorem IV.1.8 [62]: Let be the convex function q . Let gf C∈  and let be the convex function h, 
with . Then (0) (0) 1 0h h′= − = g h gC C ∗⊆ . 

Definition IV.1.7:  Let  0 1α≤ < .  We denote:  ( )gC α  = ( )
( )

( )
: Re ,

( )
z g f z

f S z
g z

α
ϕ

U
⎧ ⎫′∗⎪ ⎪∈ > ∈⎨ ⎬∗⎪ ⎪⎩ ⎭

. 

 
IV.2. Subclasses of normalized starlike and convex functions 

 
 In [42] S. Kanas and F. Ronning introduce classes *( )S ζ and ( )K ζ  starlike and 

convex functions using the normalization ( ) ( ) 1 0f fζ ζ′= − = , where Uζ ∈ is a fixed point. In this 
section we present relations between these classes of functions and are contained in [69]. 
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Definition IV.2.1: Let fixed point Uζ ∈ . We denote P ( )ζ  the class functions   
1

1( ) 1 ( ) ( ) ...n n
n np z p z p zζ ζ +

+= + − + − +  
holomorphic in U and satisfy conditions ( ) 1p ζ =  and . P Re ( ) 0p z > ( )ζ  called class of 
normalized in ζ Caratheodory functions. 
Definition IV.2.2: Let fixed point Uζ ∈ , let 1 2

1 2( ) ( ) ( ) ( )n n
n nf z z a z a zζ ζ ζ+ +
+ + ...= − + − + − + and 

we denote: An(ζ ) { f= ∈ H (U)  :  }( ) ( ) 1 0ζ ζ′f f= − = , 

and for , A1(1n = ζ ) = A(ζ ) { f= ∈ H (U)  :  }( ) ( ) 1 0f fζ ζ′= − = . 

Definition IV.2.3:  We denote:  S (ζ )= { f ∈ A(ζ ) :  f is univalent in U}. S (ζ ) called class of 
normalized in ζ univalent  functions. 

Definition IV.2.4: We denote: *( )S ζ  = ( ) ( )( ) : Re 0, , ( ) 0
( )

z f zf S z U f
f z
ζζ ζ

′⎧ ⎫− ′∈ > ∈ ≠⎨ ⎬
⎩ ⎭

. 

*( )S ζ  called class of normalized in ζ starlike  functions. 

Definition IV.2.5: We denote:  ( )K ζ  = ( ) ( )( ) : Re 1 0, , ( ) 0
( )

z f zf S z U f
f z
ζζ ζ

′′⎧ ⎫− ′∈ + > ∈ ≠⎨ ⎬′⎩ ⎭
. 

( )K ζ  called class of normalized in ζ convex  functions. 
Lemma IV.2.1 [42]: Let fixed point Uζ ∈  and let be the function 3: Uψ × →^ ^ , which satisfies 

the condition: Re ( , , ; )i i 0zψ ρ σ μ ν+ ≤ , when , , ,ρ σ μ ν ∈\ , 2(1 )
2
nσ ρ≤ − + , 0σ μ+ ≤ , where 

, . If z U∈ 1n ≥ p∈ , ]nH [1  and  

( )2Re ( ), ( ) '( ), ( ) ( ); 0p z z p z z p z zψ ζ ζ ′′− − > z U, ∈ , then , . Re ( ) 0p z > z U∈

Theorem IV.2.2 [69]: Let fixed point Uζ ∈ . The function ( )f K ζ∈  if and only if *( )g S ζ∈ , 
where ( ) ( ) ( )g z z f zζ ′= − ,  or z U∈ (f K )ζ∈  ⇔  ( ) *( )z S (z f )ζ ζ′− ∈ . 
Theorem IV.2.3 [69]: Let fixed point Uζ ∈ . If p∈P ( )ζ , 

1
1( ) 1 ( ) ( ) ...n n

n np z p z p zζ ζ +
+= + − + − + , 

then we have: ( ) '( )Re ( ) 0
( )

z p zp z
p z
ζ

β γ
⎡ ⎤−

+ > Uz⎢ ⎥+⎣ ⎦
, ∈     , ⇒ 0)(Re >zp Uz∈ . 

Definition IV.2.7: Let fixed point Uζ ∈ , let be the function 
2 3

2 3( ) ( ) ( ) ( )f z z a z a zζ ζ ζ= − + − + − + ... . 
We define the integrals  H [0 H   defined by  L(f ) = F, where :L , ]n → [0, ]n

2( ) ( )
z

F z f t dt
z ζζ

=
− ∫ .                                                 (IV.2.5) 

Theorem IV.2.4 [69]: If  A(:L ζ ) A(→ ζ )   is integral operator defined by  (IV.2.5),  then: 
a) * *[ ( )] ( )L S Sζ ζ⊂ ,                                b) [ ( )] ( )L K Kζ ζ⊂ . 

Definition IV.2.8 [69]: Let be fixed point Uζ ∈ , let be the function   
2 3

2 3( ) ( ) ( ) ( )f z z a z a zζ ζ ζ= − + − + − + ... . 
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We define the integrals :Lγ H [0 H [0  defined by Lγ ( f ) = F, where , ]n → , ]n

11( ) ( ) ( )
( )

z
F z f t t dt

z
γ

γ ζ

γ ζ
ζ

−+
= −

− ∫ , where .                            (IV.2.7) *γ ∈`

Theorem IV.2.5 [69]: Let be fixed point Uζ ∈ . If :Lγ  A (ζ )→A (ζ ) is integral operator 
defined by  (IV.2.7) and 0Re ≥γ ,  then: 

a) * *[ ( )] ( )L S Sγ ζ ζ⊂ ,                              b) [ ( )] ( )L K Kγ ζ ζ⊂ . 
Definition IV.2.9:  Let be fixed point Uζ ∈  and let be the function  

2 3
2 3( ) ( ) ( ) ( )f z z a z a zζ ζ ζ= − + − + − + ...  

We define the differential operator nDζ  : A ( )ζ  A → ( )ζ  ,  n∈` , by: 

( )

0

1

1

( ) ( ),

( ) ( ) ( ) ( ),

...........................................

( ) ( ) .n n

D f z f z

D f z D f z z f z

D f z D D f z

ζ

ζ ζ

ζ ζ

ζ

−

=

′= = −

=

 

 Observaţia IV.2.1: If  function f ∈  A ( )ζ ,  
2

( ) ( ) ( ) j
j

j

f z z a zζ ζ
∞

=

= − + −∑ , , then:  z U∈

2
( ) ( ) ( )n n

j
j

D f z z j a zζ
jζ ζ

∞

=

= − + −∑ , z U∈ . 

Definition IV.2.10: Let be fixed point Uζ ∈ . We say that function f ∈  A ( )ζ   is  n-starlike 

normalized in ζ , , if it’s check inequality:  n∈`
1 ( )

Re 0
( )

n

n

D f z
D f z
ζ

ζ

+

> , z U∈ . We denote with  Sn
* 

( )ζ   class of these functions. 
 

IV.3. Subclasses of normalized univalent functions defined by convolution  
 

The results of this paragraph are original, were obtained using the normalization 
( ) ( ) 1 0f fζ ζ′= − = , where Uζ ∈ is a fixed point and definition of convolution. These results are 

contained in [70]. 
Definition IV.3.1 [70]: Let be fixed point Uζ ∈  and let f, g ∈  A ( )ζ ,  defined as: 

2
( ) ( ) ( ) j

j
j

f z z a zζ ζ
∞

=

= − + −∑ ,  and z U∈
2

( ) ( )j
j

g z b z( ) z jζ ζ
∞

=

+ −∑= − , . We denote with z∈U

f g∗  convolution or Hadamard product of two functions given by the relation: 

2
( )( ) ( ) ( ) j

j j
j

f g z z a b zζ ζ
∞

=

∗ = − + −∑ , z U∈ . 
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Definition IV.3.2 [70]:  Let be fixed point Uζ ∈ , let 
2

( ) ( ) ( ) j
j

j

f z z a zζ ζ
∞

=

= − + −∑  and 

2

( ) ( ) ( ) j
j

j

g z z b zζ ζ
∞

=

= − + −∑ , , with z U∈ ( ) ( )ζ 0g f∗ =  and we denote: 

*( )gS ζ  = ( )
( ) ( )( ) ( )

( ) : Re 0, , ( ) 0
( )

z g f z
f S z U g f

g f z
ζ

ζ ζ
⎧ ⎫′− ∗⎪ ⎪′∈ > ∈⎨ ⎬∗⎪ ⎪⎩ ⎭

∗ ≠ . 

( )gK ζ  = ( )
( )

( )( ) ( )
( ) : Re 1 0, , ( ) 0

( )

z g f z
f S z U g f

g f z

ζ
ζ ζ

⎧ ⎫′′− ∗⎪ ⎪′∈ + > ∈⎨ ⎬
′⎪ ⎪∗⎩ ⎭

∗ ≠ . 

Theorem IV.3.1 [70]:  Let be fixed point Uζ ∈ . Then ( )gK ζ ⊆ *( )gS ζ . 

Theorem IV.3.2 [70]: Let be fixed point Uζ ∈ . If *( )f S ζ∈  and the function g is convex, then 
*( )gf S ζ∈ . 

Theorem IV.3.3 [70]: Let be fixed point Uζ ∈ . The function ( )gf K ζ∈  if and only if *( )gh S ζ∈ , 

where ( ) ( ) ( )h z z f zζ ′= − ,  or z U∈ ( )gf K ζ∈  ⇔  ( ) *( ) gz S (z f )ζ ζ′− ∈ . 
*Theorem IV.3.4 [70]: Let be fixed point Uζ ∈ . If ( )gf S ζ∈  and the function h is convex,  then 

*( )gh f S ζ∗ ∈ . 

Theorem IV.3.5 [70]: Let be fixed point Uζ ∈ . Let *( )gf S ζ∈  and let be the convex function h, 

with ( ) ( ) 1 0h hζ ζ′= − = . Then S * *(g h gS( ) )ζ ζ∗⊆ . 
Theorem IV.3.6 [70]: If ( )gf K ζ∈  and the function h  is convex,  then ( )gh f K ζ∗ ∈ . 
Theorem IV.3.7 [70]: Let ( )gf K ζ∈  and let be the convex function h, with ( ) ( ) 1 0h hζ ζ′= − = . 
Then ( ) ( )g h gK Kζ ζ∗⊆ . 
Definition IV.3.4 [70]:  We denote: 

( )gC ζ  = ( )
( ) ( )( ) ( )

( ) : Re 0, , ( ) 0
( )

z g f z
f S z U g f

g z
ζ

ζ ζ
ϕ

⎧ ⎫′− ∗⎪ ⎪′∈ > ∈⎨ ⎬∗⎪ ⎪⎩ ⎭
∗ ≠ . 

Theorem IV.3.8 [70]:  Let be fixed point Uζ ∈ . Then *( )gS ζ ⊆ ( )gC ζ . 
Theorem IV.3.9 [70]: Let be fixed point Uζ ∈ . If ( )gf C ζ∈  and let be the convex function h,  
then ( )gh f C ζ∗ ∈ . 
Theorem IV.3.10 [70]: Let fixed point Uζ ∈ . Let ( )gf C ζ∈  and let be the convex function h, 
with ( ) ( ) 1h hζ ζ′= = . Then ( )g hC ( )gCζ ζ∗⊆ . 
Definition IV.3.5 [70]: We denote:  

, ( )gMα ζ = ( ) ( ) ( ) ( ) ( ) ( )( ) : Re (1 ) 1 0,
( )( ) ( ) ( )

z g f z z g f zf S z
g f z g f z
ζ ζζ α α

⎧ ⎫′ ′′⎛ ⎞− ∗ − ∗
∈ − + + >⎨ ⎬⎜ ⎟′∗ ∗⎝ ⎠⎩ ⎭

U∈  

Theorem IV.3.11 [70]: Let be fixed point Uζ ∈ . For any α ∈\  we have *
, ( ) ( )g gM Sα ζ ζ⊆ . 
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Theorem IV.3.12 [70]:  Let be fixed point Uζ ∈ . Whatever ,α β ∈\ ,  with 0 1β
α

≤ < , we have 

, ,( ) ( )g gM Mα βζ ζ⊂ . 
Definition IV.3.6 [70]:  We denote: 

�
, ( ) ( )gS fγ Sζ ζ

⎧
= ∈⎨
⎩

 : ( ) ( ) ( )Re 0,
( )( )

i z g f ze z U
g f z

γ ζ ⎫′⎡ ⎤− ∗
> ∈ ⎬⎢ ⎥∗⎣ ⎦ ⎭

, where ,
2 2
π πγ ⎛ ⎞∈ −⎜ ⎟

⎝ ⎠
 . 

Definition IV.3.7 [70]: We denote m �
,

,
2 2

( ) ( )ggS S γ
γ γγ

ζ ζ
⎛ ⎞∈ −⎜ ⎟
⎝ ⎠

= ∪ . 

Definition IV.3.8 [70]:  We denote: 

*( , )gS ζ α  = ( )
( ) ( )( ) ( )

( ) : Re , , ( ) 0
( )

z g f z
f S z U g f

g f z
ζ

ζ α
⎧ ⎫′− ∗⎪ ⎪′∈ > ∈⎨ ⎬∗⎪ ⎪⎩ ⎭

ζ∗ ≠ . 

( , )gK ζ α  = ( )
( )

( )( ) ( )
( ) : Re 1 , , ( ) 0

( )

z g f z
f S z U g f

g f z

ζ
ζ α

⎧ ⎫′′− ∗⎪ ⎪′∈ + > ∈⎨ ⎬
′⎪ ⎪∗⎩ ⎭

ζ∗ ≠ . 

( , )gC ζ α  = ( )
( )

( ) ( )
( ) : Re ,

( )
z g f z

f S z
g z
ζ

ζ α
ϕ

⎧ ⎫′− ∗⎪ ⎪∈ >⎨ ⎬∗⎪ ⎪⎩ ⎭
U∈ . 

, ( , )gMα ζ γ = ( ) ( ) ( ) ( ) ( ) ( )( ) : Re (1 ) 1 ,
( )( ) ( ) ( )

z g f z z g f zf S z
g f z g f z
ζ ζζ α α γ

⎧ ⎫′ ′′⎛ ⎞− ∗ − ∗
∈ − + + >⎨ ⎬⎜ ⎟′∗ ∗⎝ ⎠⎩ ⎭

U∈ . 

�
, ( , ) ( )gS fγ Sζ α ζ

⎧
= ∈⎨
⎩

 : ( ) ( ) ( )Re ,
( )( )

i z g f ze z U
g f z

γ ζ α
⎫′⎡ ⎤− ∗

> ∈ ⎬⎢ ⎥∗⎣ ⎦ ⎭
, where ,

2 2
π πγ ⎛ ⎞∈ −⎜ ⎟

⎝ ⎠
 . 

Definition IV.3.13 [70]: Let be fixed point Uζ ∈ . We define operator nRζ  : A ( )ζ  A  → ( )ζ ,  
, by: n∈`

( )( )1

1

( ) ( ) ( )( )( ) ( )
(1 ( )) !

nn
n

n

z z f zzR f z f z
z nζ

ζ ζζ
ζ

−

+

− −−
= ∗ =

− −
, . z U∈

Observaţia IV.3.5: If  function f ∈  A ( )ζ ,  
2

( ) ( ) ( ) j
j

j

f z z a zζ ζ
∞

=

= − + −∑ , , then z U∈

1
2

( ) ( ) ( )n n
n j j

j

R f z z C a zζ
jζ ζ

∞

+ −
=

= − + −∑ , z U∈ . 

Definition IV.3.14 [70]: We say that function f ∈  A ( )ζ   is  n-convex, , If it’s check 
inequality: 

n∈`

1 ( ) 1Re
( ) 2

n

n

R f z
R f z
ζ

ζ

+

> , . We denote with  Kn (z U∈ )ζ   class of these functions. 
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IV.4. Subclasses of normalized starlike and convex functions of order α   
 

The results of this paragraph are original, were obtained using the normalization 
( ) ( ) 1 0f fζ ζ′= − = , where Uζ ∈ is a fixed point and are contained in [71]. 

Definition IV.4.1: Let  be fixed point Uζ ∈  and let be the function 
2 3

2 3( ) ( ) ( ) ( )f z z a z a zζ ζ ζ= − + − + − + ...
1

 
Let 0 α≤ < . Then we denote:  

*( ; )S fα ζ
⎧

= ∈⎨
⎩

An ( )ζ ( )( ) ( ):Re , , ( ) 0
( )

z f z z U g f
f z
ζ α ζ

′ ⎫− ′> ∈ ∗ ≠ ⎬
⎭

, 

*( ; )S α ζ  called class starlike  functions of orderα  normalized in ζ . 

( ; )K fα ζ
⎧

= ∈⎨
⎩

An ( )ζ ( )( ) ( ): Re 1 , , ( ) 0
( )

z f z z U g f
f z
ζ α ζ

′′ ⎫− ′+ > ∈ ∗ ≠ ⎬′ ⎭
. 

( ; )K α ζ  called class convex  functions of orderα  normalized in ζ . 
 

Theorem IV.4.1 [71]: Let be fixed point Uζ ∈   and let 0 1α≤ < .  Then * *( , ) ( )S Sα ζ ⊂ ζ  and  
( , ) ( )K Kα ζ ζ⊂ . 

Theorem IV.4.2 [71]:  Let be fixed point Uζ ∈  and let 0 1α≤ < .  The function *( , )f S α ζ∈  if 
and only if *( )g S ζ∈ , where: 

1
1( )( ) ( ) f zg z z

z

α
ζ

ζ

−⎡ ⎤
= − ⎢ ⎥−⎣ ⎦

, 

where 

1
1( )f z

z

α

ζ

−⎡ ⎤
⎢ ⎥−⎣ ⎦

is  holomorphic determination for which 

1
1( ) 1

z

f z
z

α

ζ

ζ

−

=

⎡ ⎤
=⎢ ⎥−⎣ ⎦

. 

Corolarul IV.4.1 [71]: Let be fixed point Uζ ∈ . If 0 1α≤ < , then ( ; )f K α ζ∈  if and only if the 

function *( ; )g S α ζ∈ , where [ ]
1

1( ) (g z z ) ( )f z αζ −′= − . 
 

IV.5. Subclasses of normalized alpha-convex functions 
 

The results of this paragraph are original, were obtained using the normalization 
( ) ( ) 1 0f fζ ζ′= − = , where Uζ ∈ is a fixed point and are contained in [72]. 

Definition IV.5.1 [72]: Let be fixed point Uζ ∈  and the be function 
( ) ( ) ( ) ( )( , ; , ) (1 ) 1

( ) ( )
z f z z f zJ f z

f z f z
ζ ζα ζ α α

′ ′′
z U∈

⎛ ⎞− −
= − + +⎜ ⎟′⎝ ⎠

, . 

We denote ( )Mα ζ = { f ∈H (U) : ( ) ( ) 1 0f fζ ζ′= − = , ( ) ( ) 0f z f z
z
′

≠ , Re ( , ; , ) 0J f zα ζ > , 

}. z U∈ ( )αM ζ  called class alpha-convex  functions of normalized in ζ . 
 
Theorem IV.5.1 [72]:  Let be fixed point Uζ ∈ . 
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a) For any α ∈\  we have *( ) ( )M Sα ζ ζ⊆ , 

b) Whatever ,α β ∈\  with 0 1β
α

≤ <  we have ( ) ( )M Mα βζ ζ⊂ . 

Theorem IV.5.2 [72]: Let be fixed point Uζ ∈ and let 0α ≥ . Then ( )f Mα ζ∈  if and only if  

*( )F S ζ∈ ,  where  ( ) ( )z( ) ( )
( )

z fF z f z
f z

α
ζ−

=
′⎡ ⎤

⎢ ⎥
⎣ ⎦

, with  ( )
( )

z f
f z

(z)
α

ζ ′⎡ ⎤−
⎢ ⎥

⎦
 the point z ζ=  be 1. 

⎣
Definition IV.5.2 [72]:  Let be fixed point Uζ ∈ , ,α β ∈\  and let f ∈An (ζ )  with  

( ) ( ) 0f z f z
z ζ

′
≠

−
, ( ) ( ) 0

( )
z f z

f z
ζα

′−
≠ , z U∈ . 

We say that function f  ∈ ( )nMα ζ  if the function , defined by :F U →^

( ) ( )( ) ( ) 1
( )

z f zF z f z
f z

α
ζα

′⎡ ⎤−
= +⎢ ⎥

⎣ ⎦
 

is a starlike function in U.   
Theorem IV.5.3 [72]: Let fixed point Uζ ∈ . For any 0α < , we have *( ) ( )nM Sα ζ ζ⊂ . 
Definition IV.5.3 [72]:  Let fixed point Uζ ∈ , ,α β ∈\  and let f ∈An(ζ )  with  

( ) ( ) 0f z f z
z ζ

′
≠

−
, ( ) ( )1 0

( )
z f z

f z
ζα α

′−
− + ≠ , z U∈ . 

We say that function f ∈ , ( )nMα β ζ  if the function , defined by:  :F U →^
(1 )

( ) ( ) ( ) ( )( ) ( ) 1
( ) ( )

z f z z f zF z f z
f z f z

α β β
ζ ζα α

−
′ ′⎡ ⎤ ⎡− −

= − +⎢ ⎥ ⎢
⎣ ⎦ ⎣

⎤
⎥
⎦

 

is a starlike function in U.   
Theorem IV.5.4 [72]: Let be fixed point Uζ ∈ . For any ,α β ∈\ , (1 ) 0αβ α− ≥ , we have 

*
, ( ) ( )nM Sα β ζ ζ⊂ . 

Definition IV.5.4 [72]:  Let be fixed point Uζ ∈ , ,α β ∈\  and let f ∈An(ζ )  with:  
( ) ( ) 0f z f z

z
′

≠ , ( ) ( )1 0
( )

z f z
f z
ζα α

′−
− + ≠ , z U∈ . 

We say that function f ∈ , ( )nMα β ζ  if the function , defined by:  :F U →^
(1 )

( ) ( ) ( ) ( )( ) ( )
( ) ( )

z f z z f zF z f z
f z f z

α β β
ζ ζα

−
′ ′⎡ ⎤ ⎡− −

= ⎢ ⎥ ⎢
⎣ ⎦ ⎣

⎤
⎥
⎦

 

is a starlike function in U.   
Theorem IV.5.5 [72]: For any ,α β ∈\ , we have *

, ( )nM Sα β ζ ⊂ . 
 

IV. 6. Subclasses of univalent functions with negative coefficients  
 
The results of this paragraph are original and are contained in [73]. 
H. M. Srivastava and A. A. Attiya in his [137], introduce operator , :nJ λ A  A 

defined as: 
→
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,
2

1( )
n

k
n

k

J f z z a z
kλ

λ
λ

∞

=

+⎛ ⎞= + ⎜ ⎟+⎝ ⎠
∑ k , z U∈ .                              (IV.6.3) 

( )1, , ,(1 ) ( ) ( ) ( )n n nJ f z z J f z J f zλ λλ +
′+ = + λλ .                         (IV.6.4) 

We denote , ( )nS λ α
∗  class of functions f ∈S satisfying the condition: 

( ),

,

( )
Re

( )
n

n

z J f z
J f z

λ

λ

α
′
> , 0 1α≤ < , z U∈ .                               (IV.6.5) 

  From relations (IV.6.4) and (IV.6.5) that the function f ∈S belongs to class , ( )nS λ α
∗  if 

and only if 
1,

,

( )
Re

( ) 1
n

n

J f z
J f z

λ

λ

λ α
λ

+ +
>

+
, 0 1α≤ < , z U∈ .                          (IV.6.6) 

Definition IV.6.1 [73]: We say that function f ∈T  is in the class , ( )nTS λ α
∗ , , n∈^ 0/λ −∈^ ]  

if the function  f satisfy the condition (IV.6.6). 
Theorem IV.6.1 [73]: Let be , n ∗∈` 0/λ −∈^ ] , 0 1α≤ <  and let be f ∈T . Then function 

( )f z  is in the class , ( )nTS λ α
∗  if and only if: 

2

2

( 1) ( ) ( ) 1 1
n

k
k

k a
k k

λ λ λ α λ α
λ λ

∞

=

+ − + + +⎛ ⎞ < −⎜ ⎟+ +⎝ ⎠
∑ .                          (IV.6.7) 

The result is sharp. 
The result (IV.6.7) is sharp for the function: 

2

(1 )( )( )
( 1) ( ) ( ) 1

n
kk kf z z z

k
α λ λ

λ λ λ α λ
− + +⎛ ⎞= − ⎜ ⎟+ − + + +⎝ ⎠

.                       (IV.6.9) 

Corollary IV.6.1 [73]: Let , n ∗∈` 0/λ −∈^ ] , 0 1α≤ <  and let f ∈T . Then function ( )f z  is 
in the class , ( )nTS λ α

∗  If: 

2

(1 )( )
( 1) ( ) ( ) 1

n

k
ka

k
α λ λ

λ λ λ α λ
− + +⎛≤ ⎜+ − + + +⎝ ⎠

k ⎞
⎟ .                                (IV.6.10) 

We have equality in relation (IV.6.10) if the function ( )f z  is given by  (IV.6.9). 
Theorem IV.6.2 [73]: Let be , n ∗∈` 0/λ −∈^ ] , 0 1α≤ <  and let f ∈T . Then 

, 1( ) ( )n nTS TSλ ,λα α∗ ∗
+⊆ .                                            (IV.6.11) 

Theorem IV.6.3 [73]: Let be , n ∗∈` 0/λ −∈^ ]  , 1 20 1α α≤ ≤ <  and let f ∈T.  Then 

, 2 , 1( ) ( )n nTS TSλ λα α∗ ∗⊆ .                                            (IV.6.12) 

Theorem IV.6.4 [73]: Let be n , ∗∈` 0/λ −∈^ ]  , 0 1α≤ <  and let f ∈T.  If , ( )nf TS λ α
∗∈  and 

1z r= < , then: 

2 2
2 2

(1 )( 2) 2 (1 )( 2) 2( )
( 1) ( 2)( ) 1 ( 1) ( 2)( ) 1

n n

r r f z rα λ λ α λ λ
λ λ λ α λ λ λ λ α λ

− + + − + +⎛ ⎞ ⎛ ⎞− ≤ ≤ +⎜ ⎟ ⎜ ⎟+ − + + + + − + + +⎝ ⎠ ⎝ ⎠
r    (IV.6.16) 

and 
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2 2

2( ) 2 2 2( ) 2 21 ( ) 1
( 1) ( 2)( ) 1 ( 1) ( 2)( ) 1

n n

r f z rλ α λ λ λ α λ λα α
λ λ λ α λ α λ λ λ λ α λ α λ

⎡ ⎤ ⎡ ⎤+ + + + +⎛ ⎞ ⎛ ⎞′− − ≤ ≤ + −⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥+ − + + + + + − + + + +⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

+

 (IV.6.17) 
The bounds (IV.6.16) and (IV.6.17) are attained for the function ( )f z  given by:  

2
2

(1 )( 2) 2( )
( 1) ( 2) ( ) 1

n

f z z zα λ λ
λ λ λ α λ

− + +⎛ ⎞= − ⎜ ⎟+ − + + +⎝ ⎠
, ( )z r= ± .               (IV.6.20) 

Corollary IV.6.2 [73]: Let be n ∗∈` , 0/λ −∈^ ]  , 0 1α≤ <  and let f ∈T.  If , ( )nf TS λ α
∗∈ ,  

then  the unit disc  U is mapped onto a domain that contains the disc 

2

(1 ) ( 2) 21
( 1) ( 2)( ) 1

n

w α λ λ
λ λ λ α λ

− + +⎛< − ⎜+ − + + +⎝ ⎠
⎞
⎟ .                           (IV.6.21) 

The result  is sharp with extremal function ( )f z  given by (IV.6.20). 
Let be the functions ( )if z  , 1,i = m , defined as: 

,
2

( ) k
i k

k
if z z a z

∞

=

= −∑ , , , 0k ia ≥ z U∈ .                                (IV.6.22) 

Theorem IV.6.5 [73]: Let be , n ∗∈` 0/λ −∈^ ]  , 0 1α≤ <  and let be ,( ) ( )i nf z TS λ α
∗∈ , where 

1,i = m .   Then function  defined by the relationship: ( )h z

1

( ) ( )i i
i

h z c f z
∞

=

=∑ , where ,0
1

1i
i

c
∞

=
ic ≥ =∑ ,                      (IV.6.23) 

is in the class , ( )nTS λ α
∗ . 

Theorem IV.6.6 [73]: Let be , n ∗∈` 0/λ −∈^ ]  , 0 1α≤ <  and let be ,( ) ( )i nf z TS λ α
∗∈ , where 

1,i = m .   Then function  defined by the relationship: ( )h z

1 2( ) ( ) (1 ) ( )h z f z f zγ γ= + − , where 0 1γ≤ < .                         (IV.6.26) 
is in the class , ( )nTS λ α

∗ . 
Theorem IV.6.7 [73]: Let be functions  

1( )f z = z  and 2

(1 )( )( )
( 1) ( ) ( ) 1

n
k

k
k kf z z z

k
α λ λ

λ λ λ α λ
− + +⎛ ⎞= − ⎜ ⎟+ − + + +⎝ ⎠

, 

where , ,  , 2k ≥ n ∗∈` 0/λ −∈^ ] 0 1α≤ < . Then function ( )f z  is in the class , ( )nTS λ α
∗  if and 

only if  can be expressed in the form: 

1

( ) ( )k k
k

f z fυ
∞

=

=∑ z , where 0kυ ≥ ,
1

1k
k

υ
∞

=

=∑ .                              (IV.6.29) 

Definition IV.6.1 [73]: Let functions ( )if z , 1,2i = , be defined (IV.6.22). The modified 
convolution or the modified Hadamard product of the functions 1( )f z  and 2 ( )f z  is defined by: 

( )1 2 ,1 ,2
2

( ) k
k k

k

f f z z a a z
∞

=

⊗ = −∑ .                                          (IV.6.30) 

Theorem IV.6.8 [73]: Let be n , ∗∈` 0/λ −∈^ ]  , 0 1α≤ < . Let be ,( ) ( )i nf z TS λ α
∗∈ , 1,2i = .   

Then ( )1 2 ,( ) ( )nf f z TS λ β∗⊗ ∈ , where 
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2 2 2 2

22

2 2

22

2 ( 2)( 1) (1 ) ( 2) (1 )1
1 ( 1) ( 2)( )

2 ( 2) (1 )1
1 ( 1) ( 2)( )

n

n

λ λ λ α λ λ α
λ λ λ λ α

β
λ λ α
λ λ λ λ α

+ + + − − + −⎛ ⎞− ⎜ ⎟+⎝ ⎠ ⎡ ⎤+ − + +⎣=
+ + −⎛ ⎞− ⎜ ⎟+⎝ ⎠ ⎡ ⎤+ − + +⎣ ⎦

⎦ .                   (IV.6.31) 

The result  is sharp for the functions: 

2
2

(1 ) ( 2) 2( )
( 1) ( 2)( ) 1

n

if z z zα λ λ
λ λ λ α λ

− + +⎛ ⎞= − ⎜ ⎟+ − + + +⎝ ⎠
, 1, 2i = .                       (IV.6.32) 

Corollary IV.6.4 [73]: Let be n ∗∈` , 0/λ −∈^ ]  , 0 1α≤ < . Let ,( ) ( )i nf z TS λ α
∗∈ , where 

1,2i = .   Then the  function  ,1 ,2
2

( ) k
k kh z a a z

k
z

∞

=

= −∑  is in the class TS , ( )n λ α
∗ . 

Theorem IV.6.9 [73]: Let be n ∗∈` , 0/λ −∈^ ]  , 0 1α≤ < , 0 1β≤ < , 0 1γ≤ <  and let 

1 ,( ) ( )nf z TS λ α
∗∈  and 2 ( )f z T , ( )nS λ β∗∈ .   Then ( )( ) nz TS1 2f f λ, ( )γ∗⊗ ∈ , where 

2

2 2

2

2 2

( 2)(1 ) (1 ) ( 1) ( 2) 21
1( 1) ( 2)( ) ( 1) ( 2)( )

( 2) (1 )(1 ) 21
1( 1) ( 2)( ) ( 1) ( 2)( )

n

n

λ α β λ λ λ λ
λλ λ λ α λ λ λ β

γ
λ α β λ

λλ λ λ α λ λ λ β

⎡ ⎤+ − − + − + +⎛ ⎞⎣ ⎦− ⎜ ⎟⎡ ⎤ ⎡+ − + + + − + + ⎝ ⎠⎣ ⎦ ⎣=
+ − − +⎛ ⎞− ⎜ ⎟⎡ ⎤ ⎡+ − + + + − + + ⎝ ⎠⎣ ⎦ ⎣

⎤ +⎦

⎤ +⎦

.            (IV.6.37) 

The result  is sharp for the functions 

2
1 2

(1 ) ( 2) 2( )
( 1) ( 2)( ) 1

n

f z z zα λ λ
λ λ λ α λ

− + +⎛ ⎞= − ⎜ ⎟+ − + + +⎝ ⎠
,  

and: 

2
2 2

(1 ) ( 2) 2( )
( 1) ( 2)( ) 1

n

f z z zβ λ λ
λ λ λ β λ

− + +⎛ ⎞= − ⎜ ⎟+ − + + +⎝ ⎠
. 

Theorem IV.6.10 [73]: Let be n ∗∈` , 0/λ −∈^ ]  , 0 1α≤ <  and let ,( ) ( )i nf z TS λ α
∗∈ , 1,2i = .   

Then the  function   defined as: ( )h z

( 2 2
,1 ,2

2
( ) k

k k
k

h z z a a z
∞

=

= − +∑ ) ,                                       (IV.6.49) 

is in the class , ( )nTS λ υ
∗ , where: 

2 2

22

2 2

22

( 2) (1 ) ( 1) ( 2) 21 2
1( 1) ( 2)( )

( 2) (1 ) 21
1( 1) ( 2)( )

n

n

λ α λ λ λ λ
λλ λ λ α

υ
λ α λ

λλ λ λ α

⎡ ⎤+ − + − + +⎛ ⎞⎣ ⎦− ⎜ ⎟+⎝ ⎠⎡ ⎤+ − + +⎣ ⎦=
+ − +⎛ ⎞− ⎜ ⎟+⎝ ⎠⎡ ⎤+ − + +⎣ ⎦

.                   (IV.6.50) 

The result  is sharp for the functions ,( ) ( )i nf z TS λ α
∗∈ , 1,2i =  defined by (IV.6.32) of theorem 

IV.6.8. 
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Theorem IV.6.12 [73]: Let be 1 2,n n ∗∈` , 0/λ −∈^ ]  , 0 1α≤ <  and let be ,( ) ( )
ii nf z TS λ α
∗∈ ,  

1,2i = .   Then ( )
1 2 , ( )n nTSλ λ1 2 ( )f f z , ( )TS α α∗ ∗⊗ ∈ ∩ . 

Theorem IV.6.12 [73]: Let be n ∗∈` , 0/λ −∈^ ]  , 0 1α≤ <  and let be f ∈T.  If 

, ( )nf TS λ α
∗∈ , then ( )f z  is close-to-convex of orderγ , where 0 1γ≤ < , in 1( ,n , , )z r λ α γ< , 

where: 
1

2 1

1
1 ( 1) ( ) ( ) 1( , , , ) inf

(1 ) ( )

n k

k

kr n
k k
γ λ λ λ α λλ α γ

α λ λ k

−⎡ ⎤− + − + + +⎛ ⎞= ⎢ ⎥⎜ ⎟− + +⎝ ⎠⎢ ⎥⎣ ⎦
, with .       (IV.6.60) 2k ≥

The result  is sharp for the extremal function ( )f z  defined by (IV.6.9). 
Theorem IV.6.13 [73]: Let  be n ∗∈` , 0/λ −∈^ ]  , 0 1α≤ <  and let be f ∈T.  If  

, ( )nf TS λ α
∗∈ , then ( )f z  is starlike of orderγ , where 0 1γ≤ < , in 2 ( , , , )z r n λ α γ< , where: 

1
2 1

2
1 ( 1) ( ) ( ) 1( , , , ) inf

(1 )( )

n k

k

kr n
k k

γ λ λ λ α λλ α γ
γ α λ λ k

−⎡ ⎤− + − + + +⎛ ⎞= ⎢ ⎥⎜ ⎟− − + +⎝ ⎠⎢ ⎥⎣ ⎦
, with .         (IV.6.63) 2k ≥

The result  is sharp for the extremal function ( )f z  defined by (IV.6.9). 
Theorem IV.6.14 [73]: Let be n ∗∈` , 0/λ −∈^ ]  , 0 1α≤ <  and let f ∈T.  If  , ( )nf TS λ α

∗∈ , 

then ( )f z  is convex of orderγ , where 0 1γ≤ < , in 3 ( ,z r n , , )λ α γ< , where 
1

2 1

3
1 ( 1) ( ) ( ) 1( , , , ) inf
( ) (1 ) ( )

n k

k

kr n
k k k k

γ λ λ λ α λλ α γ
γ α λ λ

−⎡ ⎤− + − + + +⎛ ⎞= ⎢ ⎥⎜ ⎟− − + +⎝ ⎠⎢ ⎥⎣ ⎦
, with .   (IV.6.66) 2k ≥

The result  is sharp for the extremal function ( )f z  defined by (IV.6.9). 
Theorem IV.6.15 [73]: Let be , n ∗∈` 0/λ −∈^ ]  , 0 1α≤ < , let bet f ∈T  and let the function 

 be defined by: ( )F z
1

0

1( ) ( )
z

F z t f t dt
z

γ
γ

γ −+
= ∫ .                                      (IV.6.69) 

If , ( )nf TS λ α
∗∈ , then , ( )nF TS λ α

∗∈ , for any γ , 1 γ− < . 

Corollary IV.6.5 [73]: Let be n , ∗∈` 0/λ −∈^ ]  , 0 1α≤ < , let be f ∈T  and let the function 
 be defined by: ( )F z

0

( )( )
z f tF z dt

t
= ∫ .                                                 (IV.6.70) 

If , ( )nf TS λ α
∗∈ , then , ( )nF TS λ α

∗∈ . 

Theorem IV.6.16 [73]: Le bet n ∗∈` , 0/λ −∈^ ]  , 0 1α≤ < , let f ∈T , let be γ  a real 
number, such that 1 γ− <  and let the function  defined by (IV.6.69).  If ( )F z , )nf TS (λ α

∗∈ , then 

 is  univalent in ( )F z z r< , where: 
1

2 1( 1) ( ) ( ) 1inf
( 1) (1 )( )

n k

k

k kr
k k
γ λ λ λ α λ
γ α λ λ k

−⎡ ⎤+ + − + + +⎛ ⎞= ⎢ ⎥⎜ ⎟+ − + +⎝ ⎠⎢ ⎥⎣ ⎦
.                     (IV.6.71) 

 48



 
BIBLIOGRAPHY 

 
 
[1] S. Abdulbalin, On a class of analytic functions involving the Sălăgean differential operator, 
Tamkang Journal of Math. Vol. 23, No. 1, Spring 1992; 
[2] M. K. Aouf, H. E. Darwish, On new classes of analytic functions with negative coefficients, 
Bull. Korean Math. Soc, 31(1994), no. 2, 269-288; 
[3] M. K. Aouf, H. M. Hossen, The starlike functions of order a and type 3 with finitely many fixed 
coefficients, Mathematics 38(61), 1-2(1996), 3-9; 
[4] M. K. Aouf, G. S. Sălăgean, On certain class of p-valent functions with two fixed points, 
Mathematics, 38(61), 1-2(196), 13-19; 
[5] R. W. Barnard, C. Kellogg, Applications of Convolution Operators to Problems in Univalent 
Function Theory, Michigan, Math. J. 27 (1980), 81-94; 
[6] L. Bieberbach, Uber einige Extremal probleme im Gbiete der konformen Abbildung, Math. 
Ann., 77 (1916), 153-172;  
[7] L. Bieberbach, Uber die Koeffizientem derjenigen Potenzreihen, welche eine schlichte 
Abbildung des Einheitskreises vermitteln, Preuss. Akad. Wiss. Sitzungsb., 1916, 940-955; 
[8] L. Brickman, -like analytic functions I, bull. Amer. Math. Soc., 79 (1973), 555-558; Φ
[9] L. de Branges, A proof of the Bieberbach conjecture, Acta Math., 154 (1985), 137-152; 
[10] T. Bulboacă, On some classes of differential subordinations, Studia Univ. Babeş-Bolyai, 
Mathematica, 31, 1 (1986), 45-50; 
[11] T. Bulboacă, On some classes of differential subordinations II, Studia Univ. Babeş-Bolyai, 
Mathematica, 31, 2 (1986), 13-21; 
[12] T. Bulboacă, Classes of first-order differential subordinations, Mathematica (Cluj), 29 (52), 1 
(1987), 113-118; 
[13] T. Bulboacă, Classes of first-order differential superordinations, Demonstratio Mathematica, 
352 (2002), 11-17; 
[14] T. Bulboacă, A classes of superordination - preserving integral operators, Indag. Math. New 
Ser 13, 3 (2002), 301-311; 
[15] T. Bulboacă, Differential subordination and superordination – preserving integral operators, 
Complex Analysis and Free Boundary Flows, Transactions of the Institute of Mathematics of the 
National Academy of Sciences of Ukraine, 3, 1 (2004), 19-28; 
[16] T. Bulboacă, M. A. Nasr, G. S. Sălăgean, Function with negative coefficients n-starlike 
complex order, Studia Univ. Babeş-Bolyai, Mathematica, 2 (1991), 7-12; 
[17] T. Bulboacă, M. A. Nasr, G. S. Sălăgean, A generalization of some classes of starlike 
functions of complex order, Mathematica (Cluj), 34 (57), 2 (1992), 113-118; 
[18] C., Caratheodory, Uber den Variabilitatsbereich der Koeffizienten von Potenzreihen, die 
gegebene werte nicht annehmen, Math. Ann., 64 (1907), 95-115; 
[19] C. Caratheodory, Uber den Variabilitatsbereich der Fourie schen Konstanten von positiven 
harmonischen Funktionen, Rend. Circ. Mat. Palermo, 32 (1911), 193-217; 
[20] G. Călugăreanu, Sur la condition necessaire et suffisante pour l’univalence d’une fonction 
holomorphe dans un circle, C. R. Acad. Sci. Paris, 193 (1931), 1150-1153; 
[21] G. Călugăreanu, Sue les conditions necessaires et suffisante pour l’univalence d’une fonction 
holomorphe dans un circle, Mathematica, 6 (1932), 75-79; 

 49



[22] Z. Chazynski, M. Schiffer, A geometric proof of the Bieberbach conjecture for the fourth 
coefficient, Scripta Math., 25 (1960), 173-181; 
[23] Z. Chazynski, M. Schiffer, A new proof of the Bieberbach conjecture for the fourth 
coefficient, Arch. Rational Mech. Anal., 5 (1960), 187-193; 
[24] N. E. Cho, T. H. Kim, Multiplier transformations and strongly close-to-convex functions, 
Bull. Korean Math. Soc., 40 (3) (2003), 399-410; 
[25] N. E. Cho, H. M. Srivastava, Argument estimates of certain analytic functions defined by a 
class of multiplier transformations, Math. Comput. Modelling, 37(1-2) (2003), 39-49; 
[26] H. B. Coonce, S. S. Miller, Distortion properties of p-fold symmetric alpha-starlike functions, 
Proc. Amer. Math. Soc., 44, 2 (1974), 336-340; 
[27] P. J. Eenigenburg, On α -convex functions, Rev. Roum. Math. Pures Appl., 19, 3 (1974), 305-
310; 
[28] G. Faber, Neuer Berweis eines Koebe-Bieberbachschen satzer uber conforme Abbildung, 
Sitzgsber. Bayer Acad. Wiss. Munchen, 1916, 39-42; 
[29] C. H. Fitzgerald, Quadratic inequalities and coefficient estimates for schlicht functions, Arch. 
Rational Mech. Anal., 46 (1972), 356-368; 
[30] P. R. Garabedian, M. Schiffer, A proof of the Bieberbach conjecture for the fourth coefficient, 
J. Rational Mech. Anal., 4 (1955), 427-465; 
[31] G. M. Goluzin, Zur Theorie der schlichten konformen Abbildungen, Mat. Sbornik N. S., 42 
(1935), 169-190; 
[32] G. M. Goluzin, Geometric theory of functions of a complex variable, Transl. Math. Mon., 
Amer. Math. Soc., 1968; 
[33] A.W. Goodman, The critical points of a typically-real function, Proc. Amer. Math. Soc., 38, 1 
(1973), 95-102; 
[34] G. S. Goodman, Univalent functions and optimal control, Thesis, Staford Universitz, 1968; 
[35] T. H. Gronwall, Some remarks on conformal reprezentation, Ann. of Math., 16 (1914-1915), 
72-76; 
[36] H. Grunsky, Zwei Bemerkungen zur konformen Abbildung, Jahresber. Deutsch. Math. Ver., 
43 (1933), 140-142; 
[37] W. K. Hayman, The asymptotic behavior of p-valent functions, Proc. London Math.Soc., (3) 5 
(1955), 257-284; 
[38] P. Hamburg, P. Mocanu, N. Negoeswith,  Analiză Matematică (Funcţii complexe), Editura 
Didactică and Pedagogică, Buwithreşti, 1982; 
[39] A.A. Holhoş, Aplications of diferential subordinations, Studia Univ. Babeş-Bolyai, 
Mathematica, volume XLVIII, 2 (2003), 61-63; 
[40] H. M. Hossen, Generalization of certain class of univalent functions with negative 
coefficients, Studia Univ. Babeş-Bolyai, Mathematica, XLVI, 2 (2001), 41-55;  
[41] A. Hurwitz, Uber die Anwendung der eliptischer Modul-functionen auf einen setz der 
allgemeinen Functionentheorie, Vjscher Naturforsckala. Ges Zurich, 49 (1904), 242-253; 
[42] S. Kanas, F. Ronning, Uniformly starlike and convex functions and other related classes of 
univalent functions, Annales Univ. Mariae Withrie-Sklodowska, vol. L III, 10 (1999), 95-105; 
[43] W. Kaplan, Close-to-convex schlicht functions, Michigan Math. J.1, 2 (1952), 169-185; 
[44] P. Koebe, Uber die Uniformisierung beliebiger analytischer Kurven, Nachr. Kgl. Ges. Wiss. 
Gottingen Math. Phys., (1907), 191-210; 
[45] A. Lecko, T., Yaguchi, Subclasses of typically-real functions defined by Sălăgean derivate, 
Mathematica (Cluj), 38 (61), 1-2 (1996), 111-119; 

 50



[46] Z. Lewamdrowski, Sur l, identite de certaines classes de fonctions univalentes I, Ann. Univ. 
Mariae Withrie-Sklodowska, sect. A, 12 (1958), 131-146; 
[47] Z. Lewamdrowski, Sur l, identite de certaines classes de fonctions univalentes II, Ann. Univ. 
Mariae Withrie-Sklodowska, sect. A, 14 (1960), 19-46; 
[48] R. J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. Soc., 16 (1965), 
755-758;  
[49] E. Lindelof, Memoire sue certaines inegalites dans la theorie des fonctions monogenes et sur 
quelques proprietes nouvelles de ces  fonctions dans le voisinage d,un point singulier essentiel, 
Acta Soc. Fenn., 35 (1908), No. 7; 
[50] K. Lowner, Untersuchungen uber die Verzerrung bei konforme Abbidungen des 
Einheitskreises 1z < , die durch Funktionen mit nichtverschwinderder Ableitung geliefert werden, 
Sachs. Akad. Wiss. Leipzig Berichte, 69 (1917), 89-106; 
[51] K. Lowner, Untersuchungen uber die Verzerrung bei schlichte konforme Abbidungen des 
Einheitskreises, Math. Ann., 89 (1923), 103-121; 
[52] T. H. Macgregor, The radius of convexity for starlike functions of order 1/2, Proc. Amer. 
Math. Soc, 14 (1963), 71-76; 
[53] A.G. Macovei, The Applications of Differential Subordinations in the Unit Disc, Journal of 
Applied Computer Science & Mathematics, no. 5 (3) (2009), 46-47; 
[54] A.G. Macovei, An Application of the Briot-Bouquet Integral Operator for Differential 
Superordinations, Journal of Applied Computer Science & Mathematics, no. 6 (3) (2009), 84-86; 
[55] A.G. Macovei, An application of Briot-Bouquet differential superordinations, Bulletin of 
University of Agriwithltural Sciences and Vaterinary Medicine Cluj-Napoca, volume 66 (2) 
(2009), 738-742; 
[56] A.G. Macovei, Differential superordinations and sandwich theorem , Proceedings, Volume II, 
Polytechnic International Press Montreal, Quebec (2009), 336-338; 
[57] A.G. Macovei, An application of differential subordination, Proceedings, Volume II, 
Polytechnic International Press Montreal, Quebec (2009),  333-335; 
[58] A.G. Macovei, An application of an integral operator using Briot-Bouquet differential 
superordination, Scientific Studies and Research, Series Mathematics and Informatics Vol. 19, No. 
2 (2009), 309 – 318; 
[59] A.G. Macovei, Differential Subordinations and Superordinations for Analytic Functions 
Defined by the Ruscheweyh linear Operator, International Journal of Academic Research, Volume 
3, No. 3, July 30 (2011), 7-14; 
[60] A.G. Macovei, Differential Subordinations and Superordinations for Analytic Functions 
Defined by a class of Multiplier Transformations, Arabian Journal for Science and Engineering - 
Mathematics, trimis spre publicare; 
[61] A.G. Macovei, Some applications of differential subordinations, Journal of Applied Computer 
Science & Mathematics, va apărea; 
[62] A.G. Macovei, Subclasses of univalent functions defined by convolution, ARA 2011, înscris la 
conferinţă; 
[63] A.G. Macovei, Applications of Differential Subordinations and superordinations and 
Sandwich Theorems, ARA 2011, înscris la conferinţă; 
[64] A.G. Macovei, Applications of Briot-Bouquet differential subordination, preprint 
[65] A.G. Macovei, Some Applications of Differential Subordinations and superordinations and 
Sandwich Theorems, preprint 
[66] A.G. Macovei, Applications of Differential Subordinations and superordinations, preprint 

 51



[67] A.G. Macovei, Application of Ruscheweyh linear operator in various differential 
subordination and superordination, preprint 
[68] A.G. Macovei, Briot-Bouquet differential subordinations and superordinations using the 
linear operator, preprint 
[69] A.G. Macovei, Subclasses of normalized starlike and convex functions, preprint 
[70] A.G. Macovei, Subclasses of normalized univalent functions defined by convolution, preprint 
[71] A.G. Macovei, Subclasses of normalized starlike and convex functions of order α , preprint 
[72] A.G. Macovei, Subclasses of normalized alpha-convex functions, preprint 
[73] A.G. Macovei, Subclasses univalent functions with negative coefficients, preprint 
[74] I. M. Milin, Univalent functions and orthonormal systems, "Nauka", Moscow, 1971 
(Russian); 
[75] S.S. Miller, Distortion properties of alpha-starlike functions, Proc. Amer. Math. Soc, 38, 2 
(1973), 311-318; 
[76] S.S. Miller, P.T. Mocanu, Second order differetial inequalities in the complex plane, J. Math. 
Anal. Appl., 65 (1978), 298-305; 
[77] S.S. Miller, P.T. Mocanu, Differntial subordinations and univalent functions, Michig. Math. 
J., 28 (1981), 157-171; 
[78] S.S. Miller, P.T. Mocanu, On some classes of first-order differential subordinations, Michig. 
Math., 32(1985), 185-195; 
[79] S.S. Miller, P.T. Mocanu, Univalent solution of Briot – Bouquet differential equations, J. 
Differential Equations, 56(1985), 297-308; 
[80] S. S. Miller, P. T. Mocanu,  On a class of spiralike integral operators, Rev. Roum. Math. 
Pures AppL, 31, 3(1986), 225-230; 
[81] S.S. Miller, P.T. Mocanu, Differntial subordinations and inequalities in the complex plane, J. 
Diff. Eqn., 56 (1985), 185-195; 
[82] S.S. Miller, P.T. Mocanu, Marx-Strohhacker differential subordination systems, Proc. Amer. 
Math. Soc., 99 (1987), 199-211; 
[83] S.S. Miller, P.T. Mocanu, Integral operators on certain classes of analytic functions, 
Univalent Functions, Fractional Calwithlus and their Applications, Halstead Press, J. Wiley & 
Sons, New York (1989), 153-166; 
[84] S. S. Miller, P. T. Mocanu, Classes of univalent integral operators, J. Math. Anal. Appl., 157, 
1(1991), 147-165; 
[85] S.S. Miller, P.T. Mocanu, Briot – Bouquet differential equations and differential  
subordinations, Complex V ariables. 33 (1997), 217-237; 
[86] S. S. Miller, P. T. Mocanu, Subordinants of Differential Superordinations, Complex 
Variables. Vol. 48, No. 10 (2003), 815-826; 
[87] S. S. Miller, P. T. Mocanu, Briot – Bouquet differential superordinations and sandwich 
theorems, J. Math. Anal. Appl., 329, 1(2007), 327-335; 
[88] S.S. Miller, P.T. Mocanu, M. O. Reade, All α -convex functions are starlike, Rev. Roum. 
Math. Pures Appl., 17, 9 (1972), 1395-1397; 
[89] S.S. Miller, P.T. Mocanu, M. O. Reade, All α -convex functions are univalent and starlike, 
Proc. Amer. Math. Soc., 37, 2 (1973), 553-554; 
[90] S.S. Miller, P.T. Mocanu, M. O. Reade, Bazilevic functions and generalized convexity, Rev. 
Roum. Math. Pures Appl., 19, 2 (1974), 213-224; 
[91] S.S. Miller, P.T. Mocanu, M. O. Reade, On the radius of alpha-convexity, Studia Univ. 
Babeş-Bolyai, Mathematica, 22, 1 (1977), 35-39; 

 52



[92] P.T. Mocanu, Une propriete de convexite generalisee dans la theorie de la representation 
conforme, Mathematica (Cluj), 11 (34) (1969) , 127-133; 
[93] P.T. Mocanu, On a close-to-convexity preserving integral operator, Studia Univ. Babeş-
Bolyai, Math., 32, 2 (1987), 49-52; 
[94] P.T. Mocanu, On a class of some classes of first-order differential subordinations, Babeş-
Bolyai Univ., Fac. of Math. Res. Sem., Seminar on Mathematical Analysis, Preprint (1991), 37- 
47; 
[95] P.T. Mocanu, T. Bulboacă, G. S. Sălăgean, Teoria geometrică a funcţiilor univatente, Casa 
Cărţii de Ştiinţă (Cluj), 1999; 
[96] P. T. Mocanu, Gr. Moldovan, M. O. Reade, numerical computation of the convex Koebe 
function, Studia Univ. Babeş-Bolyai, Math.-Mech., 19, 1 (1974), 37-46; 
[97] P.T. Mocanu, G. Oros, Sufficient conditions for starlikness, Studia Univ. Babeş-Bolyai, 
Mathematica, 43, 1 (1998), 57-62; 
[98] P.T. Mocanu, G. Oros, Sufficient conditions for starlikness II, Studia Univ. Babeş-Bolyai, 
Mathematica, 43, 1 (1998), 49-53; 
[99] P.T. Mocanu, G. S. Sălăgean, Integral operators and meromorphic starlike functions, 
Mathematica (Cluj) , 32 (55) , 2 (1990) , 147-152; 
[100] R. Nevanlinna, Uber dieschlichten Abbidungen des Einheitkreises, Oversikt av Finska Vet. 
Soc., Forh. (A), no 7, 62 (1920), 1-14; 
[101] R. Nevanlinna, Uber die konforme Abbidungen Sterngebieten, Oversikt av Finska Vet. Soc., 
Forh. (A), no 6, 63 (1921); 
[102] T. O. Opoola, On a new subclass of univalent functions, Mathematica (Cluj), 1994; 
[103] G. I. Oros, An application of Briot-Bouquet differential superordinations and sandwich 
theorem, Studia Univ. “Babeş-Bolyai”, Mathematica, vol. L, Number 1, 2005, 93-98; 
[104] G. Oros, G. I. Oros, An application of Briot-Bouquet differential superordinations, Buletinul 
Academiei de Ştiinţe a Republicii Moldova. Matematică, Nr. 1 (50) (2006), 101-104; 
[105] G. I. Oroş, Briot-Bouquet diferential subordinations and superordinations using the Dziok-
Srivastava linear operator, Math. Reports 11 (61), 2 (2009), 155-163; 
[106] M. Ozawa, On the theory of multivalent functions, Sci. Rep. Tokyo Bunrika daigaku, A, 2, 
40 (1935), 167-188; 
[107] M. Ozawa, An elementary proof of the Bieberbach conjecture for the sixth coefficient, Kodai 
Math. Sem. Rep., 21 (1969), 129-132; 
[108] S. Owa, On a new class of analytic functions with negative coefficients, Internat. J. Math. 
Sci., 7(4), 1984, 719-730; 
[109] S. Owa, M. Obradovic, An application of differential subordinations and some criteria for 
univalency, Bull. Austral. Math. Soc., 41 (1990), 487-494; 
[110] R. N. Pederson, A proof of the Bieberbach conjecture for the sixth coefficient, Arch. Rational 
Mech. Anal., 31 (1968-69), 331-351; 
[111] R. N. Pederson, A proof of the Bieberbach conjecture for the fifth coefficient, Arch. Rational 
Mech. Anal., 45 (1972), 161-193; 
[112] J. Plemelj, Uber den Verzerrungssatz vom P. KoebeGes. Dtsch. Naturforschren Arzte, 85, 
Versammlung Wien Zeiter teie, Erste Halfte, 1913; 
[113] J. K. Prajapat, S. P. Goyal, Applications of Srivastava-Attiya operator to the Classes of 
strongly starlike and strongly convex functions, Journal of Mathematical Inequalities, 3, 1 (2009), 
129-137; 
[114] B. N. Rahmanov, On the theory of univalent functions, Dokl. Akad. Nauk. SSSR (N.S.), 91 
(1953), 729-732; 

 53



 54

[115] B. N. Rahmanov, On the theory of univalent functions, Dokl. Akad. Nauk. SSSR (N.S.), 97 
(1954), 973-976; 
[116] M. O. Reade, Sur une classe de fonctions univalentes, C. R. Acad. Sci. Paris, 239 (1954), 
1758-1759; 
[117] M. O. Reade, On close-to-convex functions, Michig. Math. J., 3 (1955), 59-62; 
[118] M. S. Robertson, A remark on the odd schlicht functions, Bull. Amer. Math. Soc., 42 (1936), 
366-370; 
[119] M. S. Robertson, Analytic functions starlike in one direction, Amer. J. Math., 58 (1936), 
465-472; 
[120] M. S. Robertson, On the theory of univalent functions, Ann. Math., 37 (1936), 374-408; 
[121] S. Rucheweyh, New criterion for univalent functions, Proc. Amer. Math. Soc., 49(1975), 
109-115; 
[122] S. Rucheweyh, V. Singh, On a Briot-Bouquet equation related to univalent functions, Pev. 
Roum. Math. Pures Appl., 24 (1979), 285-290; 
[123] K. Sakaguchi, A note on p-valent functions, J. Math. Soc. Japan, 14 (1962), 312-321; 
[124] G. Ş. Sălăgean, Properties of starlikeness and convexity preserved by some integral 
operators, Roumanian – Finnish Seminar On Complex Analysis Proc. Bucharest (Springe-Verlag, 
Berlin), 1976 (1979) , 367-372; 
[125] G. Ş. Sălăgean, Subclasses of univalent functions, Lect. Notes in Math., 1013, Springer 
Verlog, 1983, 362-372; 
[126] G. Ş. Sălăgean, Analytic functions with negative coefficients, Mathematica (Cluj), 36 (59), 2 
(1994), 219-224; 
[127] G. Ş. Sălăgean, Geometria Planului Complex, Ed. Promedia Plus, Cluj-Napoca, 1997; 
[128] G. Ş. Sălăgean, Integral properties of certain classes of analytic functions with negative 
coefficients, International Journal of Mathematics and Mathematical Sciences, 1 (2005), 125-131; 
[129] G. Ş. Sălăgean, H. M. Hossen, M. K. Aouf, On certain Classes of p-valent functions with 
negative coefficients, Studia Univ. Babeş-Bolyai, Mathematica, Volume XLIX, 1 (2004), 77-85; 
[130] A. C. Schaeffer, D. C. Spencer, Coefficient regions for Schlicht Functions, Amer., Math. 
Soc. Colloq. Publ., vol 35, New York, 1950; 
[131] A. Schild, H. Silverman, Convolution of univalent functions with negative coefficients, Ann. 
Univ. Mariae Withrie-Sklodowska, sect. A., 29 (1975), 99-107; 
[132] T. N. Shanmugam, Convolution and differential subordination, Internat. J. Math. & Math. 
Sci., Vol. 12, nr.2 (1989), 333-340; 
[133] T.N. Shanmugam, S. Sivasubramnian, M. Darus, C. Ramachandran, Subordinations and 
Superordination Results for Certain Subclasses of Analytic Functions, International Mathematical 
Forum, no. 21, 2 (2007), 1039-1052; 
[134] H. Silverman, Univalent functions with negative coefficients, Proc. Amer. Math. Soc., 51 
(1975), 109-116; 
[135] S. Sivaprasad Kumar, H. C. Taneja, V. Ravichandran, Classes of Multivalent Functions 
Defined by Dziok-srivastava linear Operator and Multiplier Transformation, Kyungpook Math. J., 
46 (2006), 97-109; 
[136] L. Spacek, Contribution a la theorie des fonctions univalentes, Casopis Pest. Mat., 62 
(1932), 12-19; 
[137] H. M. Srivastava, A. A. Attiya, An integral operator associated with the Hurwitz-Lerch zeta 
function and differential subordination, Int. Trans. Spec. Func., 18, 3 (2007), 207-216; 
[138] E. Study, Vorlesungen uber ausgewahlte Gegenstande der Geometrie, 2. Heft, Teubner, 
Leipzig und Berlin, 1913. 



 

 


	Rezumat A-COPERTA-TEZA- eng
	Rezumat teza doctorat - engleza-1

